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Abstract

Lakatos outlined a theory of mathematical discovery antifjaation, which suggests ways in
which concepts, conjectures and proofs gradually evolaeinteraction between mathemati-
cians. Different mathematicians may have different imetgtions of a conjecture, examples
or counterexamples of it, and beliefs regarding its valutheoremhood. Through discussion,
concepts are refined and conjectures and proofs modified.ypthesise thaf) it is possible
to computationally represent Lakatos’s theory, &idit is useful to do so. In order to test our
hypotheses we have developed a computational model ofdmsyth

Our model is a multiagent dialogue system. Each agent hagyaof@ pre-existing theory for-
mation system, which can form concepts and make conjectunas empirically hold for the
objects of interest supplied. Distributing the objectsrméiest between agents means that they
form different theories, which they communicate to eactenttAgents then find counterex-
amples and use methods identified by Lakatos to suggest waidifis to conjectures, concept
definitions and proofs.

Our main aim is to provide a computational reading of Lakattieeory, by interpreting it as a
series of algorithms and implementing these algorithmsasrguter program.

This is the first systematic automated realisation of Lakatihneory. We contribute to the com-
putational philosophy of science by interpreting, clarify and extending his theory. We also
contribute by evaluating his theory, using our model to sgiotheses about it, and evaluat-
ing our extended computational theory on the basis of @iteroposed by several theorists.
A further contribution is to automated theory formation andomated theorem proving. The
process of refining conjectures, proofs and concept defistrequires a flexibility which is
inherently useful in fields which handle ill-specified pretnis, such as theory formation. Sim-
ilarly, the ability to automatically modify an open conjer into one which can be proved, is
a valuable contribution to automated theorem proving.
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Chapter 1

Introduction

Historically there are strong relationships between mmatitécs, the philosophy of mathemat-
ics, artificial intelligence, logic and computer scienca.mhiany ways these relationships are
symbiotic. For instance, Frege developed predicate ascas part of his program to reduce
arithmetic to logic [Frege, 1879]. Robinson later devebbpige clausal form of predicate cal-
culus, which is used in logic programming languages, suchraa.0G and, along with his
resolution principle, in automated theorem proving syster8imilarly, Russell and White-
head’s attempts to reduce mathematics to logic [WhiteheddRaussell, 1913], in which they
developed type theory, had important, albeit unintendeghlications for computer science.
Church developed another theory of types, and inveitedlculus, intending it to provide a
new foundation for logic in the style of Russell and Whiteth§@hurch, 1932]. This calculus,
which focused on functions rather than classes, becameatiis bfLISP and other functional
programming languages, and is strongly typed. Thus, phjloieally and mathematically mo-
tivated work turned out to have important implications fornguter science (these connections
are shown in [Gillies, 2002]). Conversely, Gillies arguigigas developed in computer science,
such as non-monotonic logic, and more specifically the pnogning languageroLOG have
filtered back into logical theoryNegation as failurgin which —p is derived from failure to
derive p, is one example of a new non-monotonic inference rule whiels developed in a
computer science context.

Gillies [1996] examines the interaction between theoriesaientific method and develop-
ments in Al. He outlines the philosophical debate betweelugtivists, such as Bacon, and
anti-inductivists, such as Popper. Bacon argued that Hisitlen of induction, generalis-

ing from a large number of independently observed pattesre universal law, is the proper
methodology of science. Additionally, he thought that @& imechanical procedure which is not
dependent on the intelligence or imagination of a scierfispper argued that it is impossible



2 Chapter 1. Introduction

to observe without a pre-existing theory which enablesciele of observation, a language and
a context. He also attempted to avoid using induction inneggdeveloping his falsification
methodology, whereby a scientist starts with a conjectuf@idh may require great leaps of
intuition and imagination to devise), rather than an obstgown, and then attempts to refute it.
Gillies claims that machine-learning algorithms have lgttuinto existence inductive rules of
inference, which is a mechanical method for generating thgses from a data set. He argues
that machine learning systems such@3 [Quinlan, 1979, 1986] andoLAM [Muggleton and
Feng, 1992] which make inductive inferences based on masgreations, can be seen as new
tools for human scientists to use. Thus, many of Bacon'ssiddmut how induction has been
carried out have been incorporated into successful madbaraing programs. This provides
new support for Bacon’s position in philosophy of sciencewsdver, there is also support for
Popper’s position, in that the rules used in machine legrdio use background knowledge.
Additionally, falsification plays a role in the process o$tiag hypotheses which have been
induced (iterating a basic inductive rule of inference toduce a final rule). Therefore work
in machine learning has affected the inductivist/antuictiist debate in the philosophy of
science.

More generally, since Turing [1950] famously devised himpatational experiment in order
to answer the question “can machines think?”, barriers betwphilosophy and Al have begun
to blur. Sloman [1978] argues that philosophers of the it learn via computational mod-
elling about possible mechanisms which underlie the pgasesf inference and discovery and
will therefore be in a better position to discuss the natdimmathematical discovery and other
forms of a priori learning. He focuses on the power of computers and prograniméelp
us to develop new concepts and metaphors for thinking almuptex systems. Seeing com-
plex processes as computational processes, where informfidws between sub-processes
and construction and manipulation of symbolic structusea new paradigm which can trans-
form subjects including psychology, social and naturatisces. Philosophical questions about
processes such as “How can concepts be acquired throughesqee and what other meth-
ods of concept formation are there?”, “Are there rationalgedures for generating theories or
hypotheses?” and “How can non-empirical knowledge, sudbgasal or mathematical knowl-
edge, be acquired?” can be discussed in a new way using catigmal models, thus opening
up avenues of enquiry. Just as Al can provide tools to claréformulate, re-evaluate and
give new answers to old philosophical problems, it will atgmerate new problems. Sloman
argues that the importance of Al for philosophy is so great:thwithin a few years, if there
remain any philosophers who are not familiar with some ofriteen developments in artifi-
cial intelligence, it will be fair to accuse them of profemsal incompetence, and that to teach
courses in philosophy of mind, epistemology, aesthetibdpgophy of science, philosophy
of language, ethics, metaphysics, and other main areasilospphy, without discussing the
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relevant aspects of artificial intelligence will be as ipessible as giving a degree course in
physics which includes no quantum theory”[Sloman, 197&pbér 1].

In this thesis we aim to extend the relationship betweeropbphy of mathematics and arti-
ficial intelligence, in particular automated theory forinatand automated theorem proving.
Lakatos [1976] was a philosopher of mathematics who arggethat the deductivist style of
mathematics, in which axioms, lemmas and concepts are évs&labed, then theorems, and
finally proofs of the theorems are produced. Instead, hecarthat these stages are interdepen-
dent and concepts, theorem and proofs evolve graduallfhitegeia contact with counterex-
amples. Additionally, Lakatos stressed the dialecticpleas of mathematics — experts have
different beliefs and it is through the interaction of théstiefs that mathematics progresses.
Lakatos characterises this interaction via methods, onstets. Our central thesis is that it is
possible to give a computational reading of these methods.s€@condary thesis is that it is
useful to do so, both from the philosophy of mathematicsesatve, and the Al perspective.

We have constructed an agent architecture which enablésgdi where the problem of
the agency is to model the social process of concept andatargerefinement described by
Lakatos, with the task being to develop interesting corcaptl conjectures to add to a math-
ematical theory. The knowledge the agency starts with stssif objects of interest, such as
integers, and concepts such as multiplication and additidmch is provided at the start of a
session. A general motivation is to develop an interestivegpty about mathematical entities
and concepts, to find patterns in the data and to invent ardrexproperties within the theory.
Specifically, agents use Lakatos’s methods to accept, maalifreject conjectures. Agents
communicate by sending conjectures, concepts, countepga, and requests, and discussion
is directed by a coordinator agent. In order to build such @eheve use an automated the-
ory formation program HR [Colton, 2002]. This provides ughwa context within which to
develop ideas about communication between mathematjcaridentified by Lakatos.

Although aspects of the methods which Lakatos identified ak@tos, 1976] have been ex-
plicitly modelled, such as [Hayes-Roth, 1983], or implicimodelled, such as [Skalak and
Rissland, 1991] (which are both described in §7.9), thihés first attempt at a systematic
implementation and subsequent evaluation of the methods.

1.1 Motivation

Our mativation for implementing Lakatos's methods is twdfo

e to clarify, extend and evaluate the methods (philosophy athematics);
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¢ to develop new and useful techniques in artificial intelige: in particular in the fields of
automated theory formation and automated theorem proving.

These twin motivations overlap to a certain extent, in pafér in the area of testing the meth-
ods. However we state them separately as each disciplingshasn methodology and evalu-
ation criteria.

Clarify, extend and evaluate Lakatos's theory

Lakatos’s work has been praised as a “masterpiece” [Kagh20®1, p.1]; “the first major
bridge between historical philosophy and serious mathiesidiKadvany, 2001, p.14]; a “bril-
liantly sustained tour de force” [Feferman, 1978, p.311jd da philosophical and literary
achievement of the stature of Hume on natural religion oikBley’s Hylas and Philonous”
[Hacking, 1981, p.135]. However, it has also been widelyigised. For instance, although
Lakatos claimed that his methods applied to many areas diensdtics, as well as empirical
sciences, Lakatos only considered two case studies, ingfeprnd real analysis. Feferman
[Feferman, 1978] argues that these case studies are naieniffio claim that these methods
have a general application. Implementing a model allowsougdt the scope of Lakatos’s
methods in terms of what domains they can usefully be apptiedAdditionally, Feferman
points out that the conjecture in both case studies is andatjn conjecture, i.e. of the form
VX[A(X) — B(x)]. In our implementation we have extended the methods to apghyo fur-
ther types of conjecture: equivalence conjectures andex@ience conjectures, of the form
VX[A(X) < B(x)] and—=3x[A(X)].

We believe that since Lakatos’s work [Lakatos, 1976] wasfifls attempt to characterise
informal mathematics (see [Corfield, 1997] and [Feferm&a8]), it is likely to be incomplete,
and hence be open to criticism and extension. Lakatos himeither considered the methods
complete nor definitive, arguing only that they provide a enmalistic and helpful portrayal
of mathematical discovery than the Euclidean methodol@¢yargue that, in accordance with
the computational philosophy paradigm, implementing te&a theory provides a new way
of understanding the methods.

The dialogue format of Lakatos's methods enables us to memiéhl processes, and this inter-
action between agents constitutes an important part of odk.vOur implementation contrasts
programs such as BACON [Langley et al., 1987] and Pl [ThagE®83] which are more con-

cerned with the thought processes of an individual.
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New techniques in automated theory formation and automated theorem proving

Automated theory formation is the field in which the proceseéinventing new concepts,
finding examples, and making new conjectures are automaitdhgerlinked. We extend the
capabilities of an automated theory formation program HRBI{@, 2002], and argue that our
extensions improve its theory formation abilities. In pardar it can now generate interesting
conjectures and concepts which it was previously unabldiszuss and reject objects which

are controversial, and represent and improve proof plans.

A final motivation is in the field of automated theorem provir@urrent automated theorem
provers are inflexible in that if they are passed a conjecttinieh is either false or too difficult
to prove within the allocated time, they simply fail. Usingkatos’s methods, Colton and Pease
have jointly implemented a system which is able to take inrgestiure, try to prove it and, if
unsuccessful, produce modified versions of the conjectinietwit canprove.

1.2 Aims of project

We aim to:

e provide a computational reading of Lakatos'’s theoby interpreting his methods as algo-
rithms and implementing these algorithms as a computeranog

e clarify and extend the methadsy providing various interpretations and further divissoof
the methods, and extending them to apply to equivalence @mgxistence conjectures;

e test the domains to which the methods apbbth further mathematical domains which were
not looked at by Lakatos, namely number theory and grouprihemd non-mathematical
domains, for instance to theories about animal taxonomies;

¢ evaluate the methodby testing two hypothese§i) the techniques are of general use (rather
than working only in a contrived domain), afig the techniques can be applied to other types

of conjecture ; and

e evaluate our implementatiorn particular testing our hypothesis that it is possibldinbe-
tune the methods.
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1.3 Contributions

This is the first systematic automated realisation of LaKatmethods. We contribute to the
philosophy of mathematics and computational philosophgaénce by providing a clarifi-
cation of the methods. We also contribute to automated yhieomation by developing and
exploring the methods and demonstrating their usefulnéshirther contribution is demon-
strating the usefulness of the methods within the field obmuated theorem proving. This
thesis also provides a new evaluation of the work of Lakatothe basis of criteria proposed
by several theorists, including Lakatos himself in his othell known work on evaluating

scientific research programmes [Lakatos, 1970].

1.4 Organisation of thesis

We organise the rest of the thesis as follows:

In chapter 2 we introduce the field of computational phildsopf science. We also briefly
outline the background to Lakatos’s work, describe his méstof mathematical discovery and
justification, and discuss various reactions to his workis Thapter provides the motivation to

model Lakatos’s methods, and places them within a phildsapbontext.

In chapter 3 we describe HR, the automated theory formatystesr which we build upon.
This system is able to automatically generate and evalwaijectures and concepts in a variety
of domains (where concepts are defined largely extensignaksing only a few heuristics and
basic background knowledge. We also outline work in agecttitactures and argumentation
which we later draw upon. This chapter provides the techmietails which are necessary in
order to understand our system. Finally, we introduce ouhouology.

In chapter 4 we describe the design specification of our systed give an overview of the
system. This includes the agent architecture which we haweldped, and details of the

language which the agents use to communicate.

The next five chapters, 5, 6, 7, 8 and 9, contain the main bodyaok, and discuss our
work with Lakatos’s methods of surrender, monster-bagriegception-barring and lemma-
incorporation. Each chapter, except chapter 8, consideesntethod and our implementation
of it. Firstly we describe the method and discuss how it magpyaied to other domains. We
use a simplified representation of a subset of number thesoayranning domain within which
to develop our ideas (this simplification already existe@afton’s work [Colton, 2002]). Since
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the methods differ quite widely from each other, it is somet necessary to introduce further
background material which is relevant to the particularhodtat this stage. We then describe
our implementation of the method and the algorithms whicthexge devised. We demonstrate
our system working by giving several illustrative examplasd then discuss our implementa-
tion. Again, because of the differences in the methodsetlsework which is related only to a
particular method, and so we outline relevant related wotk@end of each of these chapters.
Chapter 8 is a prelude to chapter 9, in which we discuss oumpatational representation of
Cauchy'’s proof, which is necessary for the following chapte

Chapters 10, 11 and 12 contain the evaluation of our projecthapter 10 we outline our three
main hypotheses: that it is possible to fine-tune the methbdarrender, monster-barring and
exception-barring, and we present and discuss our expetinamd results. In chapter 11 we
evaluate our extended theory of mathematical discovenjusiification and consider whether
the computational approach has enabled us to improve upkaitdsis theory. Where appro-
priate, we refer to illustrative sessions as evidence forataims. In chapter 12 we evaluate
our claim that Lakatos’s methods can be applied to autontatmiem proving, by presenting
a spin-off system, TM, developed by Colton and Pease, andugmnating its application to

this field.

Chapter 13 contains ideas for further ways to develop antyamkatos’'s work. We conclude
in chapter 14.

Appendix A contains figures of polyhedra and their Euler ebtgristic. Appendix B contains
a proof of Euler's conjecture, the diagonalisation prooftloed theorem that the set of real
numbers is uncountable, and Hilbert's proof of the theorkat tor two pointsA andC there
always exists at least one poibton the lineAC that lies betwee andC. In appendix C
we present further output from our system, in addition td thlaich can be found in the main
text. In appendix D we present additional details of HR. Weude these for completeness
sake; they may be omitted without loss. Finally, we providgiassary of philosophical and
mathematical terms.

1.5 Summary

Lakatos outlined various methods by which mathematicaladiery and justification can occur.
These methods suggest ways in which concepts, conjectadepraofs gradually evolve via
interaction between mathematicians. We hold {hait is possible to provide a computational
reading of these methods, afi it is useful to do so. To evaluate our hypotheses we develop
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a system within which we implement Lakatos’s theory. We slioat we improve upon the
state of the art in both automated theory formation and aatedhtheorem proving, and that
we have provided a computational model of Lakatos’s thedmchkvboth extends and clarifies

his thoughts on the philosophy of mathematics.



Chapter 2

Computational Philosophy of Science

In this chapter, we motivate the project by introducing tleddfiof computational philosophy of

science, and outlining Lakatos’s theory of discovery arddifigation in mathematics. In 82.1,
we define computational philosophy of science, briefly dbedwo models of discovery, and
outline three open problems in the field, identified by Thed&®98]. In §82.2, we outline the

background to Lakatos’s work; in 82.3, we describe his m#ghof mathematical discovery
and justification; and in 82.4, we discuss reaction to hiskwdVe then consider why a com-
putational reading of Lakatos’s ideas is a worthwhile emdag in 82.5, and consider possible
objections to such a reading in §2.6. We conclude the chap&?.7.

2.1 Computational Philosophy of Science

Computational philosophy of science uses computationalatting to understand the growth
and structure of scientific knowledge, in particular how tiyy@ses are constructed and evalu-
ated. This complements and extends philosophy of scienaghich logical analysis and his-
torical case studies are used. Sloman [1978] argues thabthputational paradigm provides
new tools for understanding the processes which philoggpsteidy, including the philoso-
phy of mathematics. Thagard [1993] also emphasises thiatspiphy of science and artificial
intelligence have much to learn from each other. Computatialata structures are seen as
analogous to human mental representations, and algoriéimal®gous to mental procedures.
Artificial intelligence brings new conceptual resourceplolosophy of science, as well as a
new methodology, which involves constructing and testiomputer models, to the philoso-
phy of science. Implementing a theory as a computer progegquirres precision, provides a
test of its assumptions (both implicit and explicit) abdus structure and processes of scien-
tific development, and enables us to test the underlyingryhiep investigating how well the
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program works on examples of different kinds. Ways of evahgacomputational models of
scientific discovery and evaluation include examining Wkethe model is a genuine instanti-
ation of the theoretical ideas, and the program a genuinéeimgntation of the model; testing
to see whether the model applies to examples other than wiush were used in the model’s
development; whether the model scales up to examples whickaayer and more complex
than the ones to which it has been applied; its qualitativeviihether it performs similar tasks
to humans in similar ways; its quantitative fit — whether inglates quantitative aspects of
psychological experiments; and whether it is compatibléh wépresentations and processes
found in theoretical accounts. The goal of the computatiomaelling might be to model hu-
man performance (the cognitive modelling approach), oreeetbp machine intelligence (the

engineering approach).

Simon [1997] points out that the question of whether phibdgoof science should be con-
cerned with how scientists discover hypotheses has in gam lanswered by researchers in
computational philosophy of science, who have developediats®f scientific discovery based
on heuristic search. Programs which employ heuristic $eand show that it is much more
efficient than random search suggest that discovery canaie®d by laws, although these
laws may well not be unique or complete. For instance, Langteal. [1987] developed BA-
CON, which takes empirical data and conducts a heuristiccbeaver the instance space and
the hypothesis space, for a law that fits the data. Using ithiseld data, and with no theo-
retical knowledge, BACON has rediscovered many of the nragortant laws of physics and
chemistry that were discovered in the 18th and 19th cersumeluding Kepler's third law of
planetary motion. Other models, such as Pl [Thagard, 1288]able to generate and combine
new theoretical concepts, and perform abduction, invgmigw hypotheses to explain puzzling
phenomena. Another idea, which Simon [1997] argues supplogt view that there can be a
theory of scientific discovery, is the rejection of the vidwat discovery and verification are
disjoint processes. If instead, they are seen as closa@yniirtigled, then theories about how to
evaluate a hypothesis should also account for its genaratiakatos held and expanded this
view, as described below.

Thagard [1998] highlights three open problems which he idems to be amenable to compu-
tational, or philosophical, investigation. The first comsehow new questions, such as “how
might species evolve?”, are generated. The second conitexmsle of visual imagery in the
structure and growth of scientific knowledge. The third @mnes social processes such as how
consensus is formed in science. Computational models efitc discovery and evaluation,
such as BACON [Langley et al., 1987] and PI [Thagard, 1998jllg concern the thought
processes of individual scientists. However, Thagard 1 88gues that ...“it might be possible
to develop models of social processes such as consensuatifamralong the lines of the field
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known as distributed artificial intelligence which consgléhe potential interactions of multi-
ple intelligent agents” [Thagard, 1998, p. 7]. Simon [198[8p stresses that science is a social
enterprise.

2.2 Lakatos’s logic of discovery and justification in mathem atics

Lakatos attacked the view that mathematical knowledgenislass, certain arapriori [Lakatos,
1976]. Lakatos’s work in the philosophy of mathematics i®atmversial mathematical anal-
ogy of Hume’s problem of induction combined with Popper'edty of falsification. That is,
Lakatos both identified the problem of the impossibility cdittnematical knowledge, and sug-
gested a solution. His solution consisted of heuristic waghwhich guide the development
of mathematical conjectures, concepts and proofs. Thedeesthrough dialectic and analysis
triggered by counterexamples. Counterexamples, thexgtay a vital role in [Lakatos, 1976],
though they are a starting, rather than finishing pointiaisitn has to be constructive if it is to
be valuable.

Lakatos’s work on philosophy of mathematics had three mimfiuences. Firstly, Hegel's
dialectic, in which thethesiscorresponds to a naive mathematical conjecture and ptoef;
antithesisto a mathematical counterexample; and $iathesigo a refined theorem and proof
(described in these terms in [Lakatos, 1976, pp.144-145katos emphasises the dialectical
aspect in the style of his book, which takes the form of a diaéoin a classroom. Thus he
is able to represent different mathematical and philoszadtpositions by using the voices of
different students. The role of the teacher in the book isnguee that the discussion keeps
moving and they do not get caught up in petty asides or deadwsmtles. Secondly, Lakatos
used Popper’s ideas on the impossibility of certainty irsce and the importance of finding
anomalies. Lakatos argued that Hegel and Popper “représernly fallibilist traditions in
modern philosophy, but even they both made the mistake seprag a privileged infallible
status for mathematics” [Lakatos, 1976, p.139]. Thirdigly@ [1954] and his work on math-
ematical heuristic, the study of the methods and rules afodisry and invention, was also a
major influence; in particular his work on defining an initiabblem and finding a conjecture

to develop. Lakatos claims that his own work starts wherg@®leaves off.

Rather than being concerned with whether mathematical ket is possible (the argument
between dogmatists, who claim that we can know, and sceptics claim that we cannot
know, or at least that we cannot know that we know), or whag tgpknowledge it might be,
Lakatos emphasised the importance of guessing. In [Lak&f¥%8a], he argued that the im-

portant question is ndtow do we know?but ratherhow can we improve our guessesie
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presented a fallibilist approach to mathematics, in whiaofs, conjectures and concepts are
fluid and open to negotiation. Lakatos strongly criticisbd tleductivist approach in mathe-
matics, in which definitions, axioms and theorem statemamtpresented with no explanation
about their development, and considered to be eternal, tairteutruths, and he also rejected
the Hilbertian notion of proof. Instead, Lakatos saw matages as an adventure in which, via
patterns of analysis, conjectures and proofs are gradtefilyed but never certain. He warned
that hiding this process makes the subject impenetrablautiests and prevents experts from
developing concepts or conjectures which may arise outrtiteaersions of a theorem state-
ment. Lakatos demonstrated his argument by presentingstadies of the development of
Euler’s conjecture that for any polyhedron, the number ofizes (V) minus the number of
edges (E) plus the number of faces (F) is equal to two; andi@siproof of the conjecture that
the limit of any convergent series of continuous functiangself continuous. [Lakatos, 1976]
is a rational reconstruction of the history of philosophyneithematics as well as these two
mathematical conjectures, which traces psychologisnajtiohism, rationalism, historicism,
pragmatism, dogmatism, Kant’s idea of infallible mathansatrefutationism, inductivism and
deductivism. As one of the characters puts it [Lakatos, 1974D], they discuss the packaging
— the philosophical framework, as well as what is in the paekiie mathematical content.

Lakatos held an essentially optimistic view of mathemati¢s saw the process of mathemat-
ical discovery, traditionally thought of as impenetrabiel anexplicable by rational laws, and
considered to be lucky guess work or intuition, in a rati@tdight — thereby opening up new
arenas of rational thought. He challenged Popper’s viewppeg 1972] that philosophers can
form theories about how to evaluate conjectures, but nottbay@nerate them, which should be
left to psychologists and sociologists. Rather, Lakatdigwed that philosophers could theorise
about both of these aspects of the scientific and mathermptmzess. He challenged Popper’s
view in two ways - arguing thaf) thereis a logic of discovery, the process of generating con-
jectures and proof ideas or sketchesubject to rational laws; an() the distinction between
discovery and justification is misleading as each affeatsatmer; i.e., the way in which we
discover a conjecture affects our proof (justification)tpiind proof ideas affect what it is that
we are trying to prove (see [Larvor, 1998]). This happenaitthsan extent that the boundaries
of each are blurred.

The first chapter of [Lakatos, 1976] was originally publidres [Lakatos, 1963a], [Lakatos,
1963b], [Lakatos, 1963c] and [Lakatos, 1964]. The secorapir and the appendices of
[Lakatos, 1976], however, were not published during Lakatbfetime, as he saw this work
as an unfinished project (perhaps analogous to his view dienatics). One drawback of this
failure to publish is that he could not answer criticismsha book. The fact that Lakatos never
pronounced himself completely happy with his theory doesydver, strengthen our argument
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that this work is worth implementing, as it implies that #a@nay be gaps in the theory which
we can hopefully identify and fill.

2.3 Lakatos’s three main methods

Lakatos [1976] explicitly outlines six methods for modifgi mathematical ideas and guid-
ing communication: surrender, monster-barring, excepkiarring, monster-adjusting, lemma-
incorporation, and proofs and refutations. Of these, theetimain methods of theorem forma-
tion are monster-barring, exception-barring, and the wetf proofs and refutations [Lakatos,
1976, p.83]. Crudely speaking, monster-barring is cormgimith concept development, excep
tion-barring with conjecture development, and the methiqotaofs and refutations with proof
development. However, these are not independent progesseh of Lakatos’s work stressed
the interdependence of these three aspects of theory forman the following sections we
give a brief outline of the main methods, which are discussadore detail in chapters 6, 7,
and 9.

2.3.1 The method of monster-barring

Monster-barringis a way of excluding an unwanted counterexample. This nuestarts with
the argument that a ‘counterexample’ can be ignored bedais@ot a counterexample, as
it is not within the claimed concept definition. Rather, thgeat is seen as a monster which
should not be allowed to disrupt a harmonious theorem. Fstante, one of the students
suggests that the hollow cube (a cube with a cube-shapedrhd)eis a counterexample to
Euler's conjecture, sincé —E +F = 16— 24412 = 4 (see appendix A). Another student
uses monster-barring to argue that the hollow cube doeshneaten the conjecture as it is
not in fact a polyhedron. The concept polyhedron then besaime focus of the discussion,
with the definition being formulated explicitly for the firtitme; as ‘a solid whose surface
consists of polygonal faces’ (according to which, the hellcubeis a polyhedron), and ‘a
surface consisting of a system of polygons’ (according tactyhthe hollow cube isot a
polyhedron) [Lakatos, 1976, p.14]. Using this method, thgimal conjecture is unchanged,
but the meaning of the terms in it may change.

2.3.2 The method of exception-barring

Lakatos’s treatment of exceptions is noteworthy for twosoees. Firstly, he highlights their
role in mathematics — traditionally thought of as an exadiject in which the occurrence of
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exceptions would force a mathematician to abandon a camgecSecondly, Lakatos showed
how exceptions, rather than simply being annoying probleses, which we may be able
to dismiss as monsters, can be used to further knowledgeatbskdiscusses two forms of
exception-barring:piecemeal exclusioandstrategic withdrawal Piecemeal exclusiodeals
with exceptions by excluding a whole class of counterexasplThis is done by generalis-
ing from a counterexample to a class of counterexampleshwigwe certain properties. For
instance, the students generalise from the hollow cubgotphedra with cavitiesand then
modify Euler’s conjecture to ‘for any polyhedra without d#es,V — E +F = 2. Thus excep-
tions are seen as objects which are valid (in this case, gbedia), as opposed to monsters,
and force us to modify a faulty conjecture by changing the @ionto which it refers Strategic
withdrawal is the only one of the methods which does not directly use taweramples. In-
stead, it uses positive examples of a conjecture and g&esdiom these to a class of object,
and then limits the domain of the conjecture to this class.ifisiance, the students generalise
from the regular polyhedra toonvex polyhedreand then modify Euler's conjecture to ‘for any
convex polyhedray —E+F =2'.

2.3.3 The method of proofs and refutations

As the title of his book suggests, this is considered by Lad#d be the most important method.
Commentators and critics, for instance [Feferman, 1978)ally share this view, often seeing
the rest of the book as a prelude to this method. It startssafi@ method ofemma incorpora-
tion, and is developed via the dialectic into the methogrobfs and refutationsThis method

works on a putative proof of a conjecture.

Lemma incorporation works by distinguishing global anddlocounterexamples. The former
is one which is a counterexample to the main conjecture, hedatter is a counterexample
to one of the proof steps (or lemmas). A counterexample malydbe global and local, or

one and not the other. When faced with a counterexample,rétestep is to determine which
type it is. If it is both global and local, i.e., there is a piein both with the argument and
the conclusion, then one should modify the conjecture bgrimarating the problematic proof
step as a condition. If it is local but not global, i.e., thendoision may still be correct but

the reasons for believing it are flawed, then one should nmpdb# problematic proof step but
leave the conjecture unchanged. If it is global but not local, there is a problem with the
conclusion but no obvious flaw in the reasoning which led sdbnclusion, then one should
look for a hidden assumption in the proof step, then modify phoof and the conjecture by
making the assumption an explicit condition.

Proofs and refutations consists of using the proof stepsiggest counterexamples (by look-
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ing for objects which would violate them). For any countemeyles found, it is determined
whether they are local or global counterexamples, and #mmla incorporation is performed.

2.4 Reaction to Lakatos’s theory

Since [Lakatos, 1976] was the first attempt to charactenifgemal mathematics (see [Corfield,
1997] and [Feferman, 1978])), it is likely to be incompletaegddence be open to criticism and
extension. For instance, [Feferman, 1978, pp. 316-320idmadified ten criticisms of Lakatos
[1976], consisting mainly of highlighting gaps in his thgowe list them below.

(i) What happened before 184772

(ii) Is the method most appropriate to describe transitioizandational periods?
(iif) How does this “logic of mathematical discovery” relato working experience?
(iv) Is there no end to guessing?

(v) What constitutes improvement in a proof?

(vi) What constitutes an initial proof? Where does it conoenf?

(vii) What is the form of the conjectures?

(viii) Can ordinary logical analysis account for the samemples as the method of proofs and
refutations?

(ix) Are there no crystal-clear concepts?
(x) What is distinctive about mathematics?

We argue that the process of providing a computational semtation enables us to answer
some of these questions and also raises more questions arkithen answered. We examine
this claim in chapter 11.

Despite any potential gaps in Lakatos'’s theory, his worktiis relevant today. This is evi-
denced by its inclusion in a recent work on new directionshim philosophy of mathematics
[Tymoczko, 1998], in which [Lakatos, 1978b] attacks fouthol@alism and argues for a re-
naissance of empiricism in mathematics. Tymoczko includdstos as a representative of a
“major perspective on the philosophy of mathematics” [Tymim, 1998, p. 1].

1Feferman [1978] points out that Lakatos claimed that thehorbf proofs and refutations was discovered in
1847 by Seidel. Clearly mathematical progress was madeftoribis date and yet, Feferman states, Lakatos offers
no ideas as to how.
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2.5 A computational reading of Lakatos’s theory

We hold that Lakatos'’s theory of discovery and justificatiormathematics is an important
theory to model within the computational philosophy pagaali This is because it is open to
improvement, itis relevant today, and furthermore its eagion dialogue enables us to model
social processes — thus our work addresses the third opbleprdn computational philosophy
of science identified by Thagard [1998].

In accordance with the computational philosophy paradignplementing Lakatos’s theory

should enable us to improve upon it. Modelling Lakatos'othidhas two main benefits:

e the process of having to write an algorithm for the methodsde us to identify areas in
which Lakatos was vague, and aspects he omitted;

e running the model allows us to test hypotheses about theaugghor instance that they gen-
eralise to scientific thinking, or that one method is mordulgban another. These hypotheses
may be claims that Lakatos or other commentators have madewoones.

A further benefit of implementing Lakatos’s ideas is thatytkaggest ways of improving the
fields of automated theory formation and theorem proving (d®pters 10 and 12).

2.6 Possible objections to a model of Lakatos’s ideas

Larvor [1998] refers to Lakatos as “the most celebratedconit formalism in the philosophy of
mathematics”, and Lakatos certainly emphasised the irdbmature of mathematics. There-
fore, our attempt to implement and thus formalise it couldsben as being as objectionable
as the editors’ controversial addition of the ‘final’ chapfehapter 2) in the history of Euler’s
conjecture, which presented Lakatos’s work as a finisheldgtyphy rather than a step on the
path of Hegel's dialectic. In this chapter, Poincaré’steealgebraic proof of Euler’s conjec-
ture is presented, as an example of a proof which satisfiebdean standards, and can be
known beyond any possibility of doubt. This contrasts slyawith Lakatos’s expansion in
the remainder of [Lakatos, 1976]. Our justification for oppeoach is threefold. Firstly, we
by no means finalise the work, nor even aim to. We investigdtiewparts can be formalised
and whether and how that adds to Lakatos’'s work. We do not sekeliing informal mathe-
matics as paradoxical, but rather as a contribution botthlmgophy in terms in investigating
what can be formalised and how that affects a theory, andtwraated theory formation and
mathematical reasoning by modelling mathematics as ittisalg done by humans.
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Secondly, even if it were the case that Lakatos would disaygpof an implementation of his
work as a computer program, it may still prove profitable tewadep his ideas in this new
direction. It often happens that a person’s work is devalapea direction which they did not
foresee and may not have approved of. This does not nedgsatract from the value of the
new work, which should be judged solely on its own merit.

Our third justification lies in questioning whether Lakatweuld actually object to a formal
representation of his work. It may be that what Lakatos dbpbto were the current rules of
formalism, not the doctrine itself. In fact, the heuristighich he set out in [Lakatos, 1976]
can be seen as new rules within game formalism (where we esttin “game formalism”
in the way defined in philosophy of mathematics, rather thametheory: see glossary for
details). We have seen (8§2.2) that Lakadasbelieve that there was a rationality of discovery.
Therefore, we can see him as a game formalist who suggedfededt rules to the game.
Clearly, as with many games, there is no claim that a giveofsetles is complete or unique,

rather that they make the game better in some way.

2.7 Conclusion

As Simon [1997] argues, computer modelling, performed imjwaction with historical studies
and laboratory experiments, has proved to be a powerful fmobuilding a computational
theory of the processes of scientific discovery and evalnatiThe resulting theory is then
useful for understanding processes which human sciemaoy, as well being a valuable

discovery aid to scientists, either in interactive or fudiytomated mode.

We hold that it is possible to implement Lakatos’s theoryyhich different agents discuss and
modify conjectures, concepts and proofs via the methodsritbesl above. Additionally, we
hold that it is useful to do so.






Chapter 3

Background

This chapter provides the technical details which are rszogsin order to understand our
system, and the methodological details necessary to uaddrsur evaluation of the project.
Firstly, in 83.1 we describe HR [Colton, 2002], the autordatesory formation system which
we build upon. HR is able to automatically generate and ewalaonjectures and concepts in
a variety of domains, using only a few heuristics and bastképaound knowledge, where the
concepts are largely defined in an extensional way. Sinceyaiem uses and extends HR, it is
necessary to understand how it represents, generates @ndtes concepts and conjectures, in
order to understand the theory formation aspect of our systéhen, in 83.2, we outline work
in agent architectures and argumentation, which we draw dipothe dialogue aspect of our
system. Finally, in §3.3, we introduce our methodology avaletion criteria.

3.1 Automated theory formation and HR

Automated theory formation, as advocated by Colton [20@#1)s to combine various rea-
soning techniques (inductive, deductive, and abductiva)rder to build theories containing
concepts, hypotheses, examples, proofs, etc. In [ColtdR]2he theories were constructed in
mathematical domains, and built from first principles. Qamding a theory includes finding
examples of objects of interest, inventing new conceptkimgeplausible statements relating

those concepts, and proving and disproving conjectures.

Below we discuss some technical details of HR, with refeseinca running example.

19



20 Chapter 3. Background

3.1.1 Representation of objects of interest and concepts in HR

Objects of interest are the entities which a theory dis@igsSer instance, in number theory the
objects of interest are integers, in group theory they aoeigs, etc. These are represented by
unary predicates, where the argument is the object of isitef@r instanceinteger(1). We use
the terms entities and objects of interest interchangeably

In mathematics, the word ‘concept’ has many interpretatidrnese include:

e a description of a set of objects of interest. For instartoe concept of a natural number, or

a prime number;

e a relation between two or more objects. For instance, traiogllarger than equals and
divides shown in the examples5 2, 4= 2+ 2, and 3 divides 6;

¢ a function, which is a mapping from one set of objects (the @ajrto another set of objects
(the co-domain), associating a unique output in the co-dofoaeach input in the domain. For
instance, the number of divisors of a number (idue functio) maps from the natural numbers
to the natural numbers.

The representation of concepts in HR comes from an analysieaifferent interpretation of
the word ‘concept’, and the way in which new mathematicalcemts are presented in text-
books. Colton [2002] references [Kerber, 1992] as argubrag thathematical concepts are
introduced with a definition, examples, and often lemmasualsome property of the con-
cept. For instance, in [Barnard and Neill, 1996], the cohed@m mathematical group is first
introduced with two examples of groups (and some of theirattaristics highlighted); the
definition of a group is then given in terms of the group axidsee D.1); and this is followed
by theorems about groups, the first being that the identéyneht of a group is unique. Colton
tries to capture these aspects of a concept with a tripadjteesentation of concept: defi-
nition, a data table(or table of examples), andaategorisation The data table is a function
from an object of interest, such as the number 1, or the prifite & truth value or a set of
objects. Any objects of interest with a the same value urfdemhapping are grouped together
in a categorisation Other concepts may have resulted in the same grouping tegadsation
of the entities, in which case the concepts are said to shasegegorisation. Conversely, a
particular categorisation may be a new grouping of the abjeithin a theory. Categorisations
are used by HR in a part of its judgement as to whether a newepbiig interesting, where it
considered to be more surprising if it results in a new caisgtion. For instance, the concept
tau function in a theory where the objects of interest are the integerdQ, is represented as
shown below. Note that in the definition we sh@w- {x: P(x)} denotes the set of all elements
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x such that some properf(x) holds, |S denotes the size (number of members) of theSset
x|y denotes divides Y, andA denotes the logical connectiemd The tau function then, maps
an integera to the number of divisors .

definition: [a, b]: ais anintegen bis an integer & = |{c: cis an integen c|a}|

data table: f(1) =1[1]]
f(2) =1[2]]
f(3) =[2]]
f(4) =[[3]]
f(5) =1[2]
f(6) =[[4]
f(7) =112]
f(8) = [[4]]
f(9) =1[3]]
f(10) = [[4]]

categorisation: [[1],[2,3,5,7],[4,9],[6,8,10]

Another example is the conceptime number This is defined in terms of the tau function,
i.e., ais a prime if and only if the size of the set of integers whickidi the integem is
equal to 2, o is a prime if and only ifais an integer with exactly two divisors. We show its
representation in HR, in a theory where the objects of istesee the integers-2 10, below.

definition: ais anintegen |{b:bis an integen bja}| =2

data table: f(1) = false
f(2) =true
f(3) =true
f(4) = false
f(5) =true
f(6) = false
f(7) =true
f(8) = false
f(9) = false
f(10) = false

categorisation: [[2,3,5,7],[1,4,6,8,9,10]]

All concepts in HR are represented by some or all of thesec&sp@here are three different
types of concept in HR, which we present in order of incregsiophistication.

1) The simplest type of concept is given solely in terms of mmneerative definition. That is,
at the beginning of a session, the user gives an explicibfistl objects which fall under the
definition. This list is considered to be exhaustive, and thewndefinition is given. Other ob-
jects in the theory, or new objects which may arise duringmhéormation are not considered
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to be examples of the concept. An example might be the comrempial about which the only
information given is a finite list of animals, for examp{eog, dolphin, platypus, bat, trout,
herring, shark, eel, lizard, crocodile, t-rex, turtle, kaaeagle, ostrich, penguin, cat, dragon
Thus,animalis represented purely as the predicates: animal(dog),afdoiphin), etc, with
no other meaning of the concept animal provided either a ¢@de or in a way that the system
can generate. Another concept in this domaihasmeothermic In the input domain file, the
user might specify that if an object of interest is homeattierthen it is an animal, and then
give the extension of homeothermic in terms of the objectstefest in the theory, for exam-
ple, {dog, dolphin, platypus, bat, eagle, ostrich, penguin}.cAgain, these would be listed as
predicates; homeothermic(dog), homeothermic(dolphinjneothermic(platypus), etc. Given
a new object, for instance, hippopotamus, HR would have imzipted way of determining
whether it was homeothermic, and therefore would treat itais

Another example is the concejriteger, which is hard-coded as a finite list of integers, for
instance, integer(1), integer(2), integer(3), etc., whdar, “2”, “3” are the objects of interest.
Given a new obiject, for instance, “40”, or “cat’, HR has no waydetermine whether it is
an integer or not, other than its closed world assumptionichvivould mean that it would
evaluate the new object as a non-integer. Concepts of the dye represented in HR by a
data table, which is a function from object to truth value éwery object of interest in the
theory. This is the extension of the concept; for instanbe, donceptinteger would have
the data table: % true, 2 =true; 3 =true, 4 =true; 5= true for entities 1 - 5, and the
concepthomeothermiavould have the data tabledog = true, dolphin= true, platypus=
true, bat = true, trout = falseg herring = falsg shark= false eel= false lizard = false
crocodile= falset —rex= false turtle = falsg snake= falsg eagle=true, ostrich=true,
penguin= true,cat = true, dragon= falsefor the entities listed above. Note that part of the
representation of the concdmmeothermids thathomeothermi@d) — animal(A), and so HR
would not evaluate integers with respect to this concept,tha data table would not contain
1= false etc.

In terms of categorisation, the concepiegerwould have a single categorisation [[1,2,3,4,5]],
whereas the conceppmeothermievould have the categorisation [[dog, dolphin, platypus, ba
eagle, ostrich, penguin, cat], [trout, herring, shark, égard, crocodile, t-rex, turtle, snake,
dragon]].

2) A concept might also be given to the system in terms of bistlextension and intension.
That is, a concept is given in a domain file at the start of asessid HR has the functionality
to enable it to generate examples of the concept for its thfdnterest. An example of this
is the concept of addition. This is represented as a thplez] wherex =y+z The code

for calculating the extension of the concept of additiorr, dagiven, finite set of integers, is
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in a class file of HR called)serFunctionswhich contains code for generating data tables for
concepts in number, graph and group theory (we have alsadedethis functionality). In this
example, given a new entity, the algorithm for the concept addition would convert it to a
example of the Java class Integer, get its “int” value (whgch basic type in Java), and then
cycle through the integers, with an integexhich takes each integer value from Oxoeach
time adding the current value bandx—i to the tuple. For instance, given the entity 4, the code
for addition would return the following tuple$4,0,4]; [4,1,3]; [4,2,2]; [4,3,1]; [4,4,0]. This

set of tuples comprises the extensional definition of apldjtand the code in UserFunctions
provides an intensional definition. Given this code, HR dadiculate a table of addition for
any new positive integer. Another example of this type ofrdtin is in group theory, where,
given a group, the concept of the inverse function is intensional as itesythrough members
of the group and calculates the inverse for each. Conceptesafype are represented by a data
table and categorisation, as above, as well as the intalgi@finition inUserFunctions We
call concepts of type (1) or type (2pre-concepts These are user-given concepts which are
used to generate new concepts.

3) The third type of concept in HR is that which HR generate®matically using its pro-
duction rules and the user-input concepts (see §3.1.2Hgsd concepts are represented both
intensionally and extensionally, where the extension issimered to be complete if the con-
cept is derived from a concept of the first type, and only ettt complete for a given set
of objects of interest if it is derived from concepts of themad type. In the latter case, HR
can calculate whether a new entity should be included in ttension of the concept, and, if
relevant, calculate the tuple for the new entity. For ins&rgiven conceptiteger and di-
visar, HR can use its production rules to generate the new condgmtirae numberwhere
this generated concept is defined intensionally, as the euie a prime if and only ifa is an
integer with exactly two divisors (shown above). Thus, HRIeily gives the necessary and
sufficient conditions for an integer to be considered prineo¢der to generate the concept,
HR removes any repeated divisors, and so the number of divisccalculated as the exact
number). HR would also define the concept extensionally logyeing a data table for the
integers in its theory. Given a new entiyand told explicitly that it was an integer (which HR
would not be able to determine), it could calculate the drdsof the new entity and then the
numberof divisors, and add the entr/= true to the data table for the concept “primexhad
exactly two divisors, and = falseotherwise. Concepts of this type are represented by a data
table, categorisation and definition. We call concepts if type developed conceptsvhich

contrasts the core concepts above.

We adopt this tripartite representation of concepts asiiitegral to HR and provides us with

LA set which is closed under an associative binary operatitinespect to which there exists a unique identity
element within the set and every element has an inversennitkii set.
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a concept generation tool which is adequate for our purposewdelling Lakatos-style rea-
soning. However, this leaves us open to the objection thedetiepresentations of concept,
especially the first case which is purely extensional, agntively implausible. If we were to
attribute any kind of understanding of the concept “intégea human mathematician, or even
to a child, then given that they knew the integers 20, if they were then given the entity 21,
they would have some intuition that it was also an integerthi®objection we answer that it
is not our intention in this project to produce a convincingdal of an individual human math-
ematician, but to model the style of cooperative reasortiag ltakatos described. In chapter

13 we discuss how our model could be improved in this regard.

Concepts such as that of being a prime number, which is gibgitive or negative for each
entity, have arity one. Note that in this thesis we denotesttumtion where an entity exhibits
the characteristics specified by a concept of arity one, bytehm ‘covered by’. For instance,
we would say that the number 3 ¢®vered bythe concept of a prime number. We may also
consider these concepts as sets, and say that the numhbaertBesset of primes.

3.1.2 Generation of concepts and conjectures in HR

3.1.2.1 Using production rules to develop concepts

The methodology of using production rules to build up a seofeever more complex concepts
comes from Colton’s observation that it is possible to gaiaderstanding of a complex con-
cepts by decomposing it via small steps into simpler corscepar instance, Colton notes that
ring theory is the study of rings, which are themselves gsonjth an addition operation, and

groups are themselves sets, and so on. Colton reversesl¢higind has constructed fourteen

production rules, which take in one or two concepts and duimew (developed) concept.

Concepts which the production rules take in are represessemhy of the three types we de-
scribed in section 3.1.1, and so are defined in terms of a filsita table and categorisation,
and possibly also by a definition. Initially, the conceptedisvill be core concepts, and so
the sorts of concepts developed via the production rulelsdepend on which core concepts
have been input at the start of the session. Starting frofardiit initial concepts and objects
of interest, such as the integers-20, or the integers 28 40, will lead to different concepts

and conjectures. This is contrast to standard number thediigh always deals with the same
infinite set of natural numbers.

Each production rule works by taking one or two input datdgspband a set of parameterisa-
tions, and performs operations on their contents to produsew output data table. HR then
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generates a new definition and categorisation to go with éiaedata table, thus forming a new
concept. The production rules are applied repeatedly, ttreigestriction of taking in only one

or two old concepts is not limiting, as, for example, the cosgproduction rule could be ap-
plied once to two concepts, and then again on the result @gbplication and a third concept,
and so on. The set of concepts, production rules and paresnetech have been used in the
generation of each concept is recorded as its constructgtarih The idea behind recording
this information is not motivated by human understandinghathematical concepts, rather is
a computational consideration. The information in the tmresion history of a concept is used
to construct different definitions which are readable by er,uthe theorem prover Otter, and
the model finder MACE.

The production rules arrithmetich ComposeDisjunct EmbedAlgebraEmbedGraphEqual
ExamplesExists Forall, Match Negate Record Size andSplit These are described fully in
[Colton, 2002, Chapter 6]. Of these, we only isdsts Match, Negate Size SplitandCom-
pose In this chapter we motivate and explain tBgistsproduction rule. In appendix D we
also motivate and explain the other production rules to tvine refer in this thesis.

TheExistsproduction rule is motivated by concepts with existentigduatifiers. For instance, a
cyclic group is a group for whicthere exist@an element of order equal to the size of the group.
Another example might be the concept of a continuous functidhich is a functionf (x) such
that for everye > O there exists1d > 0 such thatf(x) — f(a)| < € for all x such thatx—a| < d.
The rule produces a summary of the concept it takes in, chgragstatement about a property
to a statement that such a property exists. For instancppseghat the old conceptiigegers,

a, b, c where a = b+c and b and ¢ are both primBote thatb andc may not be unique, in
which case there will be more than one tuple in the set of ex@snConversely, there may not
be two primes which sum to a given integer, in which case thefsamples would be empty.

For integers 36- 35, the examples for this concept are all of the tuples whére 8 < 35 and
a= b+ candb andc are both prime. So (omitting repetitions) the examples foinduld be
b=7,c=23,alsdb=11,c=19, andb = 13,c=17. Examples for 31 would be= 2,c = 29.
There are no primes which sum to 35, and so the example sdtisanamber would be empty.
Applying theexistsproduction rule to this concept would result in the concepntegers for
which there exist (at least) two primes which sum to the iated his would result in a list of
positives, i.e., integers such as 30 and 31, for which thexeegamples, and negatives, such
as 35 whose example sets are empty. In HR representatiodefimition for the old concept
would look like:

e [ab,cl: c+b=anb+c=an2=|{d:d|b}|A2=|{e:€e[c}

and the definition for the new concept would be:
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e [a: dbc(c+b=aArb+c=an2=|{d:db}|A2=|{e:€c}|)

We show the examples for these two concepts, and an intesiadeble, for the integers110,
in table 3.1.

The existsproduction rule is parameterised by a set of column numlvelng;h denote those
columns which are to be kept in the output data table. All ottmdumns are removed. It then
also removes any repetitions in the rows. Note that in HR ir@shagy, the set of parameters is
represented by angle brackets-. For instance, thexistsrule might have parameters 1 >,
which would mean that the first column only is to be kept{RoLOG notation this would be
[X]); < 2> would mean that the second column only is to be kep8,4 > would mean that
the third and fourth columns only are to be kept, etc. Angiekets are used for computational
purposes and denote a list (this is not a set since the ordiee @iarameters is important). This
list may contain only numbers, as in the example of the exigiduction rule, or values such
as< 2= 1>, as in thesplit production rule, which means that HR extracts rows from a dat
table where the second column has the value PRoLoGnotation this would béX, 1Y, ..]).
Further details, androLOGnotation are given in appendix D.

The production rules and parameterisations are usuallliegpputomatically according to a

search strategy which has been entered by the user. Hoviteiealso possible for the user
to force the application of a production rule at any givendjrim order to produce a desired
concept. This is done by selecting one (or two) conceptsdrittbory, the production rule and
the parameters which determine how the rule applies, artthguhis step to be carried out at
the top of the agenda. Forcing is a way of fast tracking: figa@ioncepts which may eventually
have been found automatically, to be found sooner. This eaiobe interactively (on-screen)
or via afile of instructions. If the guidance is undertakethatvery start of a theory formation

session, we can see forcing steps simply as a different wayosfding background informa-

tion to the system. This is because forcing concepts guzgartheir existence at the start of
the theory in the same way as explicitly providing the coteeuarantees their existence in

the theory. We use this functionality in our illustrativeammples in later chapters.
An example of using production rules to develop a concept

Starting with the core concept ‘divisors of an integer’, waply the production rulsizeand
parameterisatior< 1 >, which refers to a column for which we should count the nunddfer
rows. For instance, the parameterisatianl > means that the number of tuples for each
entry in the first column are counted, and this number is teeonded for each entry. This
would result in ther function ‘number of divisors of an integer’. We could thempbpthe split
production rule and parameterisatien2 = 2 >. In this context the parameterisation means
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1 0 integer

2 1] 4

S 5
4 [2, 2] 5 integer
5  [2,3 6 4

5  [3,2] 7 5

6 [3, 3] . 7 — 6

7 [2, 5] 8 7
7152 8 8

8 [3,5] 9 9

8 [5, 3] 9 10

9 [2,7] 10

9 [7,2] 10

10 [3, 7] 10

10 [5, 5]

10 [7, 3]

Table 3.1: In this example, we start with the concept of integers a, b, ¢c where a = b+c and b and
c are prime, and apply the exists production rule to it with the parameter < 1 >. This means
that only the first column (of the two columns) is kept, and only the rows with a positive entry.
The intermediate table shows the same table as the input column, with only the first column and
relevant rows. The output table is the intermediate table with the repetitions omitted, and shows

example from 1 - 10 for the concept integers which can be written as the sum of two primes.

that we record all rows whose entry in teecondcolumn is2. This would result in the concept
‘number of divisors of an integer = 2’, i.e., the concept ofranfe number. The data tables
which correspond to these three concepts are shown in tableTBe construction history of
the concepprimesis {[divisors size< 1 >], [T function split < 2=2>]}. Note that the labels
divisors T functionandprimesare given by us, to explain the concepts in familiar termthea
than by HR. HR would label each concept uniquely, in ordertdoesand retrieve it, but this
label would have no meaning for a mathematician, reflectimy the order in which it was
found.

3.1.2.2 Further parameterisations

We have explained above the parameterisations foexis sizeandsplit production rules.
We further explain the parameterisation for tmatchandnegateproduction rules, in order to
be able to understand examples to which we refer throughuthtesis. Further details and



28 Chapter 3. Background

divisors
integer  divisor T function
1 1 integer number
2 1 1 1
3 1 3 2 integer
° ° size<1>— 4 3 split<2=2>— 2
5 2 3
6 4 5
: 7 2 7
10 8 4
10 9 3
10 10 4
10 10

Table 3.2: In order to generate the concept of a prime number, HR would take in the concept
of divisors, represented by a data table for a subset of integers (partially shown here for 1 — 10.
It would apply the size production rule with the parameterisation < 1 > which means that the
number of tuples for each entry in the first column are counted, and this number is then recorded
for each entry. For instance, 1 appears only once in the first column of this data table, 2 and
3 appear twice each, and 10 appears four times. This number is recorded next to the entries
in a new data table (the table for the concept T function). HR then takes in this new concept T
function and applies the split production rule with the parameterisation < 2= 2 >, which means
that it produces a new data table consisting of those entries in the previous data table whose

value in the second column was 2. This is the concept of a prime number.

example applications of these production rules are givappendix D. Thenatchproduction
rule takes parametess ci,Cy,...C, > Wheren is the arity of the input concept, and where the
nth entry takes the value of the specified column For instance the parametetsl,2,2 >
would take a data table with arity three (i.e. there are tlo@lemns in the data table) and
keep those rows of the data table where the entry in the filsihwo is equal to itself, the
entry in the second column is equal to itself, and the entphénthird column is equal to the
entry in the second column. Thus this production rule extrlwose rows from the data table
where the entries in given columns are equal. Tkgateproduction rule does not require a
parameterisation. We denote this &y>. Negatefinds the complement of a concept, i.e. those
entities with a certain property, such iaseger, which do not satisfy the predicate of an input
concept, such asquare(which would result in the new concepbn-squarg
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3.1.2.3 HR'’s conjecture making mechanism

Each time a new concept is generated, HR checks to see whettasr make a conjecture
with it. This could be arequivalenceconjecture, if the new concept has the same data table
as a previous concept; amplication conjecture, if the data table of the new concept either
subsumes or is subsumed by that of another conceptnonaxistenceonjecture, if the data

table for the new concept is empty.
An example of HR’s conjecture making mechanism

We show how HR would make the concepts non-square and primberniand the conjecture
that all prime numbers are non-square. Note that some otéps are shown in more detail in
appendix D).

1. supply HR with concept§; = [a]: a is an integer an@;; = [a, b, c] :ais an integer &b
is an integer &la & cis an integer &cla & cxb=a & bxc=a(i.e. the concepts of
integers and multiplication);

2. apply the production rulmatch< 0,1,1 > to C;j, to getC1 = [a, b]: ais an integer &b
is an integer &ja & bxb=a;

3. apply the production rulexists< 1 > to C1, to getC2 = [a]: ais an integer & exist®
(bis an integer &ja & bxb = a) (i.e. the concept of a square number);

4. apply the production ruleegate<> to C2 andC; to getC3 = [a]: ais an integer &
-(existsb (b is an integer &|a & bxb = a)) (i.e. the concept of a non-square);

5. generate the concept of prime numbers (shown in table A2)part of the theory for-
mation step, HR will check to see whether the data table is/algut to, subsumed by,
or subsumes another data table, or whether it is empty. $rctise, it will see that all of
its prime numbers are also non-squares, and so conjectair¢hik is true for all prime
numbers. That is, it will make the implication conjecture<2{b: bja}|) — (-(existsb
(bla & bxb = a))).

We show the construction history of this conjecture in teble

3.1.3 Evaluation of concepts and conjectures in HR

HR evaluates its conjectures and concepts using various whyneasuring interestingness
[Colton et al., 2000b], and this drives the heuristic search
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3.1.3.1 Evaluating concepts

[Colton, 2002] suggests that desirable properties of alsingncept include being novel, or
surprising, having a simple definition (overly complex difims are difficult to understand),
and applying to many entities.

These are formalised as follows:

e Theapplicability of a concept is the number of entities the concept coverdeli/by number
of entities in the theory. This lies between 0 and 1.

e Thecomplexityof a concept is the number of concepts in its constructioh fatluding the
concept itself).

e Thenoveltyof a concept is one divided by the number of concepts (inolydhe concept)

which share its categorisation.
e Thecomprehensibilityof a concept is one divided by its complexity.

e Theparsimonyof a concept is one divided by the size of its data table, wheraize of data
table is rows * columns.

Colton argues that a desirable property of the set of cosda@ theory is that between them
they develop all of the user-given concepts, in order tocdavedundancy, and that they achieve
a high number of categorisations, in order to generate asbviheory which describes differ-

ent ways of grouping the objects of interest.

Example of evaluating a concept

Given objects of interest2 10, HR would evaluate the concept of prime where the dedmati
is shown above, as follows:

e applicability = 4/10

e complexity= 3

e comprehensibility= 1/3

e Theparsimony=4x1=1

Thenoveltywould depend on the rest of the theory.
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Note that the motivation behind these criteria is to capagpects of mathematical concepts
which human mathematician would find interesting. For inséa Colton argues that a concept
which is very specialised and hence describes a small seattiies is less interesting than
one which describes a larger, possibly infinite set. For etarColton argues, the concept of
groups of order 3s not very interesting, partly because there is only ondrggroup. Con-
versely, the concept dtbelian groupsfor which there are infinitely many, is very interesting.
Examples like these inspired tlagplicability measure. However, this is clearly a simplifica-
tion and in particular, would fail to capture the differerfoetween agroup of order 3and an
Abelian groupin an infinite domain of groups, as the relevant calculatiamua be%, which is
undefined. Many mathematical domains do describe an infiniteber of entities, and there-
fore this measure would not be one used by human mathenmetidigowever, the criterion is
useful for the purposes of evaluating how interesting a ephds, in a finite domain. A mea-
sure which were applicable to infinite domains such as reaibass, might simply measure
the size of the set which a concept describes, which would figbaet of the real numbers,
rather than being a ratio. The larger the set, the more isiiegethe concept. Clearly this value
could itself be infinite, for instance working within the dam of real numbers, the concept of
a natural number(describing an infinite set) is highly interesting. The agggbility measure
is only one measure of interestingness. Likewise,paesimonymeasure of a concept is mo-
tivated by mathematical examples. Colton argues that manrgirponious concepts give more
succinct descriptions of a set of entities. To describe timalver 10 with the concept of prime
numbers, the description is “false”, whereas to descrilire titrms of its divisors, requires the
list [1,2,5,10. The parsimony measure therefore was introduced to estihmat succinct de-
scriptions would be if that concept is used to describe thiéiesnin a theory. Again, this would
not be a measure that a human mathematician would use, smoean mathematician would
not represent examples in a data table. However the measesesgme way towards capturing
the value of succinctness. Finding measures of interessg which could apply to infinite
domains, measured cognitively plausible representatdmsathematical concepts and could
be calculated by human mathematics, would be a differedtchallenging project.

3.1.3.2 Evaluating conjectures

Desirable properties of a conjecture include involving aapts with (a) high applicability and
(b) high comprehensibility, and that it be surprising. Tdhase formalised as follows:

e The applicability of a conjecture is the proportion of entities that the comjec discusses,
where a conjecture “discusses” an entity if the left handcepi of an implication or equiva-

lence conjecture covers the entity. For instance, an elguiga or implication conjecture about
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primes “discusses” the number 7, but not the number 4, anchgeristence conjecture does
not discuss any entity. The applicability of an equivalenosejecture is the applicability of
the concepts which are hypothesised to be equivalent. Tplesability of an implication con-
jecture is the applicability of the antecedent concept).e @pplicability of a non-existence
conjecture is zero.

e The comprehensibilityof a conjecture is the reciprocal of the number of distinahaapts
which appear in the construction path of the concepts désxlig the conjecture. Comprehen-

sibility is not defined for non-existence conjectures.

e Thesurprisingnes®f an equivalence or an implication conjecture is the nunabeoncepts
which appear in the construction path of one concept, buboti. The surprisingness of a
non-existence conjecture is measured by the applicaloifitis parent concept.

An example of evaluating a conjecture

We show the construction history of the conjecture ‘all prgrare non-square’ in figure 3.1,
which we described above in §3.1.2.3. HR would evaluatecibiigecture as follows.

e applicability = 4/10

e comprehensibility= 1/8

e surprisingness= 8

Note that all measures are normalised in HR.

HR also uses third party automated reasoning software r dodorove or disprove its conjec-

tures. We currently make no use of this.

3.1.4 Representing a theory in HR

Theories are represented in HR by a Java class containidg figdich are initialised at the start
of a session, such as whether to extract implication camjestfrom equivalence conjectures,
and which productions rules to use. The theory class alsaomnlists of concepts, categorisa-
tions, conjectures and entities, which is added to duriegleory formation. It also includes
methods for measuring the interestingness of a conceptthenshethod for performing a the-
ory formation step. When we refer to “theory” throughoutstthesis, we refer to this class; in
particular to the set of concepts, conjectures and entities
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Construction path for Construction path for
the concept of nhon-squares the concept of primes
[ C.[a b, cl: bla&ala&c*b:a&b*c%a Cii [ bl:b|a
match <0,1 > size<1l>
Cllabiblagb*b=p C4. fa bLb=[cic|8)
exists < 1> split<2=2:

[05. [a]: 2 = [{b: b | a}ﬂ

[ C2.[a]: exists b (b [a &b * b :}a)

[Cii. [a]: ais an intege}

negate %

C3.[a]: —(existsb (b |a&b*b = a))‘

Figure 3.1: The construction path of the concepts in the conjecture all primes are non-square,
where bja means that b divides a, a* b means a multiplied by b, “&” is the logical connective
and, and |{b: bja}| means the size of the set of elements b such that b divides a. The arrows
between nodes represent the derivation which takes place when the given production rule and
parameterisations are applied to an “old” concept, to get a new concept, with the direction of the

arrow denoting going from old to new.

3.1.5 Using HR in a multiagent system

In Colton et al. [2000a] Colton describes a multiagent apphoto concept formation in pure
mathematics, using the HR program. Four copies of HR werd@mg as agents in an archi-
tecture where they communicated the most interesting qisc¢key invented.

3.2 Multiagent Systems

Since Lakatos presented his work as a dialogue where diffstedents had different beliefs
and motivations, and mathematical theories were formeddigagreement and negotiation,
agents are an obvious metaphor for a computational repgegganof his theory. Additionally,
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the dynamic nature of the environment of conjectures aritlesvhich is open and continually
changing, suggests that an agent-based solution is amdepin this section we consider
characteristics of multiagent systems.

3.2.1 Environment

Russell and Norvig [1995] provide the following classifioat of environments, which are
discussed in [Wooldridge, 2002]:

e accessible versus inaccessible — the extent to which itssiple to gain complete, accurate,
up to date information about the environment;

e deterministic versus non-deterministic — the extent tochtany action has a single guaran-
teed effect;

e static versus dynamic — the extent to which an environmeaigés in ways which are beyond
an agent’s control; and

e discrete versus continuous — whether there are a fixed, finitgber of actions and percepts
in an environment or not.

Environments may be a hybrid of these, for instance, an enmient might consist of a finite
number of discrete actions and percepts, and an infinite rumibcontinuous actions. One
example of this would be a human environment, in which pms#tj temperature, distances etc.
vary continuously, while topological relations, such asethier objects are convex or not, con-
nected or not, touching or not, etc., vary discretely. AHartdifference concerns whether ob-
jects in an environment can be described by vectors or lisisiform complexity, or whether
structural descriptions are necessary, as would be thefoasepresenting sentences, town
maps, family trees, etc..

3.2.2 Agentdesign

Wooldridge [2002] makes the micro/macro distinction, whatistinguishes the design of the
agents from that of the society. He addresses two problems:

() building an agent which is capable of independent, automsnagtion, in order to carry out
tasks which we assign to it, and
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(ii) building agents which are capable of interacting with otlgents, who may not share the
same goals, in order to carry out tasks which we assign to.them

These problems are known respectively as agent designhwiealiscuss in this section, and
society design, which we discuss in the following section.

There is some controversy over what constitutes an agehf biidely accepted criterion is
that it be autonomous. Wooldridge defines an agent as “a cemmpystem that isituated

in someenvironmentand [that] is capable ciutonomous actioin this environment in order
to meet its design objectives” [Wooldridge, 2002, p. 15].isTis a very general definition,
which, as Wooldridge points out, includes control systesugh as thermostats, and software
demons, such as background processes in the Unix opergstens He goes on to highlight
capabilities that we might expect amtelligent agent to have: reactive, proactive and social
capabilities. Thatis, the ability to perceive and reactrie’® environment, exhibit goal-directed
behaviour, and interact with other agents or humans, inrdadsatisfy its design objectives.
Wooldridge suggests that the ability to influence and be emited by one’s environment is
also important. Further attributes which agents may havkidte learning, and an ability to
deliberate between different courses of action.

Dennett [1971] examines the concept of a system whose mitazséan be explained and pre-
dicted by ascribing to the system mentalistic concepts sischelief, desire, intention and
expectation. He develops the intentional stance, whiclseésl o predict behaviour by ascrib-
ing to a system the possession of certain information (siomestcalled beliefs), and supposing
it to be directed by certain goals (sometimes called desiaesl then working out the most rea-
sonable course of action. This stance is contrasted witkddélgn stancewhere one predicts
the behaviour of a system, based on the purpose it is intetwdidfil, assuming that every-
thing functions as it was intended to. The intentional staalso contrasts with theghysical
stance where behaviour is predicted based on knowledge of the tdwsature and the orig-
inal configuration of a system. Dennett argues that somemgstfor instance chess-playing
computers, are inaccessible to prediction from the designce or the physical stance. He
takes the pragmatic approach that if it is useful to endowtg@ith mental states, in terms of
predicting and explaining, then we should do so.

Wooldridge [2001] discusses belief-desire-intentiorhédectures. These are rooted in the field
of practical reasoning, which involves the processes oidileg what to achieve and how to
achieve it. Deciding what to achieve involves generatirgydptions available, choosing be-
tween them and committing to one. The chosen course of attiembecomes aimtention
Characteristics of intentions include believing that éhex a good chance of achieving them
(we do not intend to do something which we know that we canaptatting upon them (mak-
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ing a reasonable attempt to achieve them), and the intenfiersisting (rather than giving up
at the first hurdle). This latter characteristic, howeverna be balanced with dropping an in-
tention if it becomes unfeasible. Achieving the right bakubetween reconsidering intentions
sufficiently often to drop them when necessary, and not wgsésources on constantly recon-
sidering, rather than achieving intentions, is called thabjem of balancing pro-active, goal
directed against reactive, event driven behaviour.

Beaudoin [1995] elucidates goal processing in autonomgesta from a design stance, and
identifies this type of problem ameta-managementHe refers to Hayes-Roth [1985] who
worked on the “control problem”, i.e., how a system decidégv of a set of currently possible
computational actions it should perform next. Beaudoingests a system he calls “heuristic
meta-management”, where an agent which is capable of mategement engages its meta
capabilities at timely junctures where a shift in procegggrequired. Such timely junctures
include: oscillation between decisions (when one keepgagihg one’s mind); ongoing dis-
ruption (where an insistent goal has been postponed ortegjdmit nevertheless keeps reap-
pearing); high busyness (in which case it is necessary wifge goals); digressions (when
a goal has been scheduled for deliberation, but while deltlvey, the agent loses sight of the
original goal), and maundering (managing a goal for somgthenf time without ever having
made the meta-management decision to do so). Beaudoin gdesask empirical questions
such as “What species are capable of managing their own reareag processes?”, “What
are the mechanisms that a given class of organisms has farmestagement?”, and “What
formalisms best match their language?”[Beaudoin, 199%2]p 7

3.2.3 Society design

Wooldridge [2002] argues that in multiagent systems weraterésted in how cooperation can
emerge within societies of agents which are self-intecesihat sorts of common languages
agents can use to communicate to each other and to humanssdtieiterested agents can
recognise when their interests conflict, and how they caalvesthis, and how agents can

coordinate their activities so as to cooperatively achtbedr goals.

Huhns and Stephens [2001] describe environments in whiehtagnteract productively. They
discuss communication protocols which enable agents thagmge and understand messages.
For instance, an agent may propose a course of action, aceptse of action, reject a course
of action, retract a course of action, disagree with a pregasourse of action, or counter
propose a course of action.

Huhns and Stephens [2001] also discuss interaction prstoadnich enable agents to have
conversations. For instance, one agent may propose a aofuasion to a second agent. The
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second one then might evaluate the proposal and either seegptance of it, rejection of it,
disagreement with it, or a counterproposal to it. The firehtlevaluates what it receives and
reacts accordingly, and so on.

Further work which is relevant to communication and intdmacprotocols, on ambiguity, ar-
gumentation and negotiation is outlined in §86.8.

3.2.4 Argumentation-based negotiation

Jennings et al. [1998] emphasise the importance of nemutiit multiagent research, and
outline an informal framework describing its key featur&hey divide negotiation issues into
protocols(rules which govern interactionpbjects(the range of issues over which agreement
must be reached) amsgents’ Decision Making Mode(the way in which an agent follows the
protocol to achieve its objectives).

Agents move through the space of possible agreements (iteserall the candidate definitions
for a concept), defining their own spaces of acceptable goiNegotiation works by agents
suggesting points in the space which are acceptable, ahthéwg each point suggested. This
ranking may change during negotiation, as agents are prduthhat a point is valid. The
way in which they rate points may also change. A minimal regfuent is that agents be able
to propose some part of the agreement space as acceptablearanespond to other agents’
suggestions. A more efficient model would give agents thelgiity to explainwhy they
are rejecting/proposing a certain point. This might in€lugjecting a proposal but stating
which aspects were considered goodyritique, or making acounter-proposaln response to

a proposal. Such a model might incluplsstifications— in which the agent states its reasons
for making a proposal, gpersuasion- in which an agent tries to change another’'s agreement

space or rating over the space. These arguments help tors@ppagent’s stance.

Jennings et al. [1998] state that an agent capable of argat@rbased negotiation must have
a mechanism for:

e communicating proposals and supporting arguments;
e generating proposals;
e assessing proposals and arguments; and

e responding to proposals.
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Kind of Al Main Activity Result
Applied Al Apply Al techniques Product
to real life problems
Cognitive Science  Formulate theories Theory of intelligesupported
Build models by a computational model
Basic Al Explore Al techniques  New/improved techniques

More knowledge of techniques

Table 3.3: The three kinds of Al, outlined in Bundy [1990]

3.3 Methodology

Our task is to provide a computational representation ofat@#s methods and then use our
representation to evaluate the methods, as well as evajuatir representation itself. This
evaluation has two main forms, which correspond to our twdivations. Our first motivation

is the cognitive science motivation of modelling, evalogtand improving Lakatos’s theory of
discovery and justification. Our secondary motivation carseen in terms of Bundy’s ‘basic
Al' [Bundy, 1990]. The aim of basic Al is to develop, explore improve useful Al tech-
niques, where ‘technique’ includes algorithms, ways ofespnting knowledge, architectures
and methods of eliciting knowledge. The process of expipih techniques may lead us to
discover new techniques, and their properties and intdrogls. Our two motivations can be
seen as the second and third kinds of Al shown in table 3.3.

In order to evaluate our work from the cognitive science pecsive, we use criteria suggested
by Thagard, Sloman, and Popper, described below. Thesastohsonsilience, simplicity and
analogy (83.3.2); being definite, general (but not too galpeable to explain fine structure,
non-circular, rigorous, plausible, economical, rich iruhistic power, and extendable (83.3.3);
not beingad hog and being rich in content (83.3.4). These criteria ovettap certain ex-
tent, and are used by humans. We furthermore evaluate ol wgimg Lakatos’s criteria for

evaluating scientific research programmes (83.3.5).

In order to evaluate our work from the basic Al perspective, wse the criteria for automatic
evaluation from [Colton, 2002]. These consist of appliGhicomplexity, novelty, compre-
hensibility, and parsimony for concepts, and applicahildomprehensibility, and surprising-
ness for conjectures (83.1.3). We furthermore test theiegifn of Lakatos's methods to
automated theorem proving by testing to see if they can beé tasBnd meaningful modifica-
tions to non-theorems, where ‘meaningful’ is defined as arétr@ for which a proof can be
found in the required time.
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3.3.1 Evaluating theories within the philosophy of science

The method of evaluating models in computational philogophscience is not well estab-
lished. In the philosophy of science, ideas on evaluatingeary or hypothesis came before
ideas on how the hypothesis is discovered. In computatjgmélsophy of science it appears to
be the other way around. That is, ideas on how to generatésamabr programs which model
scientific progress have come before ideas on how we shoaldate these programs. Clearly
much work in the philosophy of science examines what makeaseatfic theory good, for
example [Popper, 1972]. Yet, although much of philosophyceons evaluating different argu-
ments, there seems to have been little explicitly writteaudthow to evaluate meta-theories,
i.e., philosophical theories about scientific theoriesth# field of computational philosophy
of science is to progress, there has to be discussion andragre on the criteria by which we
judge computational theories (philosophical theorieschtare at least partially derived using
computational techniques). Additionally, these criteriast be formal enough that compara-
tive claims can be supported and progress measured. Urssnghy, this mirrors the situation
in the machine creativity field, in which attempts are beingdento find a framework which
is both practically useful and theoretically feasible,,ifermal but not oversimplified (for ex-
ample [Pease et al., 2001], [Ritchie, 2001], [Ritchie, JR0%siven this situation, we have
followed [Colton, 2002] and adopted a shotgun approacimgusiiteria from different sources
to evaluate our computational interpretation of Lakatdisé&ory. These criteria are taken from
computational philosophy of science (8’s 3.3.2 and 3.3s3)all as traditional philosophy of
science (83.3.4).

Part of our motivation behind implementing Lakatos’s thyeisrto provide a way of evaluating,
as well as improving upon it. In chapter 11 we discuss how oodehhelps us to evaluate
Lakatos’s theory according to criteria suggested by Thhdaloman Popper, and Lakatos (8's
3.3.2,3.3.3, 3.3.4 and 3.3.5 respectively) and argue thdtdsame criteria we have improved
Lakatos's theory.

3.3.2 Thagard’s criteria for evaluating theories

Thagard [1993] suggests criteria for evaluating explaiyatibeories. These are intended for
evaluating scientific, rather than philosophical theqraasd have been extracted from study-
ing examples of scientific theories. However, Thagard alaons that they can be used to
determine the best explanation in metaphysical theoriéadard, 1993, p.99]. The criteria
are consilience, simplicity and analogy. Consilience isemsure of how many observables a
theory explains, and the variety and importance of the faxpéained. The notion of simplicity
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is a way of constraining consilience by ensuring that themphés notad hoc This means that
the theory explains more than just the data which it was thiced to explain, i.e., it is not
fine-tuned. Hence the first and second criteria need to ba iakeonjunction with each other.

3.3.3 Sloman’s criteria for evaluating theories

Sloman [Sloman, 1978, p. 50 - 53] sets out criteria which laéntd can be used to judge
‘theories which purport to explain possibilities’, inciag scientific possibilities as well as
theories in human sciences. We set out his criteria beloveyHre divided into a necessary
criterion for something to be considered a theory at all, amduch longer set of criteria for
something to be consideredyaodtheory.

T is a theory if:

1. it explains a range of possibilities, i.e., the posdikti are validly derivable frort, ac-
cording to criteria for validity generated by the semantitthe language used far.

T is agoodtheory if (1) is satisfied, and:

2. it is definite (there is a clear demarcation between whdbés and what it does not
explain);

w

it is general (it should explain many significantly ditfet possibilities, preferably some
which were not known about before the theory was inventedwever it should not
explain too many possibilities which have not been showrxistg.e., it should not be

too general);

4. it accounts for fine structure (the descriptions or repmégtions of possibilities generated
by T should be rich and detailed);

5. itis non-circular (it should not assume that which it partp to explain);

6. derivations from it are rigorous (it should be clear how fhossibilities whichT can
generate are generated, or derived, frojn

\'

. itis plausible (the assumptions madeTirshould not contradict knowfacts— although
they may contradict widely heldeliefs;

8. itis economical (it does not include assumptions or cptecehich are not necessary to

explain the possibilities which it explains);
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9. itisrich in heuristic power (the components of the theogy, the assumptions, concepts,
representation language and way in which possibilitiesg@merated, should be such
that the detection of errors and gaps, design of problemrgpistrategies etc. is easily
manageable); or

10. itis extendable (it should be possible to embed the yhie@n improved enlarged theory
which explains further possibilities or has a higher degrekne structure).

These criteria provide us with ways by which we can compacegiilosophical theories. Slo-
man also considers the further criteria that a theory esalddo control or predict phenomena.
He argues that these criteria are often over-emphasisethsiance the theory of evolution is
arguably one of the most important scientific theories, tsupower lies mainly in explaining
possibilities, rather than controlling or predicting ligical developments.

3.3.4 Popper’s criteria for evaluating theories

Following Tarski, Popper [1972] suggests that we divideuthiwersal class of all statements
into true and falseT andF. He claims that the aim of science is to discover theoriepléex
nations) whose content covers as muci @nd as little ofF as possible, where the content of
a theory is the set of all statements logically entailed byThis set may also be divided into
true and false statements (the theory’s truth and falsitgertt). A good theory should suggest
where to look, i.e., new observations which we had not thbog§making before.

This is comparable to the situation described in [Ritch@81, in which we divide the univer-

sal class of all basic items in a domain into good and WaalhdV'. If we describe the content

of a program as its output s€twhich may be divided into good and bad artefacts, then we can
claim that one aim within Al is for a program to generate as imoV (and as little ofv’) as
possible. A good system should suggest new areas of thehsgaace, i.e., find artefacts which
we had not thought of generating before. If we accept thisogwathen Popper’s criteria for
evaluating theories sheds light on our criteria for evahgaprograms.

Popper sets out two criteria for a satisfactory theory (iditah to it logically entailing what it
explains). Firstly it must not bad hoc By this is meant that the theory (explicans) cannot itself
be evidence for the phenomena to be explained (explicandumvjce versa. For example if
the explicandum is ‘this rat is dead’, then it is not enougbuggest that ‘this rat ate poison’ if
the evidence for it having done so is that it is now dead. Thaust be independent evidence,
such as ‘the rat’'s stomach contains rat poison’. The oppaditnad hocexplanation then, is
one which is independently testable. Secondly, a theont bmugch in content. For example a
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theory which explains phenomena other than the specificgghena it was designed to explain
has a much richer content, and is therefore of greater vélae,one which is less general (the
principle of universality).

Applying these criteria to our programs, if we see a progr&hds the theory and the set of
artefacts we wish to generath @s the phenomena to be explained, then we are interested in
the independent testability ¢ and the richness of its content. A program which has been
carefully tailored in order to produce very specific arté$acannot be claimed to be a good
program on the grounds that it produces those artefactsreThast be independent grounds
for its value, such as also generating other valuable atefavithin the programming analogy,
this is clearly connected to the richness of content caterthe more valuable artefacts outside

of | and fewer worthless artefacts a program generates, ther liedtt program is.

3.3.5 Lakatos’s criteria for evaluating theories

Lakatos [1970] attempted to salvage some of Popper’s fadsiéin methodology, which had
suffered in the light of Kuhn’s analysis of paradigm changkawever, he thought that Pop-
per’s focus on the relationship between theory and obdervat his falsification methodology
was too simplistic, arguing instead that a methodology rtalst into account thstructureof

a theory. In his account he developed the notion of a sciengfiearch programme, which
comprises éhard coreand aprotective belt The hard core consists of the defining charac-
teristics of a programme: these are very general theotdtigaotheses which form the basis
of the programme. If a scientist were to reject or modify thbgpotheses, then essentially
he or she would be abandoning the research programme (thimilar to Kuhn’s notion of a
paradigm shift). The protective belt consists of explicikiéiary hypotheses and assumptions
which are less central to a research programme; these ceuldjécted or modified without
serious repercussions to the research programme. If a lggistfrom the hard core appears
to have been falsified, then in order to remain in the samearelseprogramme, appropriate
changes or additions would be made to the protective beherahan to the hypothesis di-
rectly. Thepositive heuristiof a research programme indicateswthe protective belt can be
altered in order to protect and extend the predictive andaggbory power of the hard core.
The negative heurististates that the hard core must remain unchanged. Anothstraont is
that modifications made to hypotheses in the protectiverbedit be independently testable.

Lakatos uses these ideas to show how we can evaluate workuilbinea research programme,
and to evaluate competing research programmes. He alscthesmdas demarcation criteria
between science and non-science. Research programmes eeallated according to whether

they areprogressiveor degenerative A programme is progressive if it satisfies two criteria:
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firstly if it comprises a coherent hardcore which involvesefiite mapping out of predictions
and future research, and secondly if it, at least occadigriabds to the discovery of novel
phenomena. These also serve as demarcation criteria. Agonoge is degenerative if it is
gradually coming undone, and there are no recent novel gireds to its name. It is difficult
to evaluate a research programme except in retrospect, amameever be sure that a new
discovery is not just around the corner.

One way of evaluating two rival theories is to look at Lak&dalsification criteria, outlined
in [Lakatos, 1970, p. 116]. A theor¥ is falsified if and only if another theory’ has been
proposed with the following three criteria:

i) T’ predicts novel facts, i.e., phenomena which was not prediby T (this is a sign of a
theoretically progressive research programme);

ii) T" explains all of the confirming instances theexplained; and

iil) some of the excess content ®f is corroborated (this is a sign of an empirically progressiv
research programme).

Note thatT andT’ may share the same hard core.

Lakatos differed from Sloman, Popper and Thagard in thattheria he identified as a good
scientific theory were intended to be used for demarcatidera, i.e., they could help to
distinguish science from non-science. Conversely, whiken@n, Popper and Thagard set out
criteria of a good scientific theory, they also commented ttiia same criteria could be used to
evaluate non-scientific theories.

3.3.6 Summary of criteria

We have considered criteria suggested by Thagard [1998in&1 [1978], Popper [1972] and
Lakatos [1970]. The first three consist of Thagard’'s notiohgonsilience, simplicity and
analogy (83.3.2); Sloman'’s criteria that a the@yexplain a range of possibilities, and a good
theory is(ii) definite,(iii) general(iv) able to explain fine structuréy) non-circular,(vi) rigor-
ous,(vii) plausible,(viii) economical(ix) rich in heuristic power, an¢k) extendable (§3.3.3);
and Popper’s criteria of being independently testable,rafdin content (§3.3.4). These three
sets of criteria overlap in the criteria shown below. A gobédry should:

e be as general as possible (Thagard’s notion of consiliearod Sloman’s third generality
criterion);
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e explain more than it set out to explain (Thagard’s notion iaiicity, and Popper’s
richness in content criterion);

e not assume what it sets out to explain (Sloman’s fifth noowtarity criterion, and Pop-
per’'s independently testable criterion).

Since there is no ready made integrated, coherent, wellvatetl and widely accepted set
of criteria relevant to evaluating our work, we focus on #hesiteria in our philosophical
evaluation of our project, in chapter 11. In particular, weus on the first and second of these
criteria. In a different section of the philosophical exatlon chapter, section 11.9, we discuss
our project with reference to Lakatos’s philosophy of scien

3.4 Summary

In this chapter we have introduced the HR system [Colton2PGhd described how it repre-
sents, generates and evaluates objects of interest, derangh conjectures. This is necessary
in order to understand the theory formation aspect of HRL.&/¢eaiming to work within the
context of multiagent systems, and have discussed wheneat-bgsed solution is appropri-
ate, environment, agent design and society design in thiegb Finally, we have outlined our
methodology and described the criteria which we use to et@lour project.



Chapter 4

Overview of HRL

In this chapter we outline our system, HRL, drawing on thekgemund material given in

chapter 3. The HRL system incorporates HR, which is namest afathematicians Godfrey
Harold Hardy (1877 - 1947) and Srinivasa Aiyangar Raman(887 - 1920), and extends it
by modelling Lakatos’s methods and enabling dialogue betwsultiple copies of HR. Thus,
the name HRL reflects our debt to HR, and highlights the ingyae of the philosopher Imre
Lakatos (1922-1974) and the deep influence of his work onysies.

HRL has two main strands: the methods that we have implemgatel the agent architecture
which enables dialogue. Chapters 5 to 9 contain detailseofdimer, and in this chapter we
discuss the latter. We also detail some extensions to HRhwichave made.

Following the discussion in [Lakatos, 1976], HRL models anber of student agents and a
teacher agent, where each agent has a suitably configurg@dtHR, and starts with a different
database of objects of interest to work with, and differatgriestingness measures. Our system
is written in Java, which was a natural language to use sirRéshh Java, and object oriented
languages are an obvious metaphor for agent architectlitesagents in HRL use sockets to
communicate. The number of agents is flexible, determinethéyser, but in each case, one
agent is meant to represent a teacher, with the other ageimg students.

4.1 Environment

There are two stages in HRL: an independent work phase inhndtiedents form theories
without interacting, and a discussion phase in which thegudis and refine their most interest-
ing conjectures. The independent work phase gives the r#sitiene to generate conjectures

45



46 Chapter 4. Overview of HRL

and concepts, as described in 83.1, which are then commediead used during the discus-
sion phase. Each agent, therefore, has its own individeakyh In addition there is the group’s
theory, which is generated from the interaction of the stisland the teacher, consisting of ev-
ery message which has been sent, including conjecturesepts proof schemes, entities, and
proposed modifications. Each agent records the group’sythiea list calledgroup discussion

The combination of all of the individual theories and theugr's theory is the environment of
the agency, where bgggencywe mean the collection of students and the teacher which have
been set to run at the start of a session.

The agents only have direct access to their own individweditles and the group theory. There-
fore each agent has partial access to the environment, k@tbther students’ theories hidden.
It is a non-deterministic environment since the order ofdlgents’ messages cannot be pre-
dicted and the order in which they are received influenceslismission. However, in all other
aspects it is a deterministic environment. A single agestful control over its own theory.
At the end of each discussion phase, a student will look tittonhat has been said and take
what it considers to be interesting into its own theory tdHar develop. Clearly, one student
has no control over another student’s theory, althoughntiouence the theory by making a
contribution to the group theory which the second studeatuates as interesting enough to
develop further (i.e. the interestingness evaluation &r @vwuser given threshold). The agents
therefore are able both to influence and be influenced by émeironment.

4.2 Agent design

Each agent has a copy of HR, and starts with a different ds¢abifobjects of interest and dif-
ferent interestingness measures. Making the evaluatibjestive agrees with Larvor’s potht
that Lakatos considered mathematics to be a matter of td&ftey not have mathematical crit-
ics just as you have literary critics, to develop mathenadht@ste by public criticism?Gamma
— [Lakatos, 1976, p. 98]. Each agent, therefore, is capdbiglependent, autonomous action,
in order to carry out the task which we assign to it, which ifoton an interesting theory about
the data with which we provide it. Agents are reactive in thesg that they can react to their
environment, since they can perceive the group theory aact te it. For instance, an agent
might react by modifying a faulty conjecture or agreeingedfgct a certain entity as a monster.
They exhibit goal-directed behaviour by achieving sublg@ modifying faulty conjectures
or proof schemes in order to form an interesting theory, amdtlaerefore proactive. They
also interact with other students in the agency and the &aabain, with the aim of forming

1personal communication.
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an interesting theory. Therefore the agents in HRL arelig&it according to Wooldridge’s
account (83.2.2).

Agents in HRL are currently unable to deliberate betweeieaiht courses of action (see §13.3
for ideas on how the latter attribute may be implemented).

The task of the agents in our architecture is to develop éstarg concepts, conjectures and
examples, and to react accordingly to the introduction ofhterexamples to a false conjecture.
In terms of the beliefs, desires and intentions approaclinedtin § 3.2.2, the agent$eliefs
consist of the data input to their copy of HR. Theiesiresinclude building an interesting
theory, accepting, modifying or rejecting concept defamiti, conjectures and proof schemes
(depending on the proportion of their examples they hold &md how interesting they are
according to the interestingness measures of the agend.intdntionsof the agents are to
perform specific Lakatos methods or parts of the methods,te.find a concept which covers

specific examples in order to perform piecemeal exclusion.

4.3 Society design

HRL is an architecture of a group of equal-status agenteadafiudents. The architecture also
contains a teacher agent, which has special status. Théeprplr design objective, is to
model the social process of concept, conjecture and préiaeraent in the face of conjectured
general properties and counterexamples to them, as expdumdlL akatos [1976]. The role
of the teacher is to evaluate the messages it receives inighesdion and to set an agenda
for discussion. Thus if one conjecture modification is beitguninteresting (according to
the interestingness criteria of the teacher), the teachetall the students to focus on another
conjecture. Note that it would be possible to use Lakatogthiods in a different context, for
instance by changing the flow of control. We describe one wayhich we do this, in chapter
12.1.

Communication protocol:

The agents communicate by sending concepts, counteregampld conjectures when the
teacher requests them, and negotiating about concepttaefmi Specifically, agents com-
municate by sending a request or a response.

Requests can be requests to do something, such as “workeindeptly for twenty theory
formation steps”, or “modify faulty conjectul@”; requests to send something, such as “send
counterexamples to conjectu@, or “send a concept to cover counterexampley, z|”; or
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requests to negotiate a concept definition, such as “engitypuld not be considered an example
of conceptC”. Responses include conjectures, concepts, counterdgamproof schemes,
modifications and negotiations.

Interaction protocol:

Interaction usually works alternately between the teasleaiding a request and the students
all sending a response to the request. The exception tostifigistudent responds to another
student’s response. For instance, one student may sendiyresra counterexample to a con-
jecture, and another student may respond by requestinghth&ntity be barred as a monster.
The teacher will then make a further request, and the cyalirames. An example interaction
is below.

1. The teacher requests that the students work indepegdentiventy theory formation steps
and then send an interesting conjecture.

2. The students comply and all send a conjecture.

3. The teacher sorts the conjectures into an agenda forsdigou It sends a request for
modifications to the first conjecture on the agenda.

4. Each agent looks at the examples and counterexamplesfibttte conjecture. If it has any
counterexamples then it attempts to modify the conjectndesgnds its modification.

5. The teacher sorts the modified conjectures into the agemdlaends a request for modifica-
tions to the next conjecture on the agenda.

The cycle of interaction is shown in figure 4.1.

4.4 Extensions to HR

Two new types of conjecture

Every Lakatos method except strategic withdrawal requimmterexamples to a conjecture.
In order to get these, HR has to be able to make conjectureshveie known to be false.
We have addressed this in two ways. Firstly, since we digkilthe data amongst multiple
agents, each agent is more likely to make a false conjedvare if we ran the system with a
single agent, as each conjecture is based on a smaller saftibet data available. Secondly,
we have enabled HR to generaigar-equivalencandnear-implicationconjectures. These are
equivalence and implication conjectures which holdX&s of its entities, where is less than
100%, and is specified by the user.
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Teacher sends

request

Students \
respond t
responses Students respor

{

O

Teacher informs all students
of all responses

Figure 4.1: The interaction protocol of HRL

Implementing near-conjectures raises the question of henategative examples should be
considered supporting examples for a near-conjecture.t iBhahould the numbers 4, 6, 8
and 10 in figure 4.2 be considered supporting examples ofdhgcture that almost all prime
numbers are odd, or should they be considered irrelevantthpeks paradox in [Hempel,
1945], in which he showed how the principle of scientific indon can be counter-intuitive,
is relevant here. Hempel demonstrated his point with thengka hypothesis that “all ravens
are black”. According to scientific induction, the likelibd of this being true rises slightly
with every new black raven that we see. However, the stateta#mon-black-things are non-
ravens” is logically equivalent. The likelihood of this hgitrue rises slightly with every new
non-black-thing which is not a raven. This suggests thatafsee, for instance, a red apple,
then this is evidence for the hypothesis that all ravens kaekb

In our implementation, the calculation for near-equivakeonjectures between conc@mnd
conceptQ includes entities which are not positive for either condgpt are not counterexam-
ples to the conjecture). Therefore, supposing that HR isrgitie integers 1 10 as its objects
of interest, then, in the example in figure 4@#jme« odd, the near-equivalence conjecture
would score 70%, as there are three counterexamples todhjeature; 1, 2 and 9, and ten
entities in total. This is in the spirit of machine learningaithms, which consider the neg-
atives as well as positives, as a measure of confidence irotfjeature. However, this could
include the case of two concep®$x) andQ(x), each with very few examples, none of which
are shared and the conjectiéx) ~~ Q(x), if there are sufficient examples in the theory, which
is clearly undesirable.

For near-implication conjectures therefore, we do not mEregative examples, i.e., entities
in neitherP(x) nor Q(x)). That is, the conjecturerime — odd would not score 90% (which
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we might expect as there is only one counterexample out okftdiies: 2). Similarly, the
near-implication conjecturedd — prime, with counterexamples 1 and 9, would not score
80%. This is because when calculating the proportion otieatfor which a near-implication
conjecture holds, we consider only entities which are pasfbr the left hand concept, so the
near-implication scores would bg¢8and 35, i.e., 75% and 60% respectively.

prime odd

Figure 4.2: A Venn Diagram representation of the conjecture that for all X, prime(x) «~ odd(x),

where x is an integer between 1 and 10

A new production rule

As part of our implementation of the method of exceptiorribgr we have implemented a
new production ruleentity-disjunct This takes in an object of interest concept, for instance,
number and a set of entities as a parameter list, where the engiteeall the same type as the
object of interest concept, for instandg, 2. It returns a concept which is a disjunction of the
entities, for instance, the concept of bekither the number 1 or the number®/e describe it

in more detail, and give our maotivation behind it, in 87.7.

A new measure of interestingness

Since some conjectures are false, we have reflected thisaw énterestingness measure. This
is intended to capture degree of belief, or confidence in gecture, and is measured by com-
paring the number of supporting examples of conjecture thighnumber of counterexamples.
Theplausibility of a conjecture is:

(e—c)/e, whereeis the number of entities the conjecture discusses, frontabeae, and is
the number of counterexamples, in a database, to the caorgect

For instance, the plausibility of the conjecture that ali@r numbers are odd, given a database
of numbers 1 20, is(8—1)/8 = 0.875.

A new type of theory constituent
In HR, elements of a theory are representethasry constituentsvhich is a Java class. Sub-
classes of theory constituent are concept, conjecture mafity.e We have extended this by
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adding another subclasgroof scheme We need this class for our implementation of the
method of lemma-incorporation, which modifies a faulty grodlthough HR was already in-
terfaced with the theorem prover Otter [McCune, 1990], wel@dmot use output from Otter,
as we needed HR to work with informal, flawed proofs. Each pssbeme has a global con-
jecture (the conjecture which is ‘proved’), a vector of axtjres in the proof, and a proof tree
which specifies how the conjectures fit together to prove tbbay conjecture. Details of the

proof scheme class are given in 88.3.

Pseudo theory-constituents

As a conjecture is surrendered or refined, the questionsaaseto whether to continue to
store the previous versions. Likewise, when an entity isatejd as an example of a concept,
via the method of monster-barring, the question arises aghtther to continue to store this
entity. We have resolved this issue by creafpsgudo-conjectureandpseudo-entitiesThese
are identical to conjectures and entities in every way, piteat they are stored in separate
lists of pseudo-conjectureand pseudo-entitiesn the theory, rather than in the usual lists of
conjectures and entities. Thus, they remain in the theotycannot influence it in any way.
Removing an entity from the list of entities, for instancaseres that it will no longer count
as a positive or negative example of conjectures. This &ffde search space as well as the

interestingness evaluation of new conjectures.

Our justification is that theory-constituents are not fdigo if consensus is arrived at within the
agency that they do not count in some way. These pseudo tiseastituents do not currently

affect a theory once they have been allocated “pseudo”sstdtu future versions, however,

we may use elements in a pseudo theory-constituents listinEance, a student agent could
re-evaluate a pseudo-conjecture if it was later agreedsthrae, or all, of the counterexamples
to it did not count. Likewise, a student agent might re-exdla pseudo-entity which had been
considered to be a monster, but which is found to be usefid tmetheory is more developed.

45 Parameter values and their selection

Within HRL we have continued Colton’s methodology of allagifor empirical experimenta-
tion rather than making design decisions, wherever passitthis allows us to test hypotheses
and explore the model by differing the variables. In thestitative sessions described in chap-
ters 5, 6, 7, and 9 we have hand picked parameter values intrdemonstrate the methods
at work. Selection of parameter values in this case was snhintrial and error, or by working
out in theory which parameters would illustrate our ideagloB/ we list the settings which
we have varied in the illustrative sessions and give comnadunes that they take. Before each
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illustrative session we detail relevant parameters. Untaberwise specified, parameters in
HR take default values. In chapter 10 we present results &gmnore systematic selection of
parameter values.

e The domain varies, and is usually number theory. The coreaqs given vary slightly,
and are usually integer, addition, and multiplication. &dme cases we forced concepts
at the start of a run. These are concepts which are in an agagich space: the forcing
process simply ensures that the concepts are formed dtmigir The objects of interest
given also vary, and usually comprise some subset of nun{iers, 2, ..., 59, 6 for
each student.

e The number of students varies between one, two and three.

e The distribution of entities between students in the samenagvaries. For example,
some students might have the number 0 while others do nogroetimes the numbers

1 - 60 are divided into consecutive sets.

e Which of Lakatos’s methods a student uses, and the way inbigse it varies, accord-
ing to parameters specified in the relevant chapters. Ftaring, to demonstrate how
piecemeal-exclusion works, we would set students in the@gt perform piecemeal-

exclusion.

e The evaluation of interestingness varies. For instanceman set a student to prefer
conjectures which are plausible, surprising, etc.

e The type of conjectures which a student makes, for instamgdidation or equivalence
conjectures varies. In the case of near-conjectures wesatydhe percentage of entities
for which the conjecture should hold.

e The type of conjectures that the teacher requests variegdtance it might request a

near-implication conjecture.

e The number of theory formation steps that the students warknfthe individual work
phase varies. This is usually set to 10 or 20 steps.

The inflexibility of our parameters is a limitation of our $gs1 and we consider future, more
flexible ways of parameter selection in 13.4.
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4.6 Further details of HRL

Further details about the HRL system, including how to deadl HRL, how to generate a
run of the program, and how to read the results can be fourteatiito addresses below. We
describe what it is like to use the HRL system and how one nugdate new agents. Example
domain files can also be downloaded.

e http://homepages.inf.ed.ac.uk/s9904767/hrl/
e ttp://dream.inf.ed.ac.uk/projects/hrl/

4.7 HRL and machine learning

Mitchell [1997] states that the field of machine learning @ecerned with the question of
how to construct computer programs that automatically owerwith experience. He gives a
specific definition below:

A computer program is said tearn from experienceE with respect to some
class of task§ and performance measuR if its performance at tasks if, as
measured by, improves with experiencg [Mitchell, 1997, p. 2].

HRL is not a typical machine learning program in that its testo output a theory, as opposed
to well known machine learning problems such as finding adiaation, or navigating through
a space. However, if we define the class of tabBkss: finding examples of objects of interest,
inventing new concepts, making plausible statementsimgléhose concepts, and proving and
disproving conjectures, as we did in §3.1, and the perfooeaneasur® as the interestingness
measures in HRL, then we can argue that it learns accordihtitéell’s definition. Assuming
that a modified conjecture is more interesting than theahftawed conjecture, then the per-
formance of HRL at making plausible statements relatingcepts, has improved as a result of
the discussion. Given thatitis also possible for an indigichgent to generate and then modify
near-equivalence or near-implication conjectures (se4) 84/e can similarly argue that agents,
as well as the system, may learn.

4.8 Summary

We have outlined our system, and in particular describeagjemt architecture which enables
dialogue. We have related these aspects to the conceptgiafrenent, agent design and soci-
ety design. Theroblemof the agency is to model the social process of concept arjdatone
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refinement described by Lakatos, with tiaskbeing to develop interesting concepts and con-
jectures to add to the theory. Thkaowledgehe agency starts with is the input to each copy of
HR, which consists of objects of interest, core conceptsamsdibly concepts which have been
forced by the user. Theotivationof the students is to accept, modify, or reject a conjecture,
and this is done bactionswhich are Lakatos’s methods. The studesdsnmunicatdy send-

ing conjectures, concepts, and counterexamples, anddbkeeby sending requests such as:
work independently; send a concept to cover counterexaple Z|; or send a modification to
faulty conjectureC. Discussionis directed by the teacher who keeps a group agenda and adds
responses to it, either depth, breadth or best-first acogrdi user given commands and the
teacher’s interestingness criteria. Iltems which have biissrussed are recorded in a discussion
vector.



Chapter 5

The method of surrender

“Sir, your composure baffles me. A single counterexamplatesfa conjecture as
effectively as ten. The conjecture and its proof have cotaplanisfired. Hands
up! You have to surrenderGammastudent in [Lakatos, 1976, p.13].

5.1 Lakatos’s method of surrender

The method of surrender is the first method in [Lakatos, 19a6{ Lakatos devotes the least
amount of space to it. It consists of using a counterexamplteftite a conjecture. When this
happens, the conjecture is surrendered. There is only ceva@e in [Lakatos, 1976]; when
the hollow cube is foundgammarejects the conjecture and suggests trying a ‘radically new
approach’. What this approach might be is not investigatédis stage.

In this chapter we describe Lakatos’s method of surrendérdistinguish between two types.
We consider the question of when we should give up on a cangcand suggest five ways:
when it has been already been modified, when it is not infaggsivhen it is less interesting
than the average conjecture in the theory, when it is notgitde; and when its domain of
application, relative to the number of entities in the datdy is very small. We give our
algorithm for when to perform the method of surrender, ane tfiree illustrative sessions. We

conclude by discussing the method.

It is difficult to find historical examples of this method, asngectures which have been sur-
rendered do not appear in text books. However, in history ath@matics books we see some
examples. For instance, Burton [1985] discusses the kistbperfect numbers — a number

whose divisors sum to itself. The first four perfect numbér8, 496 and 8128 were known

to the ancient Greeks, and later writers conjectured thanth perfect numbelR, contains
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exactlyn digits. This conjecture is wrong; the fifth perfect numbeB&550,336. Given this
(and other) counterexamples, the conjecture was lateerstered.

5.1.1 Two types of surrender

Although surrender is presented as the first and least emtist reaction to a criticism of, or
counterexample to, a conjecture, the characters in [Lakdi®76] do later on come back to it
and perform it in a more sophisticated way. The simpler wapalkednaive surrenderand this

is strongly criticised by Lakatos as an unproductive metfide latter way is not referred to as
the method of surrender, but consists of distinguishingvbeh an initial problem and an initial
conjecture. In the Euler case study, the initial problenpi§ind out if there is a relationship
between the number of edges, vertices and faces on a potyheainalogous to the relation
which holds for polygons, that the number of vertices is égodhe number of edges. The
initial conjecture is/ — E + F = 2. The two questions concerned with the method of surrender
are:

1) whenshould we give up on a conjecture?, and
2) what should we do next?

Lakatos did not explicitly answer the first question, buteria implicit in [Lakatos, 1976]
include: (i) if we believe the counterexample(s) to be valid (we have asaoe to monster-bar
it); and (ii) if the conjecture is too specialised, i.e. we have performibeér methods on it to
such an extent that its domain of application is now seveeslyced. The answer to the second
guestion concerns this latter poifif, and is referred to in [Lakatos, 1976] as the problem of
content.

In this chapter we focus on the first of these questions.

5.1.2 When should we give up on a conjecture?

In the HRL system, the first criterion mentioned above, ofdwiig the counterexamples to
be valid, is satisfied when the monster-barring flag is setatsef or when the number of
examples which the counterexample breaks is below a usérreshold (the optimal value for
this threshold is explored in chapter 10).

Clearly, conjectures which have been over-modified willdree dull or too specific (for in-

stance after repeated application of piecemeal exclusibim}s would also prevent the system
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from investigating more interesting paths. The questiowlot exactly over-modified means
now arises. We have implemented and extended the secoedarriin §85.1.1, which suggests
that a conjecture should be surrendered if it is too speadlior overly modified, in the ways
listed below.

¢ We record the number of times each conjecture has been nobdifilis number is over
a user-set threshold then a student will surrender it retraar further modify it.

If the student finds the conjecture uninteresting then it sulrrender it rather than further
modify it. Uninteresting is defined in the following ways:

e the user-set weighting of measures of interestingnesshathie agent uses to evaluate

conjectures is below a user-set threshold;

e compared to its other conjectures, the conjecture undeusison is uninteresting (cal-
culate the average interestingness value of its own camstand if the interestingness
of the conjecture under discussion is lower than the avettagesurrender, otherwise try
to modify);

e the conjecture is considered implausible by the agentit if&ils to hold for the user-set
x% of its examples;

e the domain of application of the conjecture divided by thenber of entities in the
student’s database, is below a user-set threshold.

5.2 Algorithm for the method of surrender

We describe our algorithm for the method of surrender in dllyjm 1. When surrender is
performed, this consists of removing the conjecture fromlist of conjectures in the theory
and adding it to a list of pseudo-conjectures. Thus, theemtnje remains in the theory but
cannot influence it in any way (we justify this in §4.4).

5.3 lllustrative sessions

In the following sessions we present selected interactiogch are of particular interest in
that they show the method of surrender at work. Parametaesaluch as number of students,
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Algorithm 1 Algorithm for when to perform the method of surrender
Require: The parameter “use surrender” is set to true, and given actue and a counterex-

ample to it, and asked for modifications, then:
1. if (“test modifications” is truend the conjecture has been modified more thatmes),
or
(“test interestingness” is truend the interestingness of the conjecture is betgy
or
(“test average interestingness” is traied the interestingness of the conjecture is below the
average interestingness of all of the conjectures in therihe
or
(“test plausibility” is trueand the conjecture holds for less th&g?o of the objects of
interest),
or
(“test domain application” is truand the domain of application of the conjecture is less
thant,% of the objects of interest)
then
2:  perform method of surrender
3: end if

distribution of the objects of interest, core concepts, Hraway in which to apply a given

method are specified at the start of a session (see §4.5 thefudetails). In this, and the

following illustrative sessions we have hand picked patamealues in order to demonstrate
particular aspects of Lakatos’s methods in our model.

5.3.1 Session one

Initial information

We ran the agency with two students. Student 1 started widgars 1- 10, and core con-
cepts integer, divisor, addition and multiplication. Itsvset to use surrender if the number of
modifications of the conjecture was higher than 3, the istargness of the conjecture under
discussion lower than the average interestingness of ciom@s in the theory, the interesting-
ness less than.D, the plausibility less than.® or the domain of application less tharb0 It

was also set to make near equivalences which hold for 60% o& ofdts entities.

Student 2 started with integers £120 and the same core concepts as student 1. It was set
to use surrender if the interestingness of the conjectuelass than ®, the plausibility less
than 08 or the domain of application less thar60 It was not set to consider the number of

modifications or to compare the average interestingness.
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The teacher requested the students to work independemtfiOftheory formation steps and
then send their best near equivalence conjecture for dismus

Session details

Student 1 made and sent the conjecture that for every intedbere exist two other integers

a andb such thata+ b = b+ a = c. This has counterexample 1, since 0 was not given as an
integer. The teacher then asked for modifications to thigecture. Student 1 calculated that
the interestingness of the conjecture was both less tHgritd interestingness threshold, and
less than the average interestingness of the conjectuiitsstireory. Therefore it surrendered
the conjecture. Student 2 however, reconstructed the ciom@as an equivalence, since it did

not find the counterexample 1. Since it had no counterexanipldid not perform surrender.

5.3.2 Session two

Initial information

We ran the agency again with two students. We gave the studestsame input as above,
except that they were not set to make near equivalences. ellabdr requested that the stu-
dents work independently for 10 theory formation steps aed to send their best equivalence

conjecture for discussion.

Session details

Student 2 (with integers 11 20) made the equivalence conjecture shown above. Student 1
found the counterexample 1, and since the interestingrfébe oonjecture was lower than the
interestingness threshold set, the student surrendeeecbttjecture. Student 2 however, again
found no counterexamples and so neither surrendered nafietbthe conjecture.

5.3.3 Session three

Initial information

We ran the agency again with two students. Both studentedtaith integers 1-10 and core
concepts integer, divisor and multiplication. Student kwat to perform surrender when the
number of modifications is higher than 3, the interestingrashe conjecture under discussion
is lower than the average interestingness of conjecturtigitheory, the interestingness is less
than 05, the plausibility is less than. D or the domain of application is less tha®s 0Student

2 was only set to perform surrender when the number of modiifica is higher than 3 or the
plausibility less than 3. Both students were set to make near equivalences whichfbol
60% or more of their entities.
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The teacher requested the students to work independemtfiOftheory formation steps and
then to send their best near equivalence conjecture fousksan.

Session details

Both students formed the conjecture that integé& equal to the number of its divisors if and
only if ajaAaxa=a. This has counterexample 2, which both students found.eBtubfound
that the interestingness was lower thab,the plausibility lower than .@ and the domain
of application was only @ which was lower than.6. Therefore it rejected the conjecture.
Student 2 however, calculated that the number of modifinatep far was 0, which was not
higher than 3, and the plausibility wassQ which was not less than® Therefore student 2
attempted to modify the conjecture.

5.4 Discussion

The first and second sessions show that students have ntylay#he conjectures which they
have themselves proposed. Each conjecture is evaluatea/swhich are specified in the input
file, regardless of who proposed the conjecture. Thus, welsaithe student who proposed the
conjecture in example one later surrendered it on the gotimat it was not interesting enough
to attempt to modify it, while the student who had not progbiesvaluated it as acceptable
in the state suggested. It may be worth modelling loyaltyrie’® own conjecture in further
versions of the system.

The sessions described above include cases where the tooaje@s surrendered and where
a modified version was attempted. We do not present sessioral fof the conditions of
application here: in chapter 10 we present experiments iowiarther settings are used.

5.5 Summary

In this chapter we have introduced Lakatos’s first methoe niethod of surrender. This con-
sists of rejecting a conjecture once a counterexample tastdeen found, and is given only
very brief attention by Lakatos. Although most of our workimmplementing Lakatos’s meth-
ods focuses ohowthe methods should be performed, we have focused instedtk @uéstion
of whenthe method of surrender should be performed, since it iggtif@rward to implement.
The question ofvhenconsists of considering how much a conjecture has already beod-
ified, if it is uninteresting with respect to a given threshaf it is uninteresting with respect
to the other conjectures in an agent’s theory, if it is coesed implausible, i.e. if there are too
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many counterexamples to it, or if it applies to too few eaéitii.e. is too specialised. We have
described our algorithm for determining these aspects,gareh three illustrative examples.
Finally, we have discussed our implementation. In secti@r5ve introduced the further ques-
tion of what we should do after having surrendered a conjecftihis concerns the question of
specialisation, and is called tipeoblem of contenby Lakatos. It concerns the situation where
a conjecture has been specialised to such an extent thaintaid of application is severely
reduced. In 813.1.1 we consider how this might be implenmtente






Chapter 6

The method of monster-barring

“But why accept the counterexample? ... Why should the #raggive way...? It
is the ‘criticism’ that should retreat.... It isrmonster a pathological case, not a
counterexample.Delta, student in [Lakatos, 1976, p.14].

One reaction to an unwanted counterexample to a conjecttoeiaim that the counterexample
is not valid. The person making that claim then needs to angust is not valid, for example

it is not the sort of thing that the conjecture covers. Pla&9] provides a famous example of
this type of reasoning. Simonides proposes that “it is righgive back what is owed” [Plato,
1993, pp. 8-9]. This initial statement is questioned by Stas with the counterexample of
someone borrowing weapons from a friend who subsequent gmsane, in which case it
would not be right to return the weapons. The discussion li&t§P1993] then turns to what it
means to give back what is owed, with Polemarchus suggestatgpeople owe their friends
good deeds, and their enemies bad ones. The dialogue laterttuwhat the concept aloing
right means, and leads into Plato’s treatment of justice. This example of monster-barring.
Once the validity of a counterexample has been questiohedptus of the argument switches
from thetruth of the conjecture to thmeaningof its terms.

In this chapter we firstly describe Lakatos’s method of menbarring (86.1), and then look
at how it is relevant to other mathematical domains (86.8)this section we also introduce
monster-accepting, and describe some historical exanplebich a field has progressed by
accepting, rather than barring a monster. From the disoasge then identify six key points in
monster-barring (86.3), and in §86.4 we describe how we hawdeffed these points, as well as
discussing further design considerations. In 86.5 we maithiur algorithms for performing the
method of monster-barring, and in 86.6 we present threstifitive sessions. We discuss our
approach in 86.7, and in 86.8 we outline related work in tHdgief ambiguity, argumentation,
and law, and state how our work differs. In 86.9 we summalisechapter.

63
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6.1 Lakatos’s method of monster-barring

Lakatos’s method of monster-barring is a way of excludinguawanted counterexample to a
conjecture by claiming that the object in questiomat a counterexample as it is not within
the intended concept definition in the conjecture. In thistext, problematic objects are seen
as monsters advocated by anarchists, who should not beealltawupstage a theorem which
brings order and harmony to a field. The concept definitionuastion is then modified to

explicitly exclude the unwanted object or counterexample.

The example in [Lakatos, 1976] concerns the concept of galgdn. Although regular polyhe-

dra are known, this concept initially has no explicit defomt(which raises the question of how
a theorem about polyhedra could have any meaning: see 8i3sbdiscussion of this ques-
tion). It is only when the hollow cube is proposed as a coax@mple to Euler's conjecture
that debate over the meaning of the terms in the conjectwakbrout. In an effort to justify

calling the hollow cube a polyhedron, the stud&ammain [Lakatos, 1976] defines a polyhe-
dron asa solid whose surface consists of polygonal fadestable 6.1 we show the evolving
definition, as described by Lakatos [1976], and subsequamiterexamples, with their Euler
characteristic shown in brackets, where italics are usdugdhlight the part of the definition

which is changed in the next step. Diagrams of each shapearied in appendix A.

This method exploits any ambiguity in concepts, in ordereéfedd a conjecture. In the first
statement of Euler’s conjecture, that for all polyhedra; E+F = 2, it is assumed that the
extension of polyhedron is known, i.e., we can distinguistwieen objects which are and are
not polyhedra, even if the definition is not explicitly agleeOnce an object of ambiguous
status arises, students do explicitly define polyhedra,they start with a vague definition and
make it more specific; although the new definition may incladeiguous sub-concepts such
aspolygon area andedge whose definitions are also open to debate. The only critdno

a candidate definition is that it distinguish the agreed Ipedira from agreed non-polyhedra.
Some characteristics, such as being a solid whose surfaséstoof polygonal faces, are seen
as sufficientby one student (for instanc&lpha who then suggests the twin polyhedra: two
tetrahedra with either an edge or a vertex in common),retkssanpy others (such aBelta,
who, after admiringAlphas “perverted imagination”, adds the condition that theteys of
polygons must be arranged in a particular way). With eaciefin there is some discussion
as to how to resolve the ambiguity, and arguments for comgetefinitions are made. These
centre around whether the problematic object should bederesl a polyhedron or a monster.
The arguments include being able to calculate the same pieptor it as can be calculated for
other polyhedra (such as area), and drawing an analogy batiwe universes and objects in
them in which the object in the analogue domain which cowadp to the problematic object
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Definition — Counterexample/Monster

1) initially undefined— hollow cube (16-24+12=4)

2) a polyhedron is a surface consisting o$ystemof polygons [Lakatos, 1976, p. 14} twin
tetrahedra with(i) an edge in commor{ii) a vertex in common (for which the Euler characteristic
is (i) 6-11+8=3(ii) 7-12+8=3 respectively)

3) a polyhedron is a system @blygonsarranged in such a way that (1) exactly two polygons
meet at every edge and (2) it is possible to get from the insfday polygon to the inside of any
other polygon by a route which never crosses any edge at exvgrakatos, 1976, p. 15} star
polyhedron (12-30+12=-6)

4) a polygon is a system of edges arranged in such a way thakét}ly two edges meet at every
vertex, and (2) the edges have no points in common exceptetteas [Lakatos, 1976, p. 17
picture frame (16-32+16=0)

5) a necessary characteristic of a polyhedron is that thr@ny arbitrary point in space there will
be at least one plane whose cross-section with the polyheslitbconsist of one single polygon
[Lakatos, 1976, p. 21} cylinder (0-2+3=1)

6) a necessary characteristic of an edge is that it has twwesi(therefore a cylinder does not have
any edges) [Lakatos, 1976, p. 22]

Table 6.1: The evolving definition of polyhedron, described by Lakatos [1976], and subsequent

counterexamples to Euler's Conjecture

in the target domaiis considered valid. The idea is that if a good argument can laenfa
accepting or rejecting the object as a polyhedron, then idenor more restrictive definition
will be agreed. In the end, temporary resolution is insistedby the teacher, whose strategy is
to take the strictest definition in each case: “can anybotsr sbmething which even the most
restrictive definition would allow as a counterexample?alatos, 1976, p. 16] (this strategy
excludes the definitioa polyhedron is a system of polygons for which the equati@¥~F=2
holds.

The section on monster-barring in [Lakatos, 1976] is ingersed with heated debate on method-
ology: whether mathematicians should study typical, adirexamples and generate interest-
ing and useful theorems about these, or focus on boundaeg csisidying mathematics in its
“critical state, in fever, in passion” [Lakatos, 1976, p].ZBhe teacher concludes that monster-
barring isnot a valid method; indeed, it is presented as the least sopdiisti method after
the method of surrender. The main criticisms are that mofstaers are anti-falsificationists
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who defend a conjecture at any cost, which makes the comgedtiteriorate into meaningless
dogma, and that the methodad hog since the border between monsters and counterexamples
is done in fits and starts. “Using this method one can elimiraty counterexample to the
original conjecture by a sometimes deft but alwagshocredefinition of the polyhedron, of
its defining terms, or the defining terms of its defining terM& should somehow treat coun-
terexamples with more respect, and not stubbornly exothise by dubbing them monsters”
(Teacherin [Lakatos, 1976, p. 23]). The Duhem-Quine thesis, dbscriby Bird [1998], that
a scientific theory cannot be tested in isolation, since tadgkesne theory always depends on
other assumption or hypotheses, is also relevant to thizislison. We cannot falsify a con-
jecture, rather we can show that a collection of assumptioascepts, counterexample and
conjecture is internally inconsistent. The choice thesesrias to which of the collection we
reject. Monster-barrers would argue that we should refeztbunterexample and certain con-
cept definitions, and retain the conjecture, whereas sriffanonster-barring might argue that
we should reject the conjecture under discussion.

Criticism of monster-barring is later questioned By[Lakatos, 1976, p. 83], who claims that
those who defend a conjecture by barring counterexamplesoasters are not guilty afon-
tracting concepts, of changing the definition of key terms inamhhocmanner in order to
preserve the truth of the conjecture. Rather, refutatisnigho think up counterexamples are
guilty of conceptstretching it is they who keep changing the definition of polyhedron.eTh
original definition may be ill-formulated but was never intied to include monsters such as
the hollow cube and twin tetrahedra; that it included thess tunrealised and unintended”
[Lakatos, 1976, p. 85]Pi distinguishes between concepts and definitions; where eepbiis
an intuitive, informal idea, a collection of objects, andedinition is a formal list of charac-
teristics which may include/exclude objects originallyeinded to be covered by the concept.
Therefore a definition may be expressed which includes a tagimit it is the definition, rather
than the conjecture or methodology which is at fault: it Feikefl to express what was meant
by the concept, it is sloppy terminology. If the definitionaidequately stated then monsters,
and new definitions which include them, reveal “the falsehobanewconjecture which no-
body had stated or thought of beforabifl., p. 85). It is the refutationists, rather than the
monster-barrers, who have shifted their position. Acawgdio this view, all six definitions in
table 6.1 are formalisations of the same concept. The stsi@dso distinguish between logical
and heuristic counterexamples: a logical counterexangptae which is inconsistent with a
conjecturein its intended interpretationand a heuristic counterexample is one which spurs
the growth of knowledge. The hollow cube was therefore aibgarather than logical coun-
terexample, as it expanded the concept of polyhedron in aamelwvmaginative way. While in
[Lakatos, 1976] it is not clear whether Lakatos agreed withteacher or witli, in [Lakatos,
1981, p. 117] he strongly criticises monster-barring aadimocmethod as opposed to a “co-
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herent, pre-planned positive heuristic”. Rather thanugiolg counterexamples as monsters,
Lakatos argues, we should perform lemma-incorporatiorichvts a more productive method
(see chapter 9).

6.2 Monster-barring in other mathematical domains

Further examples of Lakatos's method of monster-barrirguseful as theyi) motivate the
method by showing its generality, a(ig aid implementation by adding detail and suggesting
extensions to the method, as well as providing further msgpiexamples, which were not
considered by Lakatos himself. In this section we also seéntiportance of the converse of
monster-barring, monster-accepting.

The concept ‘number’

The process of suggesting that a new sort of oligatnumber, initial denial and later accep-
tance when it proves its worth can be seen repeatedly in nuthbery. For instance, Burton
[1985] asserts that the number zero was not held to be a validtmg number for centuries,
only being commonly used in practical calculations in theesinth century. This was par-
tially due to the Greek reluctance to accept it - they brantdadnonster for various reasons,
including its violation of the conjecture that if you add anmber and a second number, then
the result is always larger than the second number. (Whenwzas eventually accepted as a
number this conjecture was modified to exclude zero, i.g@gQuf add anon-zeronumber and a
second number, then the result is always larger than thendenamber.) Even today, it is still
ambiguous as to what type of number zero is. It is usually idensd that the set of natural
numbers N, is the set ofositiveintegers,Z" , i.e.,{1,2,3,...}, but it can also mean aon-
negativeinteger, i.e., the seft0,1,2,3,...}. The Collins Dictionary of Mathematics [Borowski
and Borwein, 1989], definesratural numberms follows:

“One of the counting numbers; a number that can representdtdnality of a
finite set of objects, usually identified with the positivéeigers 1,2,3,4, .... There
is some discretion about whether 0 is included, as is usuakfmle numbers.”
[Borowski and Borwein, 1989, p.397].

Other examples of ambiguity in the concept of number inclmit&al barring of 1 (barred by
the Pythagoreans as it challenged their belief that all ramnincrease other numbers by mul-
tiplication); v/2 (it violated the Greek belief that all numbers could be teritas a fraction);

1Despite the fact that the number zero,omicron(o was the first letter of the Greek word for “nothing”) first
appeared as a place holder in about 25D. (in Babylonian positional notation the number 1, for instanwould
have been ambiguous as it could equally represent 10, 1€), et
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andx = /-1 (violating the law of trichotomy, for any numbexsy, eitherx =y or x <y or
x>Y). Now of course 0, 1, irrational and imaginary numbers areepted without question,
and the concept of number has been generalised to complelzersrand beyond (for exam-
ple, quarternions). Clearly number theory (and other acdasathematics) have been greatly
enhanced by these additions.

Another example can be seen in the late 19th century, wheto@aresearch into trigonomet-
ric series led him to develop a theory of infinity based on kebty, in which a set is infinite
if it can be put into a one-to-one onto correspondence withopgr subset of itself. Trans-
finite cardinals denote the size of an infinite set, with twis $&ving the same cardinality if
there exists a bijective mapping between them. This led @éocthim that there are different
sizes of infinity, since there does not exist such a mappitgden, for example, the set of
real numbers and the set of natural numbers. This claim drose Cantor’s diagonalisation
argument (see appendix B) in which he proved that the sizbeokét of natural numbers is
different to the size of the set of reals. An order was definethe cardinals, and the question
of whether there were any cardinals in between those dantimsize of the naturals and the
reals was labelled the continuum hypothesis. Proving qrdisng the continuum hypothesis
was a major focus in mathematics until Godel, in 1938 showwetlitis consistent with ZF set
theory plus the axiom of choice (ZF&(so cannot be disproved within the ZFC formalisation),
and Cohen showed, in 1963, that it is independent of ZFC (snatebe proved within ZFC).
Additionally, Cantor proved that not only are there at leéasi sizes of infinity; there are an
infinite number of transfinite cardinal numbers since no setloe put into a one-to-one onto

correspondence with its power set.

Transfinite numbers were considered by many mathematiciaitige time to all be monsters.
For instance, the ‘numbeflg, which is the size of the set of all integers (the first trariin
number) is a counterexample to the conjecture above, tlyatifadd anon-zeronumber and a
second number, then the result is always larger than thendenamber, sincélg+ g = Oo.
Similarly it violates the conjecture that any positive nianimultiplied by integem > 1 is
bigger than the number, as.n = Oq. The law of monotonicity, that for all numbeasb and

¢, if b< ¢, thena+b < a+cfails if a= g (for any finite b and c). For these and other reasons,
initial reaction to Cantor's work was hostile, ath was branded a monster and barred from
the concept of numb&r However Cantor was developing a whole area of mathematidshw

27Zermelo-Fraenkel set theory, with the axiom of choice, camiynabbreviated to ZFC, is the standard form of
axiomatic set theory.

3These reasons include the belief that infinity belonged éadibmains of philosophy and theology rather than
mathematics. Aristotle, Galileo and Bolzano consideredathematically, but mainly in the context of a series
of puzzling ‘paradoxes’ such as the idea that the set of aktus the same size as the set of squares - which
tended to confirm the idea that infinity and mathematics shoat mix. Another reason was that Cantor’'s methods
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he considered to be interesting and worthwhile, which idetlithe numbetly. Therefore
he continued his research and tried to convince the mathemhabmmunity (eventually with
success) that transfinite numbare a kind of number and a valid area of mathematics.

As Kadvany [2001] points out, however, it is unlikely thatr@ar included an implicit notion
of transfinite number in his concept of number before his igraent of them. Cantor had to
refine the notions of finite and infinite set, defining them irrecise, mathematical way. One
of the first attempt to describe cardinal numbers was: “tvie Bave the same cardinal number
or have the same power if they are equivalent” [Burton, 1985593]. Cantor later tried to
give a more specific definition by abstracting away the elaémigrthe set: “if we abstract both
from the nature of the elements and from the order in whick #ve given, we get the cardinal
number or power of the set” [Burton, 1985, p. 593]. Frege angdell then independently tried
to formalise this concept as: “the cardinal number of afsestthe set of all sets equivalent to
A’ [Burton, 1985, p. 593].

Note that the definitions for cardinal number change, butdwdinitions for number itself,
although the inclusion of transfinite numbers sparked a rbautithe nature of number and
even mathematics. Ultimately, a more general definitionwhber was given, as a cardinal
number, and this was split into finite and transfinite candind his is an example where it
was eventually considered to be more productive to accatbter than bar the monster under
discussion.

All of these examples are examples of concpmtching where a concept definition is widened
to include an object which was previously excluded. In thiameple concept stretching has
aided the development of the theory. The example also showsah object which is contro-

versial is judged on whether it breaks many conjecturesheorems which are held. Addi-
tionally, it shows how it is possible for an object to forchet objects, which were previously

positive examples of a conjecture, to become counterexasriplconjectures in a theory.

We can also see monster-barring, where a concept defingtimariowedto exclude a problem

depended on non-constructivist reasoning - assertingxiséeace of something without providing a method for
its construction. (Kroenecker, Cantor's former professwomparticular objected to this, considering it completely
illegitimate. Partly as a result of this, Cantor was nevderad a professorship in any of the important German
universities, living instead at Halle university.) Thislle strange results such as the size of the set of transcehden
numbers,T, is bigger than that of the integef8, This is because the cardinality of the set of real numbRyss
bigger than that ofZ (i.e., there does not exist a one-to-one function fil@nnto Z) - which means thaR is
uncountable (cannot be put into a one-to-one onto reldtipnsith Z); R is the union of the set of algebraid)
and transcendental numbefB){ and A is countable which means th&tmust be uncountable. However, at the
time of proving this result only one member @f e, was known (the theorem was proved in 1874, anslas
established as a transcendental number in 1873 by Charlesitdewith the second transcendental numbser,
established in 1882 by Ferdinand Lindemann [Burton, 1983]he idea that a set containing only one known
member is significantly larger than a set in which any numlben@mbers are knowr) and is clearly infinite, was
disconcerting and for mathematicians who consider mathg tdear and definite, the assertion of the existence of
a number which is not actually known is very unsatisfactory.
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entity, on the concept of a set, arenge(which is also related to Cantor's work). Cantor
originally defined a set as follows:

“By a set we are to understand any collection into a whdleof definite and
distinguishable objects of our intuition or our thought. €6k objects are called
the elements ofl.” [Burton, 1985, p. 591]

However, this definition was not precise enough to prevesptioblem setthe set of all sets
andthe set of sets which are not members of themselVbss lead to paradoxes including
Russell's paradoxif S is the set of all those sets that are not members of theesahen S
is a member of itself, and it is not a member of itsetfiich necessitated the refinement of his
concept of set. But this was unsuccessful, meaning thay tirdaconcepts set and element are
undefined, primitive ternfs

The concept ‘prime’

Dunmore [1992] considers the relationship between conaegtconjecture (a conjecture is
clearly dependent on the concepts within it, but the retestigp also works the other way
around). She cites an example in number theory, of the definitf prime number. A prime
was initially defined to be ‘a natural number which is onlyigilule by itself and 1’. However
this definition includes the number 1, which was found to b@anterexample to many the-
orems and conjectures about primes. In particular, the &memtal Theorem of Arithmetic
(FTA) states that every natural number is either prime orlmmexpressed uniguely as a prod-
uct of primes. If 1 is also considered prime, then this viedathe uniqueness claim, since, for
example, 6=2x3=2x3x1=2%x3x1x1=2x3x1x1x1= etc.. Rather than explicitly
exclude the prime 1 from this (and other) theorems, it mighpteferable to exclude it from
the concept definition. Today it is often defined as ‘a natowahber with exactly two divisors’,
thus enabling many theorems about primes, including the, EdAe neatly stated. This is an
example where monster-barring has been beneficial.

4In this example it was axioms, rather than a concept defiitichich were modified. [Frege, 1903] suggested
a definition of number based on set theory, in his attempt tivel@rithmetic from logic. This work contained
the comprehension principlevhich is the axiom thagiven any condition expressible by a formulé&x)f, it is
possible to form the set of all sets x meeting that conditiemoted{x : f(x)}. The comprehension principle was
modified in order to prevent paradoxes such as Russell'dlpariom occurring. This was done by limiting the
type of sets which it is possible to build. The axiom becamamas theaxiom of subsetor separationand was
stated as axiom 3 in Zermelo-Fraenkel Set Theorfoagny property Fx) of objects and any set A, there is a set
{x € A: P(x)} which contains all the elements of A with the propertyTis states that given the sgtand any
meaningful (definite) propertl there exists a subset consisting of just those membeBsafich satisfyP. That
is, in order to construct a new set, an existing set as wellmserty is necessary. This prevents the construction
of the set of all sets.
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6.3

Key points in monster-barring

In summary, we have seen in sections 6.1 and 6.2 that the raits @mbout monster-barring

are:

6.4

. it raises the distinction between concepts (ill-defindiitive, possibly with unex-

pressed meaning) and definitions (specific interpretatid@sconcept);

. the process starts with an ambiguous concept, and maless iambiguous (although

there may still be some grey areas);

. monster-barring involves taking the narrow definition @xcluding a monster. However,

in contrast, concept stretching can also aid developmeattioory;

. arguments are made for rival definitions based on theal#hiy of admitting a certain

problem obiject into a concept domain. This desirability rmagsist of wanting to:

(a) exclude the object, in order to defend a certain conjectu
(b) include the object, in order to attack a certain conjextu
(c) exclude the object, since it breaks many conjecturelarheory;

(d) exclude the object, since it forces other objects in tis®ty to become counterex-

amples to conjectures in the theory;

. there are two decision points during the process of mobsteing; deciding whether to

suggest that an object be barred, and deciding how to reacctoa suggestion;

. the dialogical aspect of Lakatos’s work is clearly seethia method, where different

definitions are negotiated and debated.

Implementing monster-barring

In this section we describe our implementation of monségribg, in terms of the six points

made above. As with all methods, it is implemented withinahehitecture described in chap-
ter 4 and each agent uses a copy of HR [Colton, 2002] (seearhd@pto generate concepts
and the initial conjectures. To recap, all communicatiomigsthe teacher who decides on a
group agenda and sends requests to the students (who rempseitd requests of their own).
Students work in two phases: independently, in which thexeldg their own theories, and
a discussion phase in which they communicate and discusscthgectures, concepts and
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counterexamples. The teacher initially asks each stuaenhéir most interesting conjecture
where the interestingness function is a weighted sum of unreagsee 83.1.3) which is input
by the user. The user can also set the teacher to specifyarctmpe of conjecture, e.g., an
implication.

6.4.1 Lakatos's distinction between concepts and definitio ns

We have seen that Lakatos distinguished in monster-bab@tgyeen concepts, which are ill-
defined, and definitions, which are specific interpretatioing concept. In order to implement
this aspect, we exploit the distinction in HR between conecepts and developed concepts,
described in 83.1. To recap, a core concept is one which it iypthe user, and consists of a
list of objects and possibly a way of generating them, butpexHic definition. A developed
concept, on the other hand, has been generated from othegmtsrusing production rules, and
does have a specific definition. This is analogous to Lakatdistinction between concepts
and definitions, although clearly, the concepts are geegiiata very different way.

6.4.2 Making a concept less ambiguous

In order to find a specific definition for a core concept, i.@start with an ambiguous concept,
and make it less ambiguous, we have implemented a type ofterdresring which we call
“vague-to-specific”. Given an undefined, core concept, gembuare, and an entity which may
be a ‘monster’ or may be a valid counterexample to the comjectf a student is set to perform
“vague-to-specific’ monster-barring, it will firstly gerege a listL of developed concepts in
its theory which are conjectured to be equivalent to the coreept. If the student wants to
exclude the entity as a monster, it will remove franany concept which includes the entity in
guestion, and if it wants to include the entity as a valid ¢etexample, it will remove from
L any concept which excludes the entity in question. The stutleen removes fronh any
concept which is in the conjecture under discussion, andl fhé is not empty, it will find the
most interesting conceptin L, according to the weighted interestingness criteria. Thdent
then proposeX as an alternative concept definition.

We have also implemented a type of monster-barring whichalléwague-to-vague”, in which
case the concept definition is left unchanged, and the debater whether the concept should
cover a given entity or not.
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6.4.3 Concept stretching

We have seen (86.2) that concept-stretching — where a cbdepition is widened to include
an object which was previously excluded — can aid the dewedop of a theory. Therefore
we have implemented what we callonster-accepting Given a conjecture, and a proposal
to bar a potential counterexample from a concept in the ctumje, a student will perform
monster-accepting if the entity does not break the conjeatnder discussion, or if it breaks
less than a user-defined proportion of conjectures in thaesitis theory. If this is the case,
then the student will reject the proposal, and, if the flagytverto-specific” is set, the student
will find a wider concept definition which does cover the gntiefinition and communicate
this alternative definition to the teacher. The inconsisgen the conjecture under discussion
is then dealt with by other methods.

6.4.4 When to perform monster-barring

Given an entity which is new to a student, and has been sw@gasta counterexample to a
conjecture, the student will propose to monster-bar thigyeintthe following cases:

e if the conjecture under discussion has no counterexamplg®istudent’s theory; or

e if the number of conjectures which are broken by the entitgvisr a user-set monster-

barring minimum; or

e if the number of counterexamples to the conjecture is maae thalf the total number
of entities, and either the entity is responsible for alltw €ntities in the theory being
counterexamples to the conjecture, or the entity in quedioces other entities into
being counterexamples for a higher number of conjecturas tihe proportion specified.

Flags are set at the start of each session to determine whibks®e cases is followed.

6.4.5 Two decision points

We have implemented two decision points during the procésaamster-barring. The first
occurs when a student receives an entity which is new todt tlaa student decides whether to
propose to monster-bar the entity. The second decisiort pogurs when a student receives
such a proposal. The student then evaluates the proposalotesi on whether to accept or
reject it.
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6.4.6 Social dialogue

Recall that in 83.2.4 we described work by Jennings et a©98],9who argue that an agent
capable of argumentation-based negotiation must have hanisen for communicating pro-
posals and supporting arguments, generating proposasssisg proposals and arguments,
and responding to proposals. Agents move through the sgquessible agreements, and ne-
gotiate points in the space which are acceptable. Negmiiatiay include agents explaining
why they are rejecting/proposing a certain point. Jennetgd. [1998] do not suggest that the
meaning of a concept could be a possible object over whichtageegotiate (other people in
the research community, however, have investigated tk#s;86.8.2 for an outline). Instead
they give examples of issues relating to negotiation overces or products. However, their
framework is general enough to include this type of negiotiat In this section we describe

our implementation in terms of their work.

Generating a proposal

The teacher prioritises the conjectures it receives and, tiiehe flag “communal piecemeal
exclusion” is set, asks the students for counterexampldsetdirst conjecture on the agenda.
(If this flag is not set then the teacher asks for modificatiorthe first conjecture in the group
agenda.) If the teacher asks for counterexamples, therdgift®k in their theories and send
back any counterexamples they find. Before adding thesetagbnda, the teacher sends them
to the students, to check that they consider the countengeanto be valid, or whether they
want to monster-bar any. If all of the students accept thaisvaxamples as valid, then they
will add any new entities to their theories. The teacher tieguests a concept which covers
all of the counterexamples, selects one concept from thoseepts which are suggested, and
modifies the conjecture by excepting that concept (see pieakexclusion in §7.6). Students
can only decide to monster-bar counterexamples if theyetrso so by the user. If so, and a
student is sent an entity which is new to it, then the studéthippvopose to monster-bar in the

following cases:

(i) if the object breaks the conjecture under discussion, whibkrwise has no counterexam-
ples in the student’s theory (this captudssand4b, in §6.3);

(ii) if the object breaks more than a user-set proportion of @bajes in the student’s theory
(this captureglc, in § 6.3);

(iii) if the object forces other objects to break the conjectumeunliscussion, or further con-
jectures in the student’s theory. That is, if the studenlkiges the object in its theory further
objects become counterexamples to a conjecture, and iég dot, then these other objects are
not counterexamples (this captudd; in § 6.3).
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See algorithm 2 on page 78 for the algorithm for the studeeterminewhento propose to
bar an entity.

Communicating proposals and supporting arguments

If a student has generated a proposal in the previous stage,itt sends the proposal to the
teacher, who puts the proposal into the group agenda. Wheadhes the top of the agenda,
the teacher sends the proposal to all of the students.

Assessing proposals and arguments

If a student receives a proposal to bar an object, then itewdluate the proposal. The student
will vote to accept the proposal ifi) the object breaks the conjecture under discussion, which
otherwise has no counterexamples in the student’s théinthe student is set to accept the
strictest definition, ofiii) the entity breaks more than a user-defined proportion ofttidest’s
conjectures. The student will vote to reject the proposai)fit already has counterexamples
to the conjecture under discussion in its theory(iprthe entity does not break more than a
user-defined proportion of its conjectures.

Note that if the object is not new to a student, i.e., is alygadheir theory, then they can only
vote to accept a proposal to bar the object, rather than stiggethe initial proposal that it be
barred. This reflects a loyalty to one’s own data set, althdoduture versions of the system, it
might be worthwhile investigating whether allowing agetat@ropose to bar their own objects
would result in more interesting theories (this would alspehd on the distribution of the
objects of interest at the start of a session). A student msly t@ bar one of its own entities if
the entity is a counterexample to many of the conjecturessitiheory.

See algorithm 3 for the algorithm for the studenti@luate a proposab bar an entity.

Responding to proposals

The students respond to a proposal to bar an object by seti@ingacher their vote on whether
to bar the object or not. The teacher counts the votes andgr@aadlemocratic decision. If the
votes to bar the object outweigh those to accept it, thendghehier tells the students with the
monster in their theories to remove it. Alternatively, iEtkiotes to accept the object outweigh
those to bar it, or if there is an equal number of votes for gedition, then the teacher will tell
the students who do not yet have the object (which is now dgasea valid counterexample)
to add it to their theories.

Jennings et al. [1998] definagsgotiationas the problem of reaching mutually acceptable agree-
ments. We defineemantic negotiatior the problem of reaching mutually acceptable defini-
tions — as a specialised type of negotiation. This is a pati@Mmethod of monster-barring. In
Pease et al. [2002], we argue that semantic negotiationims@artant part of human reasoning.
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6.4.7 Further design considerations

Simplifying assumptions

Discussion of the validity of monster-barring concernsaapts which are difficult to simulate,
such adntendeddefinitions, as seen in § 6.1. In our implementation, we hgmered such
subtleties and simplified the method. The question of whietheew definition was previously
intended or not is beyond the scope of this thesis. Insteadyypass the issue of whether a
concept is being narrowed to exclude a monster, or stretthatwlude a counterexample, by
implementing both monstdyarring and monsteraccepting

Removing input entities from the database

In order to simulate examples such as the ambiguity of thebeurh, we needed to set some
agents running without the entity 1 in their list of numbérghen removing integers from the
database, we had to consider the way in which the core caneeptgenerated. For instance,
it seems odd for an agent not to have the entity 1 in its coreequirof integer, yet still have it
in the table of divisors, multiplication, etc. If a studerdthe integers 2 5 and the concepts
divisor and multiplication, then its data table would be beshown in table 6.4.7.

integer divisor multiplication

2 f(2) = [[1L.[2]] f(2) = [[1,2],[2,1]]

3 f(3) = [[1L.[31] f(3) = [[1,31,[3,1]]

4 f(4) = [[11.[2],[4]] f(4) =[[1,4].[2,2].[4.,1]]
5 f(5) = [[1L[5]] f(5) = [[1,51.[5.1]]

This seemed counterintuitive, and we initially resolvetyitadding new ways of forming the
concepts divisor and multiplication (for instance, stagtto calculate the divisors from 2 rather
than 1), which excluded the number 1 from anywhere in theetalblowever, this also has
disadvantages, since it means that the entity 1 is not knovany capacity, which was not
the case in the historical example in which the status of tiigyel was controversial (86.2).
The attitude of the Greeks, where the example came fromatsaithile it is possible to divide
a number by itself and get 1, and multiply a number by 1 to getsidume number, the entity
1 is not itself a number (but is rather the generatrix for alinbers). Euclid believed that a
number is an aggregate composed of units - and 1 is not angadgref itself [Wells, 1997, p.
13]. Therefore, for the sessions we describe in 86.6, we tlas®the new ways, but leave the
tables as they are above, on the grounds that there is naredsoall of the entities in all of
the tables be considered integers.

Removing entities from the database during the discussion
When a group has decided to monster-bar an object, it woutiirtiseconsuming to go through



6.5. The monster-barring algorithms 77

its theory and change all of the data tables of conceptsumglthe entity, and all those data
tables of concepts deriving from these concepts, and ajectmes involving these concepts.
This is also unrealistic conceptually: experts in a comryuwould not immediately entirely
clear their mind or theory of a problem entity once they hayeead not to use it. This would
also mean much more work if it is ever decided, either comrityrma individually, to re-
introduce the problem entity. Therefore we remove the eiftdm the list of entities (not the
data tables), and put it into a list callpdeudoentities Anything in this list does not count as

a counterexample when generating or evaluating conjeture

6.5 The monster-barring algorithms

Whenever a student sends any entities to the teacher farsdien, the teacher sends these
to all other students and awaits their responses. The dwtien cycle through the received
list of entities, and for each entity, if their monster-tagy field is set (by the user) to “true”,
performs the tests below to determine whether to vote to teottisr the entity, or to add the
entity to their theory. If monster-barring is set to “falstéien the receiving student checks to
see whether it already knows the entity. If it does, then thdent does nothing, and if not
the student adds the entity to its theory. In algorithm 2 wecdbe how a student determines
whento propose to monster-bar an entity, given an entity whichew to the student, and
has been suggested as a counterexample to a conjecturegokitheh 3 we describe how a
student evaluates a proposal to monster-bar an entityn givequest from a student to bar the
entity. Finally, in algorithm 4 we describe how a studenff@ens monster-barring or monster-
accepting, given that either the student is proposing tosteptbar an entity, or is voting on
whether to accept or reject a proposal to monster-bar atyenti

If the teacher receives a request to monster-bar an ethiéy, it sends a request for all students
to evaluate the proposal. Each student then sends a vottha@oa@ccept the proposal (monster-
bar the entity) or reject the proposal (monster-accept tiigye The teacher then counts the
votes in the agenda which are for or against monster-barcaigulates the overall consensus
(if there are an equal number of votes then the teacher thiesarrowest definition, which
excludes the entity as a monster). The teacher then sendpphapriate request to the students
to either downgrade the entity to a pseudo-entity, if thesemisus is to monster-bar the entity,
or to add the entity to their theories, if the consensus istoster-accept the entity.
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Algorithm 2 Algorithm for the student to determinghento propose to bar an entity
Require: An entity which is new to the student, and has been suggestaccaunterexample

to a conjecture.

1. if the monster-barring flag is stten

2: if the flag “use breaks conj under discussion” is set, and thctme under discussion
has no counterexamples in the student’s thélboen

3 propose to bar the entity

4. else ifthe flag “use percentage conjectures broken” is set, anduimder of conjectures
which are broken by the entity is over the monster-barringimumthen

5: propose to bar the entity

6. else ifthe flag “use culprit breaker” is set and the number of co@x@mples to the
conjecture is more than half the total number of entitheen

7 if the flag “use culprit breaker on this conjecture” is ten

8: if a single entity is responsible for all of the entities in thedry being counterex-

amples to a given conjectutken

9: propose to bar the culprit entity
10: else
11: add the entity to the list of entities
12: end if
13: else ifthe flag “use culprit breaker on all conjectures” is &&n
14: if the entity in question forces other entities into being detexamples for a higher

number of conjectures than the proportion specifrezh

15: propose to bar the culprit entity
16: else

17: add the entity to the list of entities
18: end if

19: end if

20: endif

21: else

22 add the entity to the list of entities
23: end if
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Algorithm 3 Monster-barring algorithm for the studentewaluate a proposab bar an entity
Require: receive a request from a student to bar an entity

1. if the flag “use breaks conj under discussion” isteet

2.  if the conjecture under discussion has no counterexampksdglin the theoryhen

3 vote to accept the proposal to bar the entity, and send tleetedhe teacher

4. else

5 vote to reject the proposal to bar the entity, and send thetedthe teacher (monster-
accepting)

6. endif

7. else

8. if “accept strictest definition” flag is séten

9 vote to accept the proposal to bar the entity, and send tleetedhe teacher

10: else

11: calculate the percentageof conjectures in the theory which are broken by the entity
12: if X >the monster barring minimurtmen

13: vote to accept the proposal to bar entity, and send the vaeather

14 else

15: vote to reject the proposal to bar the entity (monster-atig)p

16: end if

17:  endif

18: end if




80

Chapter 6. The method of monster-barring

Algorithm 4 Monster-barring algorithm for the student to decigew to perform monster-

barring or monster-accepting

Require: the student is either proposing to monster-bar an entitys @oting on whether to

accept or reject a proposal to monster-bar an entity

1: if the flag “monster-barring-type” is set to “vague-to-spetithen

2:

10:

11:
12:

13:

14

15:
16:

17:

© © N o a &

generate a list. of concepts in the theory which are conjectured to be ecgitab the
undefined concept
if the student is either proposing to bar the entity, or votmgdcept the proposal to bar
the entitythen
remove fromL any concept which includes the entity in question
else
if the student is voting to reject the proposal to bar the ettiigp
remove fromL any concept which excludes the entity in question
end if
end if
remove fromL any concept which is one of the concepts in the conjecturenutidcus-
sion
if L is not emptythen
find the most interesting conceptin L, according to the weighted interestingness
criteria. Vote to accept/reject the proposal to bar thetgrds appropriate, and suggest
X as an alternative concept definition. Send the vote to ttehéza
end if

. else

if the flag “monster-barring-type” is set to “vague-to-vagtiegn
vote to reject the proposal to bar the entity, leave the difinias it is, and send the
vote to teacher

end if

18: end if
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6.6 lllustrative sessions

In the following sessions, we present selected interastishich show the method of monster-

barring at work.

6.6.1 Session one: barring the number one

Input information:

We ran the agency with three students and a teacher. Thetficktrg started with the in-
tegers 1- 30 and background concepts of integers, divisors, and phualtion. It was set
to propose or agree to monster-barring if the entity in goasbroke more than 10% of its
conjectures. The second student started with the integer8®and background concepts of
integers, divisors, addition and multiplication. It was epropose monster-barring if the en-
tity in question forced all of the other entities in its thgdo become counterexamples, and to
agree to monster-barring if the entity in question broke ertban 20% of its conjectures. The
third student started with the integers-30 and background concepts of integers, divisors, and
multiplication. It was set to propose or agree to monsterig if the entity in question broke
more than 10% of its conjectures. All three students werdcsatake near-equivalence con-
jectures which held for 80% of their entities. The teacheguested non-existence conjectures,
i.e., conjectures stating that a particular definition hagxamples.

Session details:

The third student made the conjecture that there does nsit @xiumber such that when mul-
tiplied by itself gives the same number, i.e., not exisgich thain+n = n), and sent it to the
teacher, who put it on the agenda for discussion. The tedbkarasked for counterexamples
to the conjecture, and the first student sent back the numbBnd teacher sent this to all the
students to see if they were happy for it to be added to thepgdscussion agenda. The third
student found that 1 was a counterexample to 30% of its cansx; and proposed to bar it.

All students then evaluated the proposal. The first studmmd that 1 was a counterexample
to 11% of its conjectures, and the second student found tifmabke 44% of its conjectures.
Therefore all students agreed that it should be barred,l@mteacher requested them to down-
grade 1 to a pseudo entity.
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6.6.2 Session two: adding the number one

Input information:

We ran the agency again with three students and a teachere wheh student had the same
background information as in the example above (8§6.6.1) different monster-barring set-
tings. The first student was set to propose or agree to mebateng if the entity in question
broke more than 20% of its conjectures. The second studens@tdo propose monster-barring
if the entity in question forced all of the other entities imtheory to become counterexamples,
and to agree to monster-barring if the entity in questiorkermore than 50% of its conjec-
tures. The third student was set to propose or agree to nrdvesteng if the entity in question
broke more than 20% of its conjectures. The students wersetdb make near-equivalence
conjectures. Asin 86.6.1, the teacher requested noneexistconjectures.

Results of session:

The third student made the conjecture that there does nsit @xiumber such that when mul-
tiplied by itself gives the same number, i.e., not exisgich thain=n = n), and sent it to the
teacher, who put it in the agenda for discussion. The tedbtleer asked for counterexamples
to the conjecture, and the first student sent back the numbgnd teacher sent this to all the
students to see if they were happy for it to be added to thepgdscussion agenda. The third
student found that 1 was a counterexample to 30% of its cames; and proposed to bar it.

All students then evaluated the proposal. The first studmmd that 1 was a counterexample
to 12% of its conjectures, and the second student foundttheike 40% of its conjectures, and

both students voted to reject the proposal to bar the emtiythe votes to reject the proposal

outnumbered those to accept the proposal, the teacherstequa! students to add the number
1 to their theories.

6.6.3 Session three: barring the number zero

Input information:

We ran the agency with two students and a teacher. The fideststarted with the integers
0— 10 and the second student started with the integergQ.(i.e., did not know the number 0).
Both students started with the background concepts of énteglivisors, and multiplication.
The teacher requested non-existence conjectures, irgeatores about a concept which has
no known examples. The students were set to work indivigual 20 steps and then enter
into discussion. The students were both set to use monatand, and specifically to test
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whether an entity was a culprit breaker when deciding wheth@ropose monster-barring or

not. The monster-barring minimum was set to 15%, i.e., if@psal to monster-bar an entity

was made, both students would evaluate the proposal bggdstsee whether the entity was a
counterexample to more than 15% of its conjectures (in wbage the student would agree to
bar it).

Session details:

The second student made the conjecture that there do notregigersa, b such thab+a=a
anda+b=a, and sent it to the teacher, who put it in the agenda for disons The teacher then
asked for counterexamples to the conjecture, and the firdénst sent back all its integers, since
having 0 in its theory meant thaterynumber appears in a counterexample (which consists of
a pair of numbers). For instance, 1 appears in a counterderagince 14 0= 1, similarly 2
also appears in a counterexample singe®= 2, etc.. The teacher then asked for responses to
the counterexamples, and the student with O tested to sehevlibere was a single ‘culprit’
entity which was forcing all of its entities to be countemaes, and concluded that 0 was a
culprit entity. As a consequence it then sent the requestdddacher to monster-bar 0. The
teacher put this request into the agenda, and sent it to twdestudent, who tested to see
how many of its conjectures the number O broke. It found thartoke 63% of its conjectures,
and as that was more than 15%, voted to monster-bar 0. Thegieagunted the votes and told
both of the students to down-grade O to a pseudo-entity. Biftients then added 0 to their
pseudo-entities list, which meant that it was now in bothheifrttheories but did not count as a

valid integer.

6.7 Discussion

The illustrative results above are the beginning of an aitetm simulate the discovery and

resolution of ambiguity in mathematics. For instance, tms®on described in 86.6.1, is a very
simple model of the historical process of barring the nunibexrhen it was first considered,

because it broke conjectures that people wanted to keep.ah iexample of vague to vague
semantic negotiation, as the concept of ‘number’ is no morerete after the discussion and
the barring of 1 than before. The session described in 88l6o#%/s an example of monster-
accepting.

The failure at the beginning of the last century of the questaf perfect language in which
neither ambiguities, nor paradoxes, nor redundancies, skiswed the difficulties involved in
writing a formal language which can be used to describe aredsy large domain. Different
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types of ambiguity includéexical (where a word has two different meaningsyntactic(where

a sentence has two syntactically correct derivation trd@stwindicate different meaningsje-
mantic(where a sentence has two meanings, only one of which makeg)sendragmatic
(where the meaning of a word is relative to the speaker). Muatk on Al and ambiguity con-
cerns methods to automatically determine a writer’s inéghiheaning (for example Romacker
and Hahn [2001] who focus on representing and managing antyig natural language text
understanding). In contrast, we are concerned with waysistwambiguity may be exploited
(or introduced into a previously unambiguous concept),rifeoto support an argument or set
of beliefs.

Ambiguity is widespread in human argument, and can be ebguldn order to support goals.
However, this phenomenon is rarely used in Al research. &tonagents may well disagree
on the price of a potato, even haggle over it in a reasonalgistcated way, but they do not
usually start arguing about what a potato is. The fact thhbabh participants in a discussion
use a shared language, while some of the terms are ambigamses questions such as: what
sorts of things can be ambiguous? How might ambiguity aride® can it be resolved? Can
it be used to produce richer theories? The method of mobsteing helps us to answer these

questions.

What sorts of things can be ambiguous?

In mathematical theories, at least two types of component lIbeaambiguous - objects and
concepts. Two ways in which an object can be ambiguous(grénere may be two different
objects with the same name, (@) there may be a single object which is represented in differen
mutually inconsistent ways, similar to Rubin’s vase (tlsishe method of monster-adjusting).
If we see mathematicians as working within a domain, or ‘arée’, such as polyhedra, or
numbers, then both sub-concepts within the universe, ssitheaconcept of a prime number,

as well as the universe itself, can be ambiguous.

How might ambiguity arise?

Some concepts are initially specifically defined (everyogee@s on the definition), and the
definition changed (someone argues that a second definibaidwe more useful). Others are
initially vague (it is not known whether some objects aremegbes of the concept or not) and

5There are also questions as to the extent and type of ampigwie have already seen deep disagreement
over whether the concept of infinity is a mathematical oneaty with some mathematicians arguing that it simply
cannot be represented mathematically (86.2). Ryle [1948tiibes a notion dbgical geography which is a
conceptual scheme, or context within which concepts anggsitions may legitimately be expressed. If, for
instance, a philosopher represents a concept in a difftsgittal geography from another, then misunderstanding
and disagreement will ensue. Ryle demonstrates his poifit rieference to the traditional mind-body dualism
which, he argues, is absurd since we use physical repréerstand concepts such as location in space to talk
about mental concepts. He argues that the function of piplog is to map the logical geography, which will
consist in relocating, rather than denying, ideas. In tliévvan important aspect of ambiguity would be the
distance on the logical map between different interpretesti
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only when disagreement arises are different concept defisiimade explicit.

How can ambiguity be resolved?

Experts evaluate the worth of each of the rival definitiongefo with different results). The
existing definition is assumed by default, with the onus arppnents of a new definition to
convince the other experts of its value. Grounds for acngptie new definition include show-
ing that it produces interesting new theories or resultsliding maintaining an interesting
conjecture). There is usually a period during which it isleac whether the object in question
belongs to a concept or not. It passes through a period ofiimtgestatus with some people
accepting its status, others not, others unsure, untithteiproves its worth and is generally
accepted, or it fails to convince enough people and gragldidbppears. Lakatos [1976] does
not explore reasons for choosing one concept definition amether. Instead, the teacher in
the dialogue simply asks everyone to accept the strictestymost limited definition suggested
so far (at least for the duration of the discussion). Howetler only clear end to this pro-
cess is a tautology (hence a student’s sarcastic suggektiom polyhedron be defined as ‘a
system of polygons for which the equatidn— E + F = 2 holds’ — [Lakatos, 1976, p. 16].
Dunmore [1992] suggests that concept definitions are chasémleveloped according to their
use. For instance, a concept which is not associated witingemgsting conjectures is unlikely

to become well known and accepted within the mathematicainconity.

We leave the question of whether ambiguity can be used taipsodcher theories, i.e., whether
a more interesting theory can be produced using the methaabakter-barring than without
it, for chapter 10.

Can we apply monster-barring to other domains?

We have seen examples of monster-barring applied to nurhkery, which is a new math-
ematical domain for this technique. Furthermore, it is ehtegue often used in everyday
arguments about other issues. There are many situationkighparticipants realise partway
through an argument that they are interpreting one of thetéays differently. The meaning
of the key term is then called into question, and the focuhefargument switches from the
truth or acceptability of a claim or offer to thmeaningof the term, i.e., they perform monster-
barring. This is particularly common in subjects such asogloiphy, law and politics, in which
persuasive reasoning is all important and concept defivsiti‘re modified according to the
proponents’ goals.

Examples in which ambiguity is used to support an argumegitidie an insurance company
which argues that a house damaged in a hurricane is not eblvgthe owner’s accident policy,
as a hurricane is an ‘act of God’ rather than an accident. I&ilyi a lawyer may argue that
a client who jumped a red light while rushing his wife to a mmaity ward is not guilty of
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reckless driving. In the 1990's the European Union Food @&ads discussed the definition
of chocolate. The minimum cocoa content which a substanc& ountain in order to be
called chocolate was debated, as countries which produeghita higher cocoa content did
not want their chocolate to be confused with products witlvaer cocoa content. Finally,
consider the recent controversy over the meaning of ‘pasef war'. When challenged that
their treatment of the Taliban prisoners violated the Gangéenvention, that all prisoners of
war should be treated humanely, the American governmenedrtghat the prisoners were not
‘prisoners of war’ but ‘battlefield detaineé&s’In these examples, the terrascidenf reckless
driving, chocolateand prisoners of warare defined by each party in such a way as to aid
their argument. Here we see that examples in nhon-matheshdtienains might be theoretical,
definition or ethical. The number of examples in non-math@abhdomains suggests that it
may be fruitful to test this technique in non-mathematiaaihdins. We test this in chapter 10.

6.8 Related work

We have already seen that research in negotiation is reléwdims method. In this section we
briefly outline work in ambiguity and argumentation, andwhww our work differs. We also
describe work by Skalak and Rissland [1991] on differergnpttetations of terms.

6.8.1 Work on ambiguity and argumentation

Aristotle [1957, 1955, 1976] identified three motivationshind argumentsapodiactic di-
alectic andrhetoric, in which certainty, a general acceptance and convincingualience are
respectively sought. Although many would claim that mdtam behind mathematical argu-
ment falls into the first category, the second (or even thgahore appropriate to mathematics
as Lakatos [1976] describes it. Aristotle treated diat@ttargument as a game between a de-
fender and attacker, and suggested guidelines such asddahg defender to contradict herself,
state an untruth or paradox, or to defend a circular argunfi@ntonducting the debate. Certain
moves — called fallacies — were disallowed, including tHeég of ambiguity. The relevant
fallacy in our case is the fallacy of the ambiguous middleichlis where an argument consists
of two premises and a conclusion, which each contains amasme of a term but the term is
defined differently in the two premises, and thus the argunsanvalid [Hamblin, 1970].

6The definition olhumane treatmentas also disputed, in particular whether it could ever idelinterrogation,
as the American government felt it important to interrogageprisoners while not wanting to be open to the charge
of inhumane treatment.



6.8. Related work 87

In his work on controversy, Crawshay-Williams [1957] emgisad the need for clarifica-
tion of concepts prior to discussion. He claimed that if jggsints in a discussion agree
upon the criteria under which a statement will be testedy tigreement regarding its abso-
lute/probable/indeterminate truth will soon be reached ddlls one such criteriononven-
tional, to mean the condition that participants agree on the mgarfinerms (the others are
logical, in which inference rules must be agreed, @&mapirical in which facts and their con-
textual description should also be agreed).

Naess [1953] also stated that criteria for the verificatiorfadsification of a statement are
essential (to the extent that if no such criteria are fourh tiscussion should be abandoned).
However, he includes agreeing on terms as a stage in thesdisoy rather than a pre-requisite
to it. The three stages in resolving a discussion, he sugjgasd interpretation, clarification
and argumentation. For any statemé@nthere is a set of possible interpretationsTgfand
participants must agree on which interpretation they wastiscuss. He claims thptecizating
statements, (being more precise) helps to eliminate meystahdings, wheld is more precise
than T if any interpretations @ are also interpretations a@f, but there are interpretations of
which are not interpretations of. This is useful only if the disagreement has occurred thinoug
different interpretations, and he does not advocate coaliprecization of statements since
discussion would be practically impossible. Naess [19aB$disagreements which are rooted
in misunderstandings/erbal disagreements. [f, after precization, there is still disagnent,
then it is consideredeal disagreement. In the case of a real disagreement, the egden

weighed up to see which of the two statements is more acdeptab

Cohen [1962] discusses the role that meaning change plagywidevelopment of science,
claiming that meaning is not timeless and unchanging. lrerotd analyse the history of a
concept, he argues, the modern historian of science mulstsarthe history of the meaning of
the concept in the context of the culture at different tim@snversely, concept meaning is not
all temporal (as suggested by Engels’s dialectic); inst&he philosophy of meaning has to
steer a course between these two doctrines of oversimpiificfCohen, 1962, p. 23].

Carbogim et al. [2000] present a survey of issues which cahamelled by automated argu-
mentation systems and suggest directions for future relseafhey consider the generation
and evaluation of arguments, including issues such as dgaggnclusions from an incomplete
or inconsistent knowledge base, decision making underrtanoty and multiagent negotiation
systems. Argument about the meaning of terms used is noitdssad either explicitly in the
text, nor in any of the examples, although it may turn out feshantic negotiation fits into one
of the frameworks outlined.

Our view is that ambiguity plays an important rokdthin a discussion. That is, questioning
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the meaning of terms in a discussiza valid strategy (with restrictions on which words may
be questioned). We differ from Crawshay-Williams’ approac that we see debate of terms
as an important part of discussion rather than a pre-rdquasiit. Participants may not realise
initially that they have different interpretations of a wipmdeed they may not themselves have
a clear interpretation. We also differ from Naess’s lingapr@ach: disagreement over terms
could arise at any point in a discussion. Of particular ietein Naess’s work is thevidence
used to resolve ‘real’ disagreements, and we hope by implénge semantic negotiation to
elucidate the sort of evidence required. While the surveyChybogim et al. [2000] is not
intended to be exhaustive, it does cover the central is§lresomission of semantic negotiation
suggests that it is either irrelevant to argumentation @ iew direction which has received
little attention. We hold that it is the latter.

6.8.2 Different interpretations of terms

Rissland has carried out much work on the role of examplesgerstanding a domain. In
particular Skalak and Rissland [1991] discuss a theory afikcs for making arguments in
domains where “A rule may use terms that are not clearly ddfinenot defined at all, or the
rule may have unspoken exceptions or prerequisites” [Rlala Rissland, 1991, p 1]. Clearly
Lakatos's ideas are relevant to this sort of domain, wheaddkkand Rissland’s termule cor-
responds to Lakatos’s ternonjecture termto concept caseto entity, andargumentto proof.

In particular, Skalak and Rissland [1991] are interestechses where terms within a rule are
open to interpretation, and different parties will define term differently according to their
point of view. This corresponds very closely to Lakatos'sttmoe of monster-barring. As an
example, Skalak argues that the term ‘satisfactory pregraght be interpreted differently by
a student than by a university, in the rule ‘a student mustarsgtisfactory progress towards
a degree’, with the student more likely to define it widelyghincluding her own progress as
satisfactory. Skalak and Rissland [1991] discuss argummves which use cases to deter-
mine which interpretation of an ambiguous term in a rule i9¢oadopted. These moves are
implemented withincABARET [Rissland and Skalak, 1991] which is a domain-independent
architecture for combining a production system with a daaged reasoner.

McNeill et al. [2004] describe a system that can dynamicdiscover some ontological mis-
matches between agents during communication and then teéng in order to enable com-
munication between these agents. For instance, an ageratteaypt to buy aticket by locating
and communicating with a ticket selling agent. Mismatchmesepresentation between agents
may arise during communication, such as the main agentgeptieg money as a unary pred-
icatemoney?Amoun) , and the ticket-selling agent representing it with the hiraredicate
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money?Amount 2Currency). McNeill et al. suggest techniques to diagnose and repaieso
such mismatches, and describe their system within which llage implemented these tech-
niques.

Our work differs in motivation and application. Neither $aand Rissland [1991] nor Mc-
Neill et al. [2004] mention Lakatos; rather the motivatidrtlee former is to model legal rea-
soning, and the latter to model representational chandesiplanning domain. Although there
is an analogy between the method of monster-barring andwloek, Lakatos'’s other methods
are not modelled. With regard to application, Skalak andglgrel [1991] specifically contrast
domains which include rules with terms which are open torpriation, with mathematics:
“Statutory interpretation can be contrasted with fields likathematics, where the application
of a rule to a set of facts is a straightforward applicatioranfinference rule likenodus po-
nens [Skalak and Rissland, 1991, p 1]. One important differesttween our work and that of
[McNeill et al., 2004] is the role that counterexamples plRgpresentational mismatch is not
seen in terms of counterexamples by McNeill et al. [2004]esas counterexamples are vital
to our project.

6.9 Summary

In this chapter we have developed our computational reasfihg@katos’s method of monster-
barring, and introduced the converse: monster-acceptifig.started by outlining Lakatos'’s
work, and his views of the method. We then looked for othemaxas of the method, in
the new domain of number theory, and argued that it can be aeplay in mathematician’s
attitudes to the concept oumber and ‘monsters’ including the number one, zero, irratipnal
imaginary and transfinite numbers. In 86.3, we outlined & joints in monster-barring and
then described our implementation of each of these in §6d4cam algorithms in 86.5. We
presented illustrative sessions in 86.6 and discussedpproach in 86.7. We concluded the
chapter with a discussion of related work in the fields of ajuly, argumentation and law.






Chapter 7

The method of exception-barring

“... I'am ... against the terncbunterexample it rightly admits them on a par
with supporting examples, but somehow paints them in wasws| so that, ...,
one panics when facing them, and is tempted to abandon héartd ingenious
proofs altogether. No: they are justceptions Betg student in [Lakatos, 1976,
p.24].

This chapter discusses our computational reading of Lalsateeatment of exceptions. This
is noteworthy for two reasons. Firstly, their role in mattedits, traditionally thought of as an
exact subject in which the occurrence of exceptions wouldef@ mathematician to abandon
a conjecture (87.1). Secondly, Lakatos showed how exaepti@ther than simply being an-
noying problem cases, can be used to further knowledge)8n.87.3 we outline the method
of exception-barring. In order to implement the method, wasider how exception-barring
applies to another area of mathematics: number theory, .y 8nd to different types of con-
jecture, in 87.5. This exploration suggests further dittoms in the method. In sections 7.6,
7.7 and 7.8 we describe our algorithms and example sessioeach of the exception barring
methods: piecemeal exclusion, counterexample barringctwis a type of piecemeal exclu-
sion) and strategic withdrawal. Note that unless othenstaéed, we use the default settings
in HR during the example sessions. In particular, the iistargness measures we use are the
default weightings. We conclude by considering the workrfithe fields of machine learning,
diagrammatic reasoning, and planning, which is relatetiisornethod (§7.9).

7.1 Exceptions in Mathematics

Lakatos was one of the first to make explicit the role of exiogst within mathematics. Pre-
viously (and often still today), it was thought that whileadther subjects statements may be

91
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susceptible to exceptions, mathematics was ‘pure’ in theesthat if a conjecture was found to
have a counterexample then that was sufficient to proveséfal mathematician would then
move on to other, potentially provable conjectures. Thaitlat exceptions in mathematics
could be used, as in other domains, to modify, as opposedéotréaulty conjectures was

greeted with horror, hendeelta’s argument that:

“To agree to a peaceful coexistence of theorems and exospti@ans to yield to
confusion and chaos in mathematicB&lta, student in [Lakatos, 1976, p.25].

However, Lakatos, by documenting a theoretical developmiEBuler's conjecture, thdor all
polyhedra, the number of faces (V) minus the number of e@ggdus the number of faces (F)
is 2, showed just this: that mathematicians found the counséengkes of nested cubes, picture
frame and twin tetrahedra and used them to modify the camedsee figure 7.1). This was
done by generalising from the examples to the general caselytiedra with cavities, tunnels
and multiple structure, and then modifying the conjectorfot all polyhedra except those with
cavities, tunnels or multiple structure, V - E + F = &imilarly, by examining the supporting
examples, such as the cube, tetrahedron and octahedrofigisee7.2), mathematicians re-
treated to the ‘safe’ domain of convex polyhedra (topolatijcequivalent to a sphere). In a
footnote, [Lakatos, 1976, p.28], Lakatos cites Abel restrg the domain of suspect theorems
about functions to power series as another mathematiced@eeof retreating to a safe domain
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HOLLOW CUBE TWIN TETRAHEDRA PICTURE FRAME
16-24+12=4 6-11+8=3 16-32+16=0

when faced with counterexamples.

Figure 7.1: Counterexamples to Euler’s conjecture - for all polyhedra, V-E+F = 2

7.2 Using exceptions to further knowledge: their uses and li mits

Lakatos showed how exceptions, or counterexamples, rdtharsimply being problem cases
to be grudgingly dealt with, can be used to enhance undelisigjirof a domain. Studying
counterexamples prompts questions such as ‘what is it dbewbunterexamples which makes
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CUBE TETRAHEDRON OCTAHEDRON
8-12+6=2 4-6+4=2 5-8+5=2

Figure 7.2: Supporting examples for Euler’'s conjecture; these are all convex

them false?’, and ‘what is it about the positive examplesctvimmakes them true?’ Lakatos cap-
tured both these questions with his two methods of exceflitéoring. Lakatos [1976] showed
how counterexamples can assist in understanding and inmgraxconjecture, and he suggested

ways in which this can be done.

“One should not confuse false theorems with theorems sutgjsome restriction.”
Sigma student, quotinddérard, [Lakatos, 1976, p.24].

“l shall use [exception-barring] to determine preciselg tfiomain in which the
Euler conjecture holds Betg student in [Lakatos, 1976, p.26].

Exception-barring, however, is one of the less sophigttahethods in [Lakatos, 1976]. It
is naive in the sense that it doesn't use the ‘proof’ of atfaabnjecture to improve upon
the conjecture, rather depending on examination of exasrgatel counterexamples. Thus it
is presented as aad hocmethod, which can never lead to a conjecture being accepted a
theorem as one cannot be sure that more counterexamplasoivile found.

“You improvedthe original conjecture, but you cannot claim to haesfectedhe
conjecture, to have achieved perfect rigour in your prodgacher in [Lakatos,
1976, p.30].

7.3 Lakatos’s two methods of exception-barring

Generalising from the two approaches above, whereby coexamples are examined and then
excluded, and supporting examples examined and the dorhiie conjecture limited to these,
Lakatos identified two types of exception-barrin@ piecemeal exclusion, an@) strategic
withdrawal. Piecemeal exclusion works by considering tbanterexamples and finding a
concept which covers only these, then modifying the conjecby excluding entities covered
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by the concept; strategic withdrawal by considering theitpMesexamples of a conjecture,
finding a concept which covers only these, and limiting thendim of the conjecture to that of
the concept. That is, given conjecture P(x) — Q(x), a set of counter (or negative) examples
Negsuch thatyn € Neg P(n) A —=Q(n), and a set of positive examplBsssuch that/p € Pos

P(p) AQ(P):

(i) find a concep€ such that for alh, C(n), and for allp, =C(p), and modify the conjecture to
X ((-C(x) AP(X)) — Q(x)), and

(i) find a concep€ such that for allp, C(p), and for alln, =C(n), and modify the conjecture
to VX ((C(x) AP(x)) — Q(X)).

7.4 Exception-barring in Number Theory

Many conjectures and theorems in number theory have stategheons. For instance:

¢ all even numbergxcept Zare the sum of two primes (Goldbach’s conjecture);

¢ all primesexcept 2are odd;

¢ all integersexcept squarekave an even number of divisors, and

o allintegersexcept those of the forgf can be written as the sum of 2 or more consecutive

integers

are examples where piecemeal exclusion could feasibly haga used. Similarly, many are

limited to a certain domain, for instance:

e for every numben > 3,x"+y" = Z" has no integer solutions (Fermat’s Last Theorem);
e everyoddnumber> 5 is the sum of three primes (the Odd Goldbach Problem), and

e everyevennumber is the difference of two primes

can be seen where examples of strategic withdrawal coukiblgahave been used. Note
that, as with Lakatos, we do not claim that these conjectinsremswere found by using
exception-barring, but that they could be.

Applying exception-barring to number theory highlighte flact that sometimes both methods

result in the same conjecture refinement. Forinstance, wie goesent Fermat’s Last Theorem
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as an example of piecemeal exclusion, if we phrase iXas$ {" = Z" has no integer solutions,
except for i< 2', or the conjecture that ‘all integeexcept squarekave an even number of
divisors’ as ‘all non-squares have an even number of digisdio formalise a simple notion of
this, let us see concepts as sets, and conjectures as stigaeméch link the sets. Suppose that
we have set® andQ, and conjectur&’x,x € P — x € Q, and two further sets5 and$S,, such
that§ NS = 0andS US, = P. Then the conjecture refinement:

vx,x € (PNS) — x € Qis the same as
Vx,x € (PN-S) — xe€Q,

since the set® NS andPN—S are equivalent. This can be clearly seen in the conjecture
above that “every even number is the difference of two prilmebkereP is the set of numbers,

Q the set of numbers which are the difference of two pring&ghe set of even numbers, and
S the set of odd numbers.

We also notice that sometimes counterexampledlisted in the conjecture, as in “all even
numbersexcept Zan be expressed uniquely as the sum of two primes”, andriallgsexcept 2
are odd”. Therefore, a special case of piecemeal excepioing, is to bar a specific example

(or examples). We call this counterexample-barring.

7.5 Exception-barring and other types of conjecture

Exception-barring in Lakatos [1976] is applied only to om@jecture, that one concept (poly-
hedra) almost implies another (shapes which satisfy therfeduation). We represent this
as:

poly(x) ~ eulenx).

There are many other types of conjecture in mathematics. eSainthese types have been
categorised and an ability to make them has been added to HBdtipn, 2001a, chapter 7]
as:

e Equivalence - the definitions of two concepts are logicafjyiealent P < Q)
e Implication - one concept is a specialisation of anotiffer{ Q)

¢ NonExists - no examples satisfy the definition of a given ephix st P(x))
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e Applicability - examples satisfying a definition are rested to a particular finite set

This raises two questions:

1) How can we apply exception-barring to these types of abaje, and what sort of conjec-
tures would result?

2) Should we implement other types of conjecture in HR, ireotd fully exploit our exception-
barring method, and if so, which ones?

These are useful questions to consider as they provide a faayatysing, understanding, and
extending usage of the methods, which accords with our goelbdfying and extending the
methods. Additionally, answering these questions willéfaply enable us to extend HR’s
theory formation abilities, thereby supporting our hypasis that Lakatos's methods are useful
in automated theory formation.

Applying exception-barring to HR'’s conjectures

We cannot directly apply exception-barring to any of HR'sljectures as they are only made
if they hold empirically for all of the objects of interest HiR’s theory, and Lakatos’s methods
require known counterexamples. HRL patrtially gets aroumsd, tas the agents have access
to different databases, and therefore one agent makes actamg which holds for all the
examples in its database and communicates it to others whHwaw® counterexamples, and
can then apply Lakatos’'s methods. This is only partially ¢hse as, following the approach
of Colton et al. [2000a], when an agent sends a conjecturesecand, the second has to
reconstruct the conjecture (and its concepts). This isatttie receiving agent has the relevant
data table and categorisation for its entities, and caruat@lthe interestingness independently
of the first agent (see §3.1 for more details). If the secormhiidoes have counterexamples, it
will not reconstruct the conjecture as any of the above typdsch can only be constructed if
the conjecture holds empirically for all the examples in éigent’'s database). However, if we
ignore this for a moment, it is worth noting some general {soabout exception-barring and
these types of conjecture. We then consider which new typesrgecture HR does need in
order to represent conjectures with known counterexamples

Equivalence

Recall that in 83.1.1, we stated that one way of represeictimgepts in Colton [20014a] is as a
data table, i.e. examples with corresponding values (ergne(5) = [true], or 1(5) = 2). We
can represent an equivalence or implication conjecturevaséts of examples (corresponding
to the two concepts) where the intersection contains thgaeples which share the same
values. The example in Lakatos [1976] is represented asisditfure 7.3:

As this example is an implication, we only have countereXaspn one side, i.e., in one

set. However, for equivalences, we may get counterexanmpiesoth sides, in which case
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polyhedra shapes for which V-E+F=2

hollow
cube

the regular polyhedra

Figure 7.3: A Venn-diagram representation of the conjecture: for all polyhedra, V-E+F = 2

we might want to apply exception-barring twice, resultingwo implication conjectures. For
instance, from the faulty conjecture in figure 7.4x‘prime(x) < odd(x)” (shown in figure
7.4 for integers 1-10), we could use piecemeal exclusioretdltge conceptprimes except 2
andodd non-square humberand the conjectures “all primes except 2 are odd” (whichug)t

and “all odd non-square numbers are prime” (which is false first counterexample is 15).

primes odd

Figure 7.4: primes «~ odds

Implication

All three methods: piecemeal exclusion, counterexampleity and strategic withdrawal
would result in another implication conjecture. Given arplization conjecturé® — Q, and
conceptC1 which covers the counterexamples, (possibly being a oatipn of the individ-

ual counterexamples), or concdp® which covers the supporting examples, then the mod-
ified conjecture would take the forl@ A -C1 — Q (in the case of piecemeal exclusion or
counterexample-barring), & AC2 — Q (in the case of strategic withdrawal. That is, the
modification would take the form of another implication cecture.

NonEXxists:

Both strategic withdrawal and piecemeal exclusion wouldiftein finding a more specialised
concept tharP, sayP’, and another nonexists conjectufix.P’(x). Counterexample barring
would result in a conjecture which could be represented aapgtficability conjecture, i.e.
P(x) — x € S, whereSis the set of counterexamples to the nonexists conjectunés i¥ the

strategic withdrawal version of counterexample barrindnere we retreat to a safe domain
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which is so small (or we know of no concept which covers thdtpes), that we name each
positive example in the conjecture itself.

Applicability

All three methods would result in another applicability mture. If the flawed conjecture
is that examples satisfying a definiti@are restricted to a particular finite sgtthen coun-

terexample barring would result in adding the counterelampo the seB. Both piecemeal
exclusion and strategic withdrawal would result in chagdime definition: toaD A —=C1 in the

case of piecemeal exclusion, abch C2 in the case of strategic withdrawal.

Implementing new types of conjecture in HR

Recall that we have introduced two new types of conjectute iHR: near-equivalences and
near-implications, to enable an agent to represent camgstwith known counterexamples.
This was described in 84.4. These conjectures are like #mapirically true counterparts,
but allow a certain proportion of counterexamples. Theselmaused as a way of generating
conjectures initially, in which case the user inputs the imasn proportion of counterexamples
allowed. Their main function, however, is to represent eofyres which other agents send
which do not hold for the entities in the receiving agentedty. In this case, the proportion
of counterexamples, and the set of counterexamples, isded@long with the conjecture but

there is no limit on the number of counterexamples acceptabl

The running example in [Lakatos, 1976] of Euler's conjeettelates to a concept which has,
in the terminology of HR, arity one. That is, either a shape [iwlyhedron or not, and its Euler
characteristic is either two or not. So far, we limit our&svo the same kind of concept, i.e. we
stipulate that any conjecture suggested for modificatiostrimvolve only concepts with arity
one. Hence, near-equivalence and near-implication ctuigsc can currently only be made if
the two concepts in the conjecture have arity one, i.e. tla@g Ipositive or negative examples,
as opposed to functions which have corresponding valuesafcin entity.

7.6 Piecemeal Exclusion

Suppose that an agent has received a request from the tedacmedify a given conjecture
which the agent has reconstructed to make either a nearadguioe or a near implication, for
instance, the near-equivalence conjectire~ Q. Suppose also that the agent is set to perform
piecemeal exclusion. It will first retrieve the set of couateamples associated with the con-
jecture, and then test to see whether the counterexammeeered byP or Q, i.e., whether
they exhibit the characteristics specified by the conceppp8sing that the counterexamples
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are covered by, the agent will look in its theory to see whether it alreadyg bBaconcepiX
which exactly covers those counterexamples coverel, ., has a positive value for all en-
tities covered byP and negative for all other entities. If so, the agent thers tise production
rule negate with concepts< andP and no parameters, to form the new condept—X. It then
makes the appropriate conjecture modification by makingve eguivalence or implication
conjecture. As there may be more than one modification to endiaulty conjecture, it sends
back a (possibly empty) vector of modifications to the teache

See algorithm 5 for our piecemeal exclusion algorithm.

Algorithm 5 The piecemeal exclusion algorithm
Require: given a near equivalend@«~ Q:

1: Get the list of counterexamples, and determine whether eaghterexample is covered
by conceptP or concepiQ.

2: if all counterexamples are covered Byhen
3: find a concepX in the theory which exactly covers all of the counterexaraple
4:  form the new conced@ A —=X
5. add the new concept to the agenda, which will then form thgectureP A =X <~ Q
6: return the conjecture
7. else ifall counterexamples are covered Qyhen
8: as for case 1, but instead form the cond®pt —X and the conjectur® «— QA =X
9: else ifthere are counterexamples covered by B@H#ndQ then
10: find a concepX in the theory which exactly covers the counterexampld? in

11:  form the concepP A =X

12:  add the new concept to the agenda, which will then form thgectureP A =X — Q
13:  do the same fo®

14:  return both conjectures

15: end if

7.6.1 lllustrative session

Using three student agents and a teacher, we demonstrdiaritintion of the conjecture that

“an integer is non-square if and only if it has an even numbbeiivasors”.

Initial information
Student 1 started with entities-110, and core concepts integer, divisor and multiplication.
It was set to use piecemeal exclusion. Before running itpeddently we forced Student 1

to form the conceptsquare numbeandintegers which have an even number of divisdms
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the following way: starting with the concept of divisors gas thesplit production rule with
parameters [[1], [2]] to reinvent the concept of an even nemAgain, starting with the concept
of divisors it usesize[1] to get the concept number of divisors of an integer. Itittekes these
two concepts and the production ridemposgwith parameters [s, 0, 1], and thexists[1]
to get the concept integers with an even number of divisarsally, from the core concept of
multiplication it usesnatchwith parameters [0, 1, 1] and then exists with parameterso[ et

the concept of squares.
Student 2 started with the same input as Student 1, excapintéigers 11 50.

Student 3 started with integers 5160, core concepts integer, divisor and multiplication, and

forced concept of integers which have an even number ofaliwis

Session details

The teacher sent a request for all students to work indepiyder 20 steps, and then send
back their best implication conjecture. Student 3 formexid¢tnjecture that all integers have
an even number of divisors, and sent it to the teacher, wiipaih the group agenda for mod-
ifications. The other students found counterexamplesqlLlahd [16, 25, 36, 49] respectively.
They then found the concept of squares and formed the newepbnon-squares. They used
this new concept to form the conjecture that all non-squbaes® an even number of divisors,

which is a theorem in number theory.

7.7 Counterexample barring

This is a special case of piecemeal exclusion and can be used an agent does not have
a conceptX to cover the counterexamples to a faulty conjecture, or éf ¢bunterexample
set is small, e.g., containing just one example. In ordewifla concept in which no more
information is known than the positive entities, we havetern another production rulentity-
disjunct This takes as input the entities which the concept expsessearameters, and the
object of interest concept with the same type as the eniitidge parameter listentity-disjunct
partially applies the production rukplit with parameter0] to the object of interest concept
and each of the entities in turn, and then partially applres rule disjunctto the resulting
concepts. We have implemented this as a production rulberdahan using a combination
of split and disjunct for efficiency reasons (the partial implementation ensubat we get
the right specifications and hence definition, without sigpsuperfluous information about the
concept before it has been fully formed). Additionally, eflects the degree of complexity of
the concept, which is used as a measure of interestingnbsxohcept of being the number 2 is
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not complex, and therefore we want to reflect this in our mesgt had it taken 5 production
rules to generate it, it would have been evaluated as fairgpiex. To avoid a concept which
is just a long list of entities, we limit the number of entitizhich form the concept, with the
default maximum set to three. (This number may seem, anedide an arbitrary number, but
entity-disjunctis designed to generate a concept which consists of only spewific entities.
See §13.5 for ideas on how to develop a more cognitively fdisoncept representation.)

As an example of how the entity-disjunct production rule keprsuppose that an agent has
the integers 0 - 20 in its database, and the core concept efdrg, denoted by int001. If
the agent performs the theory formation stag001 entity-disjunck 1 >, i.e., it applies the
entity-disjunct production rule, with parameterl >, to the concept int001, then the result is
the concept “ais an integera=1". We show the input and output data table in table 7.1vbelo

integer integer

0 true 0 false
1 true 1 true

2 true 2 false
3 true 3 false
4 true . 4 false
17 true 17 false
18 true 18 false
19 true 19 false
20 true 20 false

Table 7.1: The entity-disjunct production rule, with parameter < 1 >

The agent appliegntity-disjunctto the object of interest concept, with the vector of coun-
terexamples as parameters, to get, for instance, the contéging 2. If the outcome is an
equivalence conjecture then the agent returns this. Hawiétke outcome is a concept, then
the agent applies the production rulegatewith no parameters to the concept and the object
of interest. If the previous step had returned the concepenfg 2, this would now return the
concept of beingiot 2. The resulting concept is then combined with the problemcept to
get, for instance, the concept of primes except 2. If thetyacbnjecture was a near equiva-
lence then a new equivalence conjecture is now constructeédedurned, and if it was a near
implication then the modified implication conjecture is stincted and returned.
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7.7.1 The counterexample-barring algorithm

We describe our counterexample-barring algorithm for +iemalication conjectures in algo-

rithm 6. Given a list of entities, this algorithm returns ancept for which the entities in the

list are positives and all other entities in the theory argatiees. It works by taking the object
of interest concept, (and if there is more than one objeabteirést concept, by taking the one
which includes the entities in the given list), and applythg production ruleentity-disjunct

It returns the concept which follows from this application.

Algorithm 6 The counterexample-barring algorithm
Require: Given a near implicatio ~~ Q, with counterexampless, ..., X], wheren < 3, and

there is no concept in the theory to cover exactly theseiestithen:

1: find the object of interest concept with the same typgas., x.

2: apply the production rulentity-disjunctto this concept, with parametefs, ..., xn) to get
the concept of being, or ... orx,.

3: apply the production rulaegatewith no parameters tB and the object of interest concept,
to get the concept afotbeingx; or ... orx,. Call this concepX’.

4: combineX’ andP usingcomposeto getP A —(xg V... V Xp)

5: make the conjeCturB A —(Xy V... VX)) — Q

6: return the conjecture

In the case of near-equivalence conjectures: if there anatecexamples on one side of the
conjecture only, then steps 1 to 4 are the same as those shalgorithm 6, and step 5 returns
an equivalence conjecture. If there are counterexampldsotinsides of the conjecture, e.g.,
X,y,zin Pandx,y,Z in Q, then steps 1 to 4 are carried out twice (firstlyRyrthen onQ), and
an equivalenc® A —(xVyVz) «— QA—(X VY VZ)is made and returned.

7.7.2 lllustrative sessions

Session onelUsing two students and a teacher, we get the conjecturaliiaimes except 2
are odd

Initial information

Student 1 started with integers 1-10, and core conceptgantand divisor. It was set to make
implications from subsumptions and to use piecemeal exgiusBefore running it indepen-
dently we forced the concepts prime and odd number in thevidtlg way: applysplit with
parameters [[1], [2]] to the concept of divisor, to get thacept of even numbers, theregate

[] to the concepts even numbers and integers to get odd nsmbéen applysize[1] to the



7.8. Strategic Withdrawal 103

concept of divisors, to produce the number of divisors ofrdager, andplit [[1], [2]] to this
to produce the concept of prime numbers.

Student 2 had the same information, except integers 4Q instead of integers4 10.

Session details

The teacher sent a request for the students to work indeptnder 20 steps, and then send
back their best implication conjecture. Student 2 made antithe conjecture that all primes
are odd, which the teacher put on the group agenda for discusStudent 1 found the coun-
terexample 2, looked for a concept to cover it and failed, sixes the concepts of being 2,
integers except 2, then primes except 2, and finally cortstite conjecture that all primes
except 2 are odd.

Session two:
Using two students and a teacher, we got the conjecturathaten numbers except 2 are the
sum of two primegGoldbach’s conjecture).

Initial information

Student 1 started with integers-110 and core concepts integers and divisors. It was set to
make implications from subsumptions and to use piecemedliginn. It forced the concepts
even numbers and integers which are the sum of two primeseiffioifowing way: get even
numbers and primes as above, tlvemposd0, 1, 0] on addition and prime to get the concept
of being the sum of two numbers, one of which is prime, aoohposd0, 0, 1] on prime and
this concept, theexists[1, 2] on the resulting concept to get the concept of beingstira of

two primes.

Student 2 started with the same information except intebers20 instead of integers-1 10.

Session details

The teacher sent a request for the students to work indeptnder 20 steps, and then send
back their best implication conjecture. Student 2 formeaxidbnjecture that all even numbers
can be expressed as the sum of two primes. The teacher seqiestdéor modifications, and
Student 1 found the counterexample 2, and made the coneat reimbers except 2’ and the
conjecture that ‘all even numbers except 2 are the sum of tinogs’.

7.8 Strategic Withdrawal

Strategic withdrawal is the easiest of the exception-hgrmethods to implement, because it

does not involve making new concepts. However, it is pertihpdeast useful, for the same
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reason. It consists of considering the positive exampleg/foch a conjecture holds, looking
to see if there if a concept to cover them, and if so, formingwa nonjecture with it.

See algorithm 7 for our implementation of strategic withvaah

Algorithm 7 The strategic withdrawal algorithm
Require: Given a near-equivalende «~ Q:

1. Get the list of counterexamples, and determine whether eaghterexample is covered
by concept or Q.

2: if all counterexamples are covered Byhen

3. find a concepX in the theory which exactly covers the positive examplesl (ardiffer-
ent fromQ)
make the conjecture$ «— Q; X - Q; X — P
return the conjectures

else ifall counterexamples are covered @yhen

N g &

As for case 1, instead forming the conjectukes- P; X — P; X — Q, where the concept
X is different fromP
8: else ifthere are counterexamples which are covered by B&hdQ then
9: find a concepX in the theory which exactly covers the positives
10:  make the conjectures — P, andX — Q
11:  return the conjectures
12: end if

7.8.1 lllustrative sessions

Using two students and a teacher, we get the conjecturalifadd non-squares are prime

Initial information
Student 1 started with integers-110, and core concepts integer, less than or equal, divisor,
multiplication and addition. It was set to make near eqemaés which hold for 60% of the

objects of interest and to perform strategic withdrawal.

Before running it independently we forced the concepts eramd odd number in the way
described above (87.7.2, example 1)

Student 2 had the same information, with the forced concegtrmn-squares, where the con-
cepts odd number and square number are forced as descriB&dbid, non-square number is
forced by applyingnegate]] to square and integer, and the concept of odd non-squarders
produced by applyingomposd1] to the concepts odd number and non-square number.
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Session details

The teacher sent a request to the students to work indepinden20 steps, and then send
back their best near equivalence conjecture. Student lefdtime near equivalence prime»
odd, the teacher then asked for modifications and Studenurdfthe counterexample [2],
which is prime and not odd, and [1,9] which are odd but not pririt looked for a concept to
cover the positives, [3,5,7] and found the concept odd mpraye, then makes the conjectures
odd and non-square> odd (which is a tautology) and odd and non-squargrime (this is
false; the first counterexample is 15).

7.9 Related work

7.9.1 The boosting technique

The methods of exception-barring, by looking at supportixgmples and counterexamples,
are clearly related to machine learning techniques. Foaunmt®, boosting, described in [Freund
and Schapire, 1999] and [Schapire, 2002], is a techniquéniohnthere are are several learners,
which use possibly different algorithms to learn a clasatfan task. The boosting algorithm
is a meta-algorithm which forms a classification rule by stihg a subset of a training set, a
sample set, and giving it as input to the first learner. It tlomks at the output of the learner,
its ‘weak’ rule, and the examples which the learner misdii@sk(i.e., counterexamples). The
boosting algorithm increases the weighting of these caoax&nples in the training set, thus
increasing the likelihood that these examples are seldoiethe sample given as input to
the next learner. Based on this input, the next learner géeeranother weak rule for the
same classification task. The boosting algorithm then éurthcreases the weighting of any
examples which both the first and the second learner misiidssAnother sample from the
training set is then selected for a third learner, and so dre dycle continues until it arrives
at some point, for instance, all of the learners have beesuttmd. The boosting algorithm
then combines the weak rules into a single weighted sum, evter weight of each rule is

determined by its accuracy.

This process is similar to piecemeal exclusion and couxdenple-barring in that it involves
different ‘agents’ forming a rule (or conjecture) about themples in their databases, and then
attempting to improve the rule by focusing on counterexaspHowever, it differs in the fol-
lowing ways. Firstly, the examples which a learner has mégrdiover continued application
of the cycle by the boosting algorithm. That is, the samenkefamay be asked for another weak
rule for the same classification and given different exampalg input for the rule. This con-
trasts with our system, in which the set of examples whichganahas may be added to, but
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otherwise remains constant. A second difference is thabosting there might not be a fixed

number of learners: further learners may be added until @gaccuracy is achieved. Thirdly,

the boosting algorithm only raises the likelihood of a cemexample being selected as input,
whereas piecemeal exclusion and counterexample-baraogsfpurely on counterexamples.
The most important difference is that in boosting, the wadk suggested by the learners is
generated independently of previous weak rules. Altholnghfinal rule is a combination of

these weak rules, it is not the case that the first is modifieshv€rsely, exception-barring ex-

plicitly builds upon a faulty conjecture by stating the egtiens and formally excluding them

in a new expression of the conjecture. The criteria to whiathetechnique refers differ: the

final rule produced by the boosting algorithm is judged sobel accuracy, whereas other qual-
ities are sought in the final conjecture produced by excegtarring, such as how simple it

is, or how surprising. Finally, the goal for which the teaiuné is used is different: the goal

of the boosting algorithm is to accurately predict an exanpthereas our goal is to build

a theory. These are different intelligent tasks and theeefodetailed comparison would be
inappropriate.

7.9.2 Work in diagrammatic reasoning

Winterstein [2004] looked at using diagrammatic reasomingrove mathematical theorems in
the continuous domain of analysis. He argued that one apiprdésgeneralisation methqd
can be seen as a simple form of Lakatos’s method of strateitficinawal [Winterstein, 2004,
p. 69]. This method is one of the methods which Winterstemd®evised for representing and
reasoning with diagrams. It works by firstly proving a theurm a specific case, for instance
by instantiating variablex andy in a theorem and then proving the theorem in this case. The
second step is to analyse the proof to check which cases beapplied to, i.e. to examine
whether the proof depended on the valueg ahdy and to show that the values were arbitrary
or at least arbitrary within certain constraints. The fin@lpsis to generalise the proof to all
cases where the chain of reasoning is guaranteed to be Vliiderstein argues that this is a
form of strategic withdrawal since it analyses positiverapées of a proof, abstracts the key
features from these examples, and then restricts the doohaipplication of the theorem and
proof accordingly. Our work differs in that it is a systentatomputational reading of Lakatos’s
theory, rather than a single method.

7.9.3 Hayes-Roth'’s heuristics for repairing flawed plans

Hayes-Roth [1983] describes 5 heuristics for repairing ddvibeliefs, which are based on
Lakatos’s methods. These constitute the only attempt tieahave seen, to produce a com-
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puter model which is inspired by Lakatos’'s methods. While t# Hayes-Roth’s techniques
correspond to surrender and monster-barring, we includemork here since the remaining
three correspond to exception-barring.

Hayes-Roth explains his heuristics in terms of revisingadlhstrategy in a card game, where
the counterexample corresponds to a move which followsttiagegy but which does not have
the desired outcome. Below we express Hayes-Roth’s tetaggdn Lakatos’s terms, with
examples where relevant.

Lakatos’s terminology = Hayes-Roth’s terminology

conjecture: a plan —if conditior@ hold and actiorA is executed then effecE will result
i.e.CAA—E

proof: justification of a plan (e.g. because this plan wilhimiise the number of my points)

entity: an action which is executed according to a plan (@ay the 9 spades)

counterexample: an action which is executed according taralut which fails to achieve the goal
i.e.CANAAN-E

concept: a concept (e.g. a spade lower than the Queen)

Hayes-Roth demonstrates his heuristics with referendeetodrd game hearts (which is similar
to whist). The pack is divided amongst players, then onegolplays a card and the others must
all put down a card in the same suit as the first if they have ané,otherwise play any card.
The person who played the highest card in the specified so# thiat trick and starts the next.
One point is awarded for each heart won in a trick, and 13 fergheen of spades (QS). The
aim of the game is to get either as few points as possible ¢\gt)lor all the points (“shoot the
moon”). A strategy which beginners sometimes employ is to avtrick to take the lead, and
then play a spade in order to flush out the QS and avoid the tspdilayes-Roth represents
this as shown (p.230):

Plan: Flush the QS
Effects: (2) I will force the player who has the QS to play tbatd
(2) I will avoid taking 13 points
Conditions: (1) I do not hold the QS
(2) The QS has not yet been played
Actions: First | win a trick to take the lead, and wheneverdde play a spade

The plan (analogous to a faulty conjecture) may backfiredftibginner starts with the king of
spades (KS) and then wins the trick and hence the unwantetspghis situation is a coun-
terexample to the plan). The heuristics then provide varigays of revising the plan:

1) Retraction (like surrender) - retract the part of the plan which faitsthis case effect (2).

2) Exclusion (like monster-barring) - bar the theory from applying to therent situation, by
excluding the situation. Add the conditidmlo not play KS
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3) Avoidance (like piecemeal exclusion) - rule out situations which carpbedicted to fail the
plan, by adding conditions to exclude them. For example bgssng why the plan failed add
the conditionl do not win the trick in which the queen of spades is play®edystem can further
improve its plan by negating the new conditiohwin the trick in which the queen of spades
is played using this and its knowledge of the game to infer that it nplay the highest card
in the specified suit, and then negating the inference td grist not play the highest card in
the specified suitThis is then incorporated into the action which becoffiest | win a trick to
take the lead and whenever | lead, | play a spade which is mohithest spade

4) Assurance(like strategic withdrawal) - change the plan so that it cahplies to situations
which it reliably predicts. In this case the faulty predictiis effect (2), and so the system
looks for conditions which guarantee it. It does this by rieggit, inferring consequents and
then negating one of these and incorporating it into theactor example negating effect (2)
givesl do take 13 pointsthe game rules state thitie winner of the trick takes the points in the
trick so we can infer that win the trick then use this and the rule thiie person who plays
the highest card in the suit led wins the tritckinfer thatl play the highest card in the suit led
Given thatplayer X plays the Q®e can now infer thak play a spade higher than the G®Bid
negate it to get play a spade lower than the QS

5) Inclusion (also like strategic withdrawal) - this differs from assuea in that the situations
for which the plan is known to hold are listed rather than a mewcept being devised. There-
fore instead of addingplay a spade lower than the Q8 the action, we adtplay a spade in
the set{2o0 fspades3ofspadegdofspades., 100 fspadesjackofspades

Hayes-Roth argues that these heuristics can be implemessiad existing techniques (al-
though adding that this may take considerable effort). Timagry capabilities, he claims, are
symbolic deduction and heuristic search. He suggests wayghich one heuristic may be
preferred over another, in order to avoid a combinatorigll@sion. These include preferring
general to specific theories, seeking canonical repreti@msaand experimentally evaluating

alternative fixes to determine the most fruitful.

Our work differs from [Hayes-Roth, 1983] in several waystsBy, his motivation is different.
Hayes-Roth uses Lakatos’s ideas as inspiration for madjfplans, rather than attempting a
faithful model of Lakatos’s work. Secondly, Hayes-RotHeli$ in his application of Lakatos’s
methods, which is to machine learning tasks as opposed ¢oytfiermation. Although these
two fields are linked, as we argued above (87.9.1), theyrdifféhat typically the output from

a machine learning program would be a classification, or gpndefinition which has been
induced from some positive and possibly some negative elemnmmhereas output from a
theory formation program is a theory, consisting of exarspé®ncepts, conjectures, and pos-
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sibly proofs. In particular, there is usually a specific tasknachine learning, as opposed to
the rather more fluid goal in automated theory formation ofedlgping interesting theories.
Hayes-Roth applies the methods to situations in which tiseeeeclear goal, for example to
minimise the number of points scored in hearts. The thirtedéhce is that Hayes-Roth is
proposing how the techniquesay beautomated and applied, rather than presenting a finished
implemented system. It is this latter difference which oajgct most clearly contrasts, as we
present an implemented system: HRL.

7.10 Summary

In this chapter we have described Lakatos'’s treatment oégdians, in Lakatos [1976], and
his methods of piecemeal exclusion and strategic withdra®g considering these methods
in number theory, we have further distinguished betweemtyaxample and piecemeal ex-
clusion, and the need to apply a method twice to equivaleangctures. We have described
our implementation of these methods in HRL, and describatessessions which illustrate the
types of concept and conjecture which can be developed tisisg methods. Finally, we have

considered related work.






Chapter 8

A computational representation of

Cauchy’s proof

. "l propose to retain the time-honoured technical termogd’ for a thought-
experiment — or ‘quasi-experiment’ — which suggests theomgosition of the
original conjecture into subconjectures or lemmé#susembedding iin a quite
possibly distant body of knowledge.” Teacher, in [Lakatt®/6, p. 9].

The method of lemma-incorporation is a precursor to the pukthf proofs and refutations,

and, combined, these two methods are considered by Lakatbe the most sophisticated
methods. They are the only methods to consider the ‘proofl @bnjecture; the other methods
consider only the conjecture and the concepts in it. Giveoumterexample to a conjecture,
lemma-incorporation uses the proof to improve the conjegtas well as improving the proof

itself.

Euclid attempted, irmmhe Elementsto present results in geometry in a formally precise way
using the axiomatic method. Since then, mathematicians traditionally ascribed great im-
portance to proofs. Given this, it is surprising that onlyptef Lakatos’s seven methods which
detail the evolution of a conjecture, actually considerphaof of it. This is particularly sur-
prising given the case study which Lakatos chose, sincerputgosed a proof at the same
time as the conjecture itself (he published the conjectargEuler, 1758b] and the proof in
[Euler, 1758a]). Cauchy [1813] also published a proof, arisl this proof which is discussed
in [Lakatos, 1976]. Therefore, proofs of Euler's conjeeturere known to those who found
counterexamples and those who modified the conjecture. Wibanterexamples arose, it
seemed, mathematicians performed exception-barringowtitbonsidering how a proof of a
faulty conjecture was possible, nor what to do with the oldogpmow that a problem had

111
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arisen. The situation was even more strange in Lakatos@nsecase study, in which Fourier
found a counterexample to Cauchy’s principle of continuithich Cauchy was aware die-
fore Cauchy proved it (although Fourier did not consider it to hakd counterexample).

The ‘proven’ fallibility of proofs has led mathematiciarns ¢hange their view of the principal
role that proof plays, from a guarantee of truth, to an aidridarstanding a theorem [Hardy,
1928], a way of evaluating a theorem by appealing to intaifMyilder, 1944], and a memory
aid [Polya, 1945] (described in [Lakatos, 1976, p 29]). Hegreeven given the changing view
of the role of proof (which may include a combination of thiesosuggested) the idea that proof
does indeed play an important role in mathematics is usualtjuestioned. Possibly because
of this, the methods which deal with proof are considered dith hakatos and commentators
(for instance, [Corfield, 1997]) to be the most important.

There were two stages to our implementation of lemma-irmaton. Firstly it was necessary
to represent Cauchy'’s proof of Euler's conjecture, in ottdene able to build and run a model
of lemma-incorporation, which was our second task. In thegter we describe the first stage.
We have not intended to represent the proof in a cognitivédyigble manner: this would
have necessitated modelling an understanding of spac&mmstretchability etc. to be able
to visualise the operations of removing parts of a polyhedmod transforming the remainder.
The question of how humans are able to perceive and mangpugatl and non-rigid spacial
structures is outwith the scope of this thesis (althouglasde §13.5 may be a starting point
for such a project). This chapter is simply a building blook the following chapter, in which
we outline Lakatos’'s method of lemma-incorporation, argtdss our implementation of it.

We organise this chapter as follows: in 88.1 we outline Cgiggbroof of Euler's conjecture.

In §8.2 we briefly describe how the proof is relevant to thehudtof lemma-incorporation,
and we introduce Lakatos’s distinction between global awéll counterexamples. In 88.3
we consider three ways of representing a proof scheme in HRIog Haggith's argument
structures (88.3.1), as a series of Java methods (88.8@pgsa series of production rules and
associated conjectures (88.3.3). Finally, in 88.4 we desthe representation we chose to use,
which is a hybrid of those discussed. We summarise the chep$s.5.

8.1 Cauchy’s proof

A proof idea for Euler’s conjecture is presented by the teacim the second page of [Lakatos,
1976]. This comes from Cauchy [1813], and consists of thiepss For a diagrammatic

representation of these steps, carried out on the cube, gae 8.1, taken from [Lakatos,

1976, p.g].
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Step 1:Let us imagine the polyhedron to be hollow, with a surface enaidthin
rubber. If we cut one of the faces, we can stretch the remgisumfaces flat on the
blackboard, without tearing it. The faces and edges will bfoned, the edges
may become curved, andandE will not alter, so thatifand only ¥ —E+F =

2 for the original polyhedrony — E +F = 1 for this flat network - remember
that we have removed one fac8tep 2: Now we triangulate our map - it does
indeed look like a geographical map. We draw (possibly dimear) diagonals in
those (possibly curvilinear) polygons which are not alsegmbssibly curvilinear)
triangles. By drawing each diagonal we increase lothnd F by one, so that
the totalV — E + F will not be altered. Step 3: From the triangulated map we
now remove the triangles one by one. To remove a triangle theriemove an
edge - upon which one face and one edge disappear, or we rémoweges and
a vertex - upon which one face, two edges and and one verteppbar. Thus,
if we hadV — E + F = 1 before a triangle is removed, it remains so after the
triangle is removed. At the end of this procedure we get asitigangle. For this

V —E+F =1 holds true. [Lakatos, 1976, p.7-8]

Lakatos argues that nineteenth century mathematiciangedighis proof as establishing the
truth of the ‘theorem’ beyond doubt (in [Lakatos, 1976, j&]cites Crelle [1827], Matthiessen
[1863] and Jonquiéres [1890] as examples).

part 1

@)

part 3

part 2

(b)

Figure 8.1: Given the cube, after removing a face and stretching it flat, we are left with the

network in part 1. After triangulating, we get part 2. When removing a triangle, we either

remove one edge and one face, or two edges, one vertex and a face — shown in parts 3(a) and

(b) respectively.



114 Chapter 8. A computational representation of Cauchy’s proof

8.2 Using counterexamples to improve a faulty conjecture an da

faulty proof

Lemma-incorporation works by considering an object whiglaicounterexample either to a
conjecture or to one of the proof steps, and using it to imite conjecture, the faulty proof
or both. Lakatos distinguishes betweegl@bal counterexample, which is a counterexample to
the conjecture, andlacal counterexample, which is a counterexample to one of theectumes

in the proof. For instance, the picture frame (in figure 82 iglobal counterexample, since
V-E+F=16—324+16=0. Itis also a local counterexample as it violates the cauajec
that if we remove a face from any polyhedron then we can $triétitat on a board. Note that
while the picture frame is both a local and global countengia, it is possible for an entity
to be a local but not global counterexample, if it is a cousxample to a conjecture in the
proof, but not to the main conjecture, or to be a global butlocal counterexample, if it is a
counterexample to the main conjecture, but not to any of timpectures in the proof. The first
of these suggests that the conjecture may be true but thé girdas flawed, and the second,
less intuitive case, suggests that the proof is overly sfiragland contains hidden assumptions.

|
|
Fo===x

Figure 8.2: The picture frame, for whichV —E+F = 16— 324+ 16=0

Note that Lakatos calls the conjectures in the proof ‘lenimage adopt this terminology,
despite the fact that the word ‘lemma’ has a recognised mgani mathematics as a minor
theorem, which is usually used in the proof of a more impdrtasult. We do this partly to
be consistent with Lakatos, and partly to easily distiniguistween the global conjecture and
those in the proof. We can see the proof sketch as combinidoifowing three lemmas,
which we show for the cube in figure 8.1 (taken from [Lakat®¥ 6, p.8]).

Conjecture for any polyhedrony —E+F =2

‘Proof’:

lemma 1 any polyhedron, after having a face removed, can be stdttiht on the blackboard.
lemma 2 in triangulating a map one will always get a new face for aeywredge.

lemma 3 if we drop the triangles one by one from a triangulated maprd are only two
alternatives — the disappearance of one edge or else of tgesethd a vertex.
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There is a fourth lemma.: if we drop the triangles one by onenfi triangulated map, we
will end up with a single triangle. This lemma is inherent iakatos’s early descriptions of
Cauchy’s proof, but omitted later on. We discuss this furthe&g9.2.3.

8.3 Representing Cauchy’s proof in HRL

In order to modify a faulty proof, we first need to be able toresgnt it. Although HR is
already interfaced with the theorem prover Otter [McCurg®d], we cannot use Otter’s output,
as we need HR to work with informal, flawed proofs. Therefore mave extended HR to
incorporateproof schemes Our proof scheme class is a subclass of the pre-existirgs cla

‘theory constituent’; other subclasses of theory constitiare concept, conjecture and entity.

The method of lemma-incorporation stafism the proof, rather than looking at how it was
generated (Lakatos claims that Polya [1962] suggested wfagsing this, and that [Lakatos,
1976] starts where [Polya, 1962] leaves off). That s, thergsting aspect of lemma-incorporation
startsgivena proof and counterexample to it.

We considered three ways in which to represent a proof scheme
() using Haggith’'s argument structures [Haggith, 1996];
(ii) as a series of Java methods; and

(i) as a series of production rules and associated conjectures.

8.3.1 Using Haggith’s argument structures to represent Cau chy’s proof

Haggith [1996] starts from the viewpoint that if a domain @ntroversial, then there may be
more than one answer to a question and therefore disagréemmaty be useful, rather than
an obstacle to be overcome. The primary goal of the systerriled in [Haggith, 1996]
therefore, is toexplorerather than resolve conflicts. In order to incorporate a higbree of
flexibility, Haggith represented arguments at the metall@hich is independent of logic or
any specific representation language or domain. Knowleslgepresented as a set of propo-
sitions related by disagreement, equivalence, enlargeorgastification. An argumena in
whichC is the conclusion, derived from P1 and P2, where P2 is itslf/dd from P3 is repre-
sented ad\ = {C <= {P1,P2 <= {P3}}}. Trees are constructed using the justification relation
between nodes within the tree and the other three relatipnsietween nodes in different trees.
For example, given a propositidhand an argumerh for P, possible argument moves which
provide support for P include:
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e corroboration- an argument for a proposition which is equivalent to (oHs)
e enlargement an argument for an elaboration Bf and

e andconsequencean argument in whicP is a premise.

Argument moves which oppogeinclude:

e rebuttal- an argument for a proposition which disagrees \#th

e undermining- an argument for a proposition which disagrees with a pritiooswhich is an

elaboration of, or is equivalent 9,
¢ undercutting- an argument for a proposition which disagrees with a prerof#;
e target- an argument which contains a premise which disagreesRyi#imd

e counter-consequencean argument which contains a premise which disagrees hétlcdn-

clusion of another argument in whi¢his a premise.

We can express Cauchy’s proof in Haggith’s terms, if we witites a series of propositions and
the relationships between them. This is shown in figure 8.3.

The proof looks as followsA = {C <= {PO,P1 <= {P2 <= {P7},P3,P4 <= {P8},P5,P6} } }.
We can also represent the counter-arguments offered (e tsiam as propositions whereas
in [Lakatos, 1976] they are questions, i.e., “are you suad”th rather than “it is not possi-
ble”...). The counter-arguments are all examples of Haggiarget arguments, disagreeing
with a premise ot.

Counter-argument 1:
—P0: Some polyhedra, after having a face removed, cannot bielséd flat on a board.

Counter-argument 2:
—P8: In triangulating the map, we will not always get a face feery new edge.

Counter-argument 3:
—P7. There are more than two alternatives, when we remove tfiegles one by one, that
either one edge and a face; or two edges, a face and a veréppda.

Counter-argument 4:
—P3: If we remove triangles one by one from a triangulated miagn twe will not be left with

a single triangle.
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C: For any polyhedron, V-E+F=2

PO: for any polyhedron, we can remove one face and P1: for any polyhedron, V-E+F=2 iff when we remove
then stretch it flat on the board, and V-E+F=1 one face and stretch it flat on the board, then V-E+F=1
P2: if we remove triangles one by one from a P6: we can triangulate the map whic
triangulated map, then V-E+F is unchanged results from removing a face from
P3if we remove triangles one by one a polyhedron and stretching it flat
from a triangulated map then we’ll on the board
be left with a single triangle P5:for any triangle,
V-E+F=1

P4: if we triangulate the map
that results from removing a face
from a polyhedron and stretching it flat

P7:from a triangulated map, on the board, then V-E+F is unchanged

if we remove any triangle,
then we either remove
one Fand one E, or

one F, two E’s and one V

P8: by drawing any diagonal on a map
we increase both E and F by 1

Figure 8.3: The original proof of Euler’'s conjecture, represented in Haggith's terms. The arrows

represent the justification relation.

An advantage of using this representation is that it is a wwlght out way of represent-
ing arguments and disagreement, based on argumentatiearchssuch as Elvang-Goransson
et al. [1993], Toulmin [1958] and Sartor [1993], who inspirhe rebuttal, under-cutting and
counter-argument forms respectively. A minor considerats that using this representation to
represent mathematical ‘proofs’ and disagreements egtelaggith’s work, as mathematics is
a new domain which is not considered in [Haggith, 1996].

One disadvantage of using this representation is that thgogitions are simply strings and
therefore impenetrable. Strings such as these currentiy fio part of HR’s theories, and
would not be an obviously useful addition, and thus the egm&ation sits rather poorly with

the HR methodology.

8.3.2 Writing the proof as a series of Java methods

Lakatos’s version of Cauchy’s proof has a strongly procabifiavour, which, in the interests
of staying faithful to Lakatos’s book, would be desirableirtoorporate into our representa-
tion. Work on procedural proofs has been done by, for exapfflnterstein, 2004], [Jamnik,
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N\
PO P1
P2 P3 P4 P5

| |

P7 P8

disagree

Figure 8.4: The first counter-argument, represented in Haggith’s terms. Unmarked arrows rep-

resent the justification relation.

2001a]. One way of representing the proof procedurally ia aeries of Java methods. For
instance, we could write a Cauchy Proof Scheme class in thedti®, consisting of three
main methods which constitute the three main steps in thef prbhese might look like the
following methods:

1) removeOneFaceAndStretchFlatOnBoarduld take in a polyhedron, remove a face, stretch
the resulting object flat, and return the network which ressul

2) triangulateNetworkwould take in a network, triangulate it and return the result

3) removeTrianglewould take in a triangulated network, remove a triangle, egtdrn the
result.

After each step, the Euler characteristic would be caledlaand claims about its value tested.
Before performing any of the methods, the Euler charadieris the polyhedron passed to the
proof should be 2, and after each of the methods, the Euleacteistic of the resulting object
should be 1. The third method would be repeated until a sifmiglegle remains, which would
be returned.

If a counterexample were passed to the proof, it could faitvem counts. Firstly, the method
may fail. Java may throw an exception as the procedure caynperformed, for instance in
the case of the hollow cube being passed to the first methogkenthis not possible to remove
a face and stretch the resulting object flat. The other wayhicthva method could fail is if

it loops infinitely, for instance in the third method if padsan infinite triangulated network
(assuming that we can represent such an object), or if itdsquha triangulated network which
has no triangles (such as a circle). In these two cases, ke gimngle could never result.
Secondly, the method may succeed, but the Euler charatarfghe resulting object have a
different value to that which the proof claims it will haveorHnstance, in the third method,
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given the triangulated network resulting from removing eefaf a cube and stretching it flat,
it is possible to remove an inner triangle. This would remomrty a face and leave the number
of vertices and edges unchanged, thus altering the Euleaciieaistic.

As the proof is procedural, and HR is written in Java, this lddoe a reasonable way of
representing the proof. The main objection to this way i$ teare adding code for a specific
proof to the general HR code. This is very much against the Hfhadology, and would
provide no way of testing whether our lemma-incorporatit@oathm works on other proofs,
without having to write a separate proof class for each caserant to test.

8.3.3 Using HR'’s production rules and conjecture making mec hanisms to rep-

resent Cauchy’s proof

Lakatos (or the teacher) describes his interpretation abafps “a thought-experiment - or

‘quasi-experiment’ - which suggests a decomposition obiiiginal conjecture into subconjec-

tures” [Lakatos, 1976]. One way of representing the prdurefore, is as a set of conjectures,
and procedures for constructing the concepts in the camest In 88.2 we suggested three
conjectures, with a possible fourth one which togetherae@nt the proof. Here we break
down the proof further, and below we state the procedurescanectures and the step in

Cauchy'’s proof to which they correspond.

The procedures in Cauchy'’s proof are:

e remove one of the faces (step 1)

e stretch the remaining surfaces flat (step 1)

e draw diagonals on any polygons which are not already tres(gtep 2)
e recursively remove each triangle one at a time (step 3)

The conjectures are:

1. A polyhedron with a face removed can be stretched flat (5t€D)

2. Given a polyhedron, its Euler characteristic is 2 if antydfthe Euler characteristic of
its flat network is 1 (step 1, P1)

3. By drawing each diagonal we increase bBtAndF by one (step 2, P8)

4. The Euler characteristic of an untriangulated map is ktguthat of the corresponding
triangulated map (step 2, P4)

5. If we remove an edge from a triangulated network, then ane &nd one edge disappear
(step 3, P7)
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6. If we remove two edges and a vertex from a triangulated odtwthen one face, two
edges and one vertex disappear (step 3, P7)

7. The Euler characteristic of a triangulated network rereaonstant when we remove a
triangle (step 3, P2)

8. If we take a triangulated network and remove the triangles by one, then we are left
with a single triangle (step 3, P3)

9. The Euler characteristic of a triangle is 1 (step 3, P5)

This way of representing proof fits very well with HR’s metlobolyy of using production rules
to change one concept into another, and forming conjectuingsh link a new concept to other
concepts. Additionally, it clearly fits with Lakatos’s wafvaewing proofs.

A disadvantage of representing a proof as a series of camgcis that it is not always clear
how the conjectures fit together to form a proof. Given thevabseries of conjectures, we
can represent the proof starting with the last conject@reand working backwards; i.e9
— 8 — ... —» 2 — 1. However, the order of the conjectures and relationshigvéen them
is neither obvious nor unambiguous, and a straight seriésplications may not be a rich

enough representation to capture this, and other, proofs.

8.4 A hybrid representation of Cauchy’s proof

We have attempted to combine the best of each of these apeoand avoid the disadvan-
tages, mainly using ideas from sections 8.3.1 and 8.3.3.

We use Haggith's representation of arguments as trees,[fiaggith, 1996]. However, rather
than each node being a string, it is a conjecture which HRUf¢rased. To avoid hard coding
proofs in the HRL code, we force the concepts and conjectaras input file. This is the usual
way of inputting information to HR; the input file also comtaiinformation such as which
production rules are to be used in the session. At the encedilé) we give the structure of the
proof in the form of Haggith’s argument trees. In order to gate concepts such as whether a
network is planar or not, and the triangulated version oftavoek, we use ideas from 88.3.2,
where the methods are written into the UserFunctions ctabHRL. This is the usual place for
calculating information about core concepts, containiadecfor calculating the divisors of an

integer, etc..

We have written a new domain file for HRL, in which we includexcepts from number theory,
polyhedra and graph domains. From number theory, we haveaheept of being an integer.
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From the polyhedra domain, we have the concept of being epdhpn, of removing a face
from a polyhedron and stretching it out, and the Euler charatic of a polyhedron. From
graph theory, we have the concept of being a graph, the Ebbmacteristic of a graph, the
concept of taking in a graph and triangulating it, of whetgiven graph is planar and whether
itis triangulated, the concept of removing a triangle frograph, and the concepts of removing
one edge and one face from a graph, and removing two edgesedes and one face from
a graph. The entities are integers 1-8, the polyhedron culmpresented just as the string
‘cube’, and a series of graphs — represented by a string ¢icesr(denoted by letters) and
edges (denoted by two vertices). The set of graphs incluelgridph in figure 8.1, and those

created by recursively removing a triangle from this graph.

We have extended HR by adding@of schemelass, which is a subclasstheory-constituent
Each proof scheme has a global conjecture, a vector of doingecin the proof, and a proof tree
which specifies how the conjectures fit together to prove tbleal conjecture. We continue to
use the term ‘lemma’ to mean a conjecture which is in the pribefse objects are not different
in any way from the usual conjecture object in HR. Below, wevstan HRL proof scheme
for Euler's conjecture, where the conjectures are shownRsdipresents them in ascii format.
This involves some repetition of concepts, which are indépet of the conjecture that links
them. HR is able to represent conjectures in a variety ofrdtirenats, but this one makes the
concepts involved very clear. In the fifth lemma, a specifapgreghgh; he eg is shown: this
is the concept in HR of a triangle graph, where the graph heikegse, g andh, and edgegh,
heandeg

Global conjecture:
for all a: ais a polyhedror- a is a polyhedron & the euler characteristic of a is 2

Proof scheme:
1. foralla: ais a polyhedron— ais a polyhedron & existb (b is a graph & remove a face

from a and stretch it flat to gdt & b is planar)

2. foralla: ais a polyhedron & the euler char efis 2 ais a polyhedron & existb (b is
a graph & remove a face fromand stretch it flat to gdi & b is planar & the euler char
of graphbis 1)

3. for alla b: bis an integer &a is a graph & the euler char of the graphs b & a is
planar~ bis an integer &a is a graph &a is planar & existx (c is a graph &c is the
triangulated version od & the euler char of the graphis b)

4. foralla: ais a graph &ais triangulated— a is a graph & (¢ is a graph &b is a with one
triangle removed)- (bis a graph & (& is a graph &b is a with one edge and one face
removed) or &is a graph &b is a with two edges, one vertex and one face removed))))
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5. for alla b: bis an integer &a is a graph & the euler char of the graphs b & a is
triangulated &—(a = eghjgh;he eg) < b is an integer & is a graph & existe (cis a
graph &cis a with one triangle removed & the euler char of the grayph b)

6. for alla b: bis an integer & is a graph & the euler char of the graplis b &
a=eghgh heeg < bis an integer & is a graph & the euler char of the graphs b
& a=egHghheeg & b=1

We use Haggith’s representation of proof structure.

8.5 Summary

We have laid the groundwork for our implementation of Lalk&anethod of lemma-incorpora-
tion. Because this method uses a possibly flawed proof of gcimme, we have had to enable
HRL to represent a proof scheme which may be faulty. We haseudsed different ways of
doing this, and outlined the way we selected. Thus we are tdsvta describe our implemen-

tation of lemma-incorporation.



Chapter 9

The method of lemma-incorporation

Not only do refutations act as fermenting agents for prawdhgsis, but proof-
analysis may act as a fermenting agent for refutations! Vehatnholy alliance
between seeming enemieSigma in [Lakatos, 1976, p. 48].

In the previous chapter, we outlined our representationaidDy’s proof in HRL, and intro-
duced Lakatos's method of lemma-incorporation. We nowcboii that work by discussing the
method further, and describing our implementation of it RIH We organise the chapter in the
following way. Firstly, we distinguish three types of coaréxample: an entity which breaks a
conjecture, one which breaks one of the proof steps, or onelvdreaks both. Each of these
types of counterexample corresponds to a different typeewinia-incorporation, which we
describe in 89.1. We discuss aspects of the method in §%2Zawiiew to how we might imple-
ment it. In 89.3 we discuss how lemma-incorporation mighapglied to examples other than
Euler's conjecture and Cauchy’s proof, giving examplesnfigeometry, and group theory, as
well as Lakatos’s second case study in the field of real aisalifs order to implement lemma
incorporation, we nee) a way of representing the initial proof, arfiil) a way to modify
it, given a counterexample. In §9.4 we show how HRL determiwhich kind of lemma-
incorporation to perform, based on the type of counterexarbping considered. In sections
9.5, 9.6, and 9.7, we describe our implementation of each dfgemma-incorporation, out-
lining our algorithm and presenting an illustrative sessio each case. In 89.8 we briefly
consider the method of proofs and refutations, which is alipation of the method of lemma-
incorporation and counterexample generation. We disalased work in §9.9, and conclude
by summarising the chapter in §9.10.

123
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9.1 Three types of counterexample

In the previous chapter, we described how lemma-incorratorks by considering an ob-
ject which is a counterexample either to a conjecture or @afrthe proof steps, and using it
to improve either the conjecture, the faulty proof or bothe Wso introduced Lakatos’s dis-
tinction between global counterexample, which is a counterexample to the conjectmd
alocal counterexample, which is a counterexample to one of theectunes in the proof. In
this section, we discuss the three different types of lenmuoarporation, which correspond to

different types of counterexample.

We refer to Lakatos’s description of Cauchy’s proof sketshtlze following three lemmas,
taken from [Lakatos, 1976, p.8].

Conjecture for any polyhedrony —E+F =2

‘Proof”

lemma 1 any polyhedron, after having a face removed, can be stdtftht on the blackboard.
lemma 2 in triangulating a map, one will always get a new face for aaw edge.

lemma 3 if we drop the triangles one by one from a triangulated maprd are only two
alternatives — the disappearance of one edge or else of tgesethd a vertex.

As we observed in the previous chapter, a further fourth lemimherent in Lakatos’s early
descriptions of Cauchy’s proof, but omitted later on is: i wrop the triangles one by one

from a triangulated map, we will be left with a single triaag|

9.1.1 Local, but not global counterexamples

In the lemma-incorporation method, given a counterexamible first step is to determine
which type of counterexample it is. The first counterexantplarise in [Lakatos, 1976] is the
cube. This is a supporting example of the conjecture, sihedc + F =8— 12+ 6= 2. When
we have performed the steps in lemmas 1 and 2, we are lefthdgttriangulated network in part
2, figure 8.1. However, when we remove the triangles one by threee is a third possibility
to the possibilities (a) and (b) which are shown in figure 8 page 113. This is to remove
the triangle shown in figure 9.1. This is a counterexamplestorha 3, as we have dropped a
triangle, but no edges or vertices have disappeared. Tdrertife cube is a local, but not global
counterexample.

The cube is the least threatening type of counterexamplegdass not show that the conjecture
is false, only that the reason for believing it is flawed. Teaation to this type of counterex-

ample is to use it to modify the lemma in question, by gensgradi from the counterexample
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part 3 (c)

Figure 9.1: Given the network which results from taking the cube, removing a face and stretching
it flat, and triangulating, we can remove a triangle which results in removing one face, no edges

and no vertices.

to a class of counterexamples, and excluding that class frenlemma. This is piecemeal
exclusion, as we discuss further, in 89.2.1. In this exampke generalise from the triangle
highlighted in figure 9.1, ténner triangles and then form the concept of triangles which are
not inner triangles, i.ehoundary triangles We then limit the lemma to this type of triangle.
The modified version demma 3s: ‘there are only two alternatives — the disappearancaef o
edge or else of two edges and a vertex — when one drogsotimedarytriangles one by one'.
We leave the global conjecture unchanged. We calllttwal-only lemma-incorporation

9.1.2 Global and local counterexamples

The second type of counterexample the students discovéeisdllow cube. This is both
global, asV —E+F = 16— 24+ 12 =4, and local, as it violates the conjecture that if we
remove a face from any polyhedron then we can stretch it flatlomard. In this case, we should
find which step of a faulty proof a counterexample violates, which is the problem lemma,
and then make that step a condition of the conjecture. Thef fgdeft unchanged. Therefore,
given the hollow cube, we should incorporate the first lemnta the global conjecture. The
global conjecture becomes ‘for any polyhedron which, byaeimg one face, can be stretched
flat onto a blackboard/ — E + F = 2. We call thisglobal and local lemma-incorporation

9.1.3 Global, but not local counterexamples

The last type of counterexample which the students disdevare which is global, but not lo-
cal. This is an odd type of counterexample, as it suggestshtbaonjecture is flawed and yet

the proof of it is upheld. This situation occurs because wfdan assumptions’, or lemmas, in



126 Chapter 9. The method of lemma-incorporation

the proof, which the counterexampdeesviolate. The students only find one such counterex-
ample, the cylinder. This is a global counterexampley asE + F = 0— 2+ 3= 1. However,

as the studermgammaargues in a heated exchange about truth and meaning, [lsake3@6,
43-45], it does not break any of the lemmas. We can removeegdiad stretch it flat, as shown
in figure 9.2 on page 127. In order to falsify the second lemwewould have to draw an
edge which joins two non-adjacent vertices, but does nettera new face. Clearly we cannot
do this as there are no vertices on the map. Similarly, inrotaléalsify the third lemma, we
would have to be able to remove a triangle and not removeraitieedge and one face, or two
edges, a vertex and a face, and since there are no trianglbe onap, we cannot fail at this
stage either.

Faced with such a counterexample, we have to retrace ourga®through the proof, until we
come to a step which is in some way surprising. One reasorpansy be surprising is if it
violates some hidden assumption in the mathematician’sl.mdnce this has been identified,
we should make it explicit in the proof. The counterexamplentbecomes a globahdlocal
counterexample, which should be dealt with as outlined abov

In the case of the cylinder, there are two hidden assumptibirstly, we expect that having

performed lemma 1, we are left with a connected network. d@loee we should add this into

the proof explicitly, and modify lemma 1 to ‘any polyhedraiter having a face removed, can
be stretched flat on the blackboard, and the result is a ctetheetwork’. The cylinder clearly

violates this, so we incorporate the new, explicit lemmég the conjecture statement, which
then becomes ‘for any polyhedra which, after having a faogored, can be stretched flat on
the blackboardeaving a connected netwgi{ — E + F = 2’. The second hidden assumption
is that once we have a triangulated network, there is at mastriangle on the board. Again
we can make this assumption explicit in the proof and inc@teoit into the statement of the
global conjecture.

Lakatos calls the principle of turning a global but not localinterexample into one which is
both, theprinciple of retransmission of falsityT his requires that falsehood should be retrans-
mitted from a global conjecture to the local lemmas. Thug,emtity which is a counterexam-
ple to the conjecture must also be a counterexample to orfeedéimmas. Lakatos calls this
hidden lemma-incorporation

9.2 Discussion of the method of lemma-incorporation

In the previous section, we outlined Lakatos’s three d#fifertypes of lemma-incorporation

which correspond to the three types of counterexample. ik glction, we discuss these
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case 1

case 2

Figure 9.2: If we remove a face from the cylinder and stretch it flat, then we either get case 1,
if we remove an end face, or case 2, if we remove the jacket. Either way, we have satisfied the

first lemma.

lemma-incorporation methods, highlighting aspects whiakie influenced our implementa-
tion.

9.2.1 Combining the methods

This is the first time in [Lakatos, 1976] that a combinatiomedthods is suggested: exception-
barring to get a ‘very fine delineation of the prohibited aféakatos, 1976, p 37], and then
lemma-incorporation.

The best exception-barrers do a careful analysis of theilgited area... in fact
your method [the method of lemma-incorporation] is, in ttespect, a limiting
case of the exception-barring method... [Lakatos, 197&]p 3

For implementation purposes, this means that within théhatebf lemma-incorporation, we
can reuse our exception-barring methods.

9.2.2 Identifying a problem lemma in hidden lemma-incorpor ation

The problem of identifying lemmas which involve hidden amgtions which may be unjusti-
fied is not difficult for humans. This is because of the elenadrdgurprise which people feel
when an entity does not behave in the expected way, wherexbec¢ted way’ has been learned
from previous examples. Simulating this feeling of sumprisowever, is a difficult task. To help
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us, we consider here what exactly caused the studentsisewrpfidden assumptions are found
in two lemmas and cause surprise in different ways.

Surprise caused by unexpected behaviour

Lemma one states that any polyhedron, after having a faceweth can be stretched flat onto
a blackboard. Although the cylinder is a supporting exangpkhis conjecture, it is surprising:
when we remove the jacket from the cylinder, it falls into tparts, leaving two disconnected
circles. This is surprising since all previous examplesdehnected networks. Therefore, we

want to capture the idea of an entity being surprising wipeet to a given conjecture.

Surprise caused by non-meaningful terms

The discussion of the second lemma, thiay face dissected by a diagonal falls into two pigces
with respect to the two disconnected circles, is relatedddkven meaning and denotation, for
instance, [Russell, 1971]. The problem is that althoughettz@e no diagonals on a circle,
we are making a claim about the properties that they h&ammaargues that it is correct
to say that ‘every new diagonal we draw on two disconnectetles results in a new face’
(P), since the negation, that ‘there is a diagonal of the twoles which doesot create a
new face’ GP), is false. This argument uses the law of excluded middldlassical logic,
PV =P, i.e. =(=P) — P. According to this argument, the cylinder is a global but ozl
counterexample Alpha, who disagrees, argues that if we say tRdt true then we must be
able to construct at least one instance of it, i.e. there s existential clause in the lemma.
The statement ‘a face is simply connected’ means ‘for afixjs diagonal then x cuts the face
into two; and there is at least one x that is a diagonlakatos, 1976, p. 45]. Undeklphdas
interpretation, the cylindes a counterexample to this lemma, as there are no diagonalseon t
circle. Therefore the cylinder is a local as well as globalmerexample, and the problem is
no longer a case of hidden lemma-incorporation.

Although it would be difficult to model the surprise that a ramfeels when they attempt to
triangulate a circle, the emphasis on vacuously true seésdoes give us an insight into how
to automate this method.

9.2.3 Controversy over whether a global counterexample is | ocal or not

Even if we disregard the different interpretations of theos®w lemma, and hence disagreement
about whether the cylinder is a local as well as global caertample, Gamma’s argument that
it is only global is not convincing. In the initial proof gine(see 88.1) idoessay explicitly
that at the end of the process there is a single triangle. YWesented this as a fourth lemma,;
if we drop the triangles one by one from a triangulated map,wileend up with a single
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triangle, in 88.2, on page 115. This lemma is violated by the cylindeking it both a global
and local counterexample. This would allow for the usual ifiation of making the lemma a
precondition, i.e. the conjecture would become:

‘for any polyhedra which, after having a face removed, amhtstretched flat, triangulated and
the triangles removed one by oreaves a single remaining triangle —E+F = 2'.

Gamma is able to make his argument because the studentsgatuid by his claim that the
cylinder can be triangulated, and the discussion turnsdartkaning of statements which are
vacuously true. If they had not disputed this point, Gammald/aot have been able to uphold
his argument. However, the cylinder is still an importanample, in that it highlights hidden
assumptions in the proof, which should be explicit.

9.2.4 The type of counterexamples in hidden lemma-incorporation

Thetypeof entity that we are dealing with is important for computagl purposes. This may
change as we step through a proof. For instance, in Cauctgdd,we begin by talking about
polyhedraand, having removed a face and stretched it onto the boardallwaboutgraphs
Therefore it may appear that we have a counterexample whiglobal and not local, since a
polyhedron can only be a counterexample to conjecturestgimyhedra, not to conjectures
about graphs. We have to look for the corresponding graphdatefmine whether this entity
is a counterexample to those conjectures about graphsisindke, the disconnected circles in
lemma 2 correspond to the cylinder. This is glossed over akfitos, 1976], as the following
guote shows:

Gamma:The cylindercanbe pumped into a ball — so accordingytour interpre-
tation it does comply with the first lemma.

Alpha: Well... But you have to agree that it domet satisfy thesecondemma,
namely that any face dissected by a diagonal fall into two piécétow will you
triangulate the circle or the jacket? Are these faces simphnected? [Lakatos,
1976, p. 44].

When Alpha uses the word ‘it’, he refers to the cylinder. Hoerehe then moves onto talking
about the associated graph. While for humans this leap mag&eptable, when implement-
ing this in a program we need to be explicit about which typesrity we are referring to.
Suppose, for instance, that we hold that the graph whichtsefsam removing a face from the
cylinder and stretching it flats a counterexample to a proof lemma. In this case, the cylinder
is considered to be a local as well as a global counterexardepite the fact that the cylinder
itself is not a local counterexample. We use this obsematiur algorithm for determining
which kind of lemma-incorporation to perform.
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9.2.5 The number of applications of lemma-incorporation

It is worth noting that students apply lemma-incorporatinare than once. In the example in
[Lakatos, 1976], it is applied at least three times, thubkng the discussion on different types
of lemma-incorporation. This is like the previous methodise counterexample is found and
dealt with and then more counterexamples to the modifiedectunje and proof are sought.

9.3 Lemma-incorporation applied to other examples

Itis useful to see how the method of lemma-incorporatiorsestuin other examples, in order to
help us to extract the important aspects, and to provide#ssts for our implementation. In this
section, we consider Lakatos'’s application of the metho@dachy’s Principle of Continuity,
as well as our own descriptions of how it can be applied to tivditbert’s theorems, and an

imaginary conjecture in the theory of groupoids.

9.3.1 Cauchy’s Principle of Continuity

In appendix 1 of [Lakatos, 1976], Lakatos shows how the mietfitnidden lemma-incorporation
was used to fix Cauchy’s faulty conjecture that ‘the limit of@onvergent series of continuous

functions is itself continuous’. The counterexample, fdlony Fourier is:
cosx-1/3cos X+ 1/5cos X-...

which converges to the step function. The most interestapgpet of this example is the timing
of various discoveries. Fourier discovered the above s@mni&808 (see [Fourier, 1808]), and it
wasafter this that Cauchy discovered the conjecture and proof, irlX88e [Cauchy, 1821]).
One solution to this awkward situation was that the limitdiion was actually continuous,
and therefore it was not a counterexample (Fourier held ithags continuous). However,
Cauchy had provided a new interpretation of continuity,cading to which the limit wasot
continuous (the existence of Fourier's example was corsitiby some to be evidence that
the new interpretation should be rejected). Another péssblution was the argument that
the series did not converge, although this view was not dedepy most mathematicians,
including Cauchy, who later proved that it did converge. feh&as then a long gap until 1847
when Seidel found the hidden assumption of uniform convergen the proof. Indeed, it was
Seidel who invented the method of proofs and refutationgatas thought that the main reason
for such a long gap, and the willingness of mathematiciangriore the contradiction, was a
commitment on the part of mathematicians to Euclidean nuetlogy. Deductive argument
was considered infallible and therefore there was no placprbof analysis.
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9.3.2 Hilbert’s theorem

This example was highlighted by Meikle and Fleuriot’s fofisetion of Hilbert'sGrundlagen
der Geometrigdescribed in [Meikle and Fleuriot, 2003]. Hilbert's pragnme aimed to give a
more precise and rigorous system of axioms for geometry Ehentid had given, by abstracting
from any intuitive meaning of the terms. Thus, theorems khbuold under any interpretation
in which the axioms are satisfied. Bernays describes Hitbeigw thus: “it is insisted that in
reasoning we should rely only on those properties of a figumédither are explicitly assumed
or follow logically from the assumptions or axioms” [BerrsayLl967, p. 497], cited in [Shapiro,
2000, p. 152]. However, Meikle et al claim that by formalgiHilbert's work in the theorem
provers Isabelle/Isar, they have shown that “Hilbert’s kvglossed over subtle points of rea-
soning and relied heavily, in some cases, on diagrams whicled implicit assumptions to
be made” [Meikle and Fleuriot, 2003, p. 16]. Thus, Meikle Et aork not only suggests
examples of where the method of lemma-incorporation mayyappt also demonstrates the
widespread application of the method within mathemati¢sloes this by studying the work
of a mathematician who explicitly set out to remove all hid@ssumptions, and showing how
even he failed to do so completely.

The example below can be seen as an instance of hidden lenuogoration (global and
not local). Since Lakatos described his method in terms obeagalural proof, we paraphrase
Hilbert’'s proof as a procedural proof, from the deductivegirwhich Hilbert gave. However,
it is worth noting that the method of lemma-incorporatioscabpplies to declarative proofs,
which we demonstrate with respect to the first step of Hilbgmoof, and our group theory
example below. The axioms which are referred to are in apge®das is Hilbert's declarative

proof.

Theorem: For two points A and C there always exists at least one point he line AC that
lies between A and C.

Proof: (paraphrased from [Hilbert, 1901, p. 6] as a procedural )roo

lemma 1:draw a line AC between the two points

lemma 2:mark a point E outside the line AC (axiom (1,3))

lemma 3: mark another point F such that F lies on AE and E is a point ofséggment AF
(axiom (11,2))

lemma 4:mark on FC a point G, that does not lie on the segment FC (axib®) &nd axiom
(11,3))

lemma 5:the line EG must then intersect the segment AC at a point axll,4)) O
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AC
C

A D‘\
G

G

ArC A:

Figure 9.3: Diagram of Hilbert’s proof of the theorem that for two points A and C, there always
exists at least one point D on the line AC that lies between A and C. In the first figure, A and C

are different points, and in the second, they are the same.

The counterexample comprises any two points which areiiclnt.e., (a,a). With the proof
phrased as abovég, a) is a global, but not local counterexample. This exampleter@sting,
since, in Hilbert’s original German edition of the Grundisgin 1899, reprinted in [Hallett and
Majer, 2004], he does not exclude this example: there isimgih the axioms to say that a line
must join twodifferentpoints? nor that a line which intersects a segment AC must be strictly
between the points A and C, etc. However, in later editionthdit has amended this: for
instance, at the beginning of [Hilbert, 1901], which is &taEnglish translation, Hilbert states
that in all of the theorems, he assumes that where he saysdints pthey will be considered
to be two distinct points (the relevant omission in his firstrkvis [Hallett and Majer, 2004, pp.
437-438, Chap 5]). A diagram which illustrates the proopstéor both cases, where#£ C
andA =C, is shown in figure 9.3.

The hidden assumption that the two points are different ipesoobvious to humans when they
try to draw the line which joins A and C. The resulting line iebretically acceptable, but
not what we were expecting. The first step of the proof thentains the hidden assumption.
Following the method of lemma-incorporation, this shouddrbade explicit and the first step
modified to:

lemma 1. Draw a line AC between the two pointshich has positive length

Modified theorem: For two points A and C, such that when we draw a line AC betwhemt
AC has positive length, there always exists at least onet pbon AC that lies between A and
C.

This can be simplified to: ‘For twdistinctpoints A and C there always exists at least one point
D on the line AC that lies between A and C'.

1The relevant axiom is (1,2), which states that for every twinfs, A,B there exists a line that contains each of
the points. The axiom does not specify that the points musiffexent.
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Note that, although we have paraphrased Hilbert’s proof@eeedural proof (to fit Lakatos’s
terminology), it was a declarative proof, and the methoepfina-incorporation applies equally
well in this form. The first step of Hilbert’s proof is:

By Axiom (1,3) there exists a point E outside the line AC, apdkiom (I1,2) there exists on
AE a point F such that E is a point of the segment AF.

This would be modified via lemma-incorporation to:

By Axiom (l,3) there exists a point E outside the line AC, whiee line AC has positive length,
and by Axiom (Il1,2) there exists on AE a point F such that E isiatpof the segment AF.

This example highlights the following points.

1) We were expecting a line of positive length, and being toldiraw a line between two
identical points was unexpected because it was only vabutue that such a line existed.

This again illustrates the role that surprise plays;

2) The method is not limited to procedural proofs, but alsplies to declarative proofs in
exactly the same way. This suggests that the method couldobevarful technique: not one
which works only on a contrived example, but one of genera| us

3) Exception-barring can be used to delineate the probleza. avWhen the problem lemma
is identified, it is simple to find a concept which covers thsifiee examples in the lemma
and excludes the counterexample, i.e., to find the concgmsifive length, and then limit the
domain of the theorem to those points which satisfy this eptidhereby performing strategic

withdrawal;

4) Thetypeof counterexample changes: in the global theorem the coexample is goint,

whereas in lemma 1 the counterexample lisig;

5) The teacher and students in [Lakatos, 1976] consider dssilpility of an entity being a

local only, global only, or a both local and global countemeyle. They do not consider that
a problem entity might be neither global nor local, assunthmgt such entities are positive
examples of the theorem and proof, and therefore suppdreréihan attack it. However, the
admission that lemmas in the proof may contain hidden assangowhich mean that an entity
satisfies the lemma, albeit it in a surprising way, raisesaiestion of whether there could
be an entity which satisfies the global conjecture in the samg thus uncovering a hidden

assumption in the global conjecture itself.
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9.3.3 An example in group theory

This example is an invented example of hidden lemma-ingatjum. It is the left hand can-
cellation law, which is a theorem in group theory. Here wedtjpsise that it holds for all
groupoids, where a groupoid is a closed set with a binaryaijmer. Note that all groups are
groupoids, but not vice versa (see glossary of group thesmyg on page 253). In the fol-
lowing, g~* denotes the unique inverse of elemgniande denotes the identity element of
G.

Global conjecture: let G be a groupoid andg, h, k be inG. Thengh=gk— h=k
Proof:

lemma 1:gh= gk — g~%(gh) = g~*(gk)

lemma 2:g-%(gh) = g~*(gk) — eh=ek

lemma 3:eh=ek— h=k

A counterexample is the groupo@l= < {0, 1},* >, where the * operator is defined as follows:
0x0=0; 1x0=0; 0x1=1; and 1x1 = 0. We represenG in table 9.1. To see th& is a
global counterexample, lgt=1,h =0, andk = 1. Thengh=1x0=gk=1x1, but 0#£ 1.

0
1

= O] O
o O

Table 9.1: A tabular representation of the groupoid G = < {0,1},* >

This conjecture, proof and counterexample is a good andlo@uler's conjecture, Cauchy’s
proof and the cylinder counterexamples discussed in [lasket976]. The counterexample is
global, and is actually local as well, since it is a countaragle to the final lemma. However,
when going through the proof, we never get to the final stepabse of the surprisingness of
the intermediate lemmas. The reason they are surprisingcause they are vacuously true (or
meaningless, depending on your notion of truth). This feiexactly the same pattern as in
[Lakatos, 1976].

The counterexampl& = < {0, 1}, >, vacuously satisfies both lemmas 1 and 2. This sounds
very odd at first sight, a& does not contain an identity element, and therefore elesrdanhot
have a unique inverse. It follows the same sort of reasorsigammaperformed in [Lakatos,
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1976, p. 44], in which he argues that because the statenteme‘ts a diagonal of the circle
that does not create a new face’ is false, its negation, fai@hals of the circle create a new
face’, must be true, despite the fact that there are no dalgam a circle. In our case, because
the statement ‘there existsh, k € G such thaig=1(gh) # g~*(gk)’ is false, then its negation,
that ‘for all g~%,g,h, € G,g~1(gh) = g~1(gk)’ must be tru&Z Similarly, in lemma 2, because
the statement ‘there existsk,e € G such thateh +# ek is false, then its negation, ‘for all
h,k,e € G,eh= ek, must be true. Therefore, for lemma 1 the consequent wilbgk be true
(hence the lemma is satisfied), and for lemma 2 both antetaddrconsequent will always be
true (hence again, the lemma will be satisfied). The final larhowever could be false, as the
conseguent could be false, whereas the antecedent mugsabedrue. However, by studying
the vacuously true lemmas, it is possible to uncover thedridassumption being made, and
thus improve the proof by making it explicit. The hidden amgtion in this example is that
G is associative, in which case we would haye (gh) = g~*(gk) — (g7*g)h = (g"*g)k. To
modify the proof then, we make this explicit by adding it inas extra lemma, which our
counterexample breaks. The modified proof is then:

lemma 1: gh= gk — g~(gh) = g*(gk)

lemma 2: g*(gh) = g~1(gk) — (g"1g)h= (g lg)k
lemma 3:(g~1g)h = (g lg)k — eh=ek

lemma 4: eh=ek— h=k

Gis now considered a local and global counterexample, so egporate the new lemma into
the conjecture in the usual way:

Modified global conjecture: let G be a groupoid such that*(gh) = g~1(gk) — (g"'g)h =
(g 1g)k holds. Letg, h, k be inG. Thengh=gk — h=k

If we strengthen the extra condition into associativitygrthwe could simplify the modified
global conjecture to: ‘leG be an associative groupoid, anddeh, k be inG. Thengh= gk —
h=K:.

This example highlights the following points.

1) Vacuously true lemmas can play a role in alerting us to #loe that a hidden assumption is
being made. In particular, this is of interasten when the counterexample is actually a local

20ur analogy differs in that the diagonals of a circle are rsstaned to be unique, whereas the inverse element
of g isunique. Russell's work on definite description, and his gxanof the ‘present king of France’ [Russell,
1971], as a denoting phrase which denotes a non-existesttoly relevant to our example.
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counterexample as wellf an earlier lemma is vacuously true, then the assumptulsl be
made explicit.

2) There may be more than one hidden assumption. Here we addinaiG had an identity,
inverse and was associative.

3) It may be preferable to add in a clause which is slightlgrsger than that needed, in order
to get a simpler conjecture statement.

9.4 Determining which type of lemma-incorporation to perfo rm

When a student receives a proof scheme from the teachetadhsaucts the global conjec-
ture and all of the local lemmas in the proof. When it does, thitooks to see whether it
has any counterexamples, and if so, reconstructs an intiplicaonjecture which the teacher
sent as a near-implication, or an equivalence as a neavadgnce. If the student does have
a counterexample, it needs to determine which type of lenmo@rporation to perform, by
determining which type of counterexample it has. If the detexample is global, then the
student first tests to see if the same counterexample violate of the local lemmas. If it
does, then the student perforrg®bal and local lemma-incorporatioby incorporating this
lemma into the global conjecture. If not, then in order toidwbe problem of confusing the
typeof counterexamples and mistakenly performing hidden lermoarporation (expounded
in 89.2.4), the student performs another test. Firstlyetiednines whether any of the lem-
mas have any counterexamples at all. If so, then taking thiddimma with a counterexample
(known as a local counterexample), HRL looks to see if thegedoncept in the theory which
links the global counterexample and the local counterexamff there is, then it finds the
first lemma in the proof scheme in which this concept appeard,performgylobal and local
lemma-incorporatiorby incorporation this lemma into the conjecture stateméfd.say that a
concept links two entities if it is a function which takes arfehem as input and outputs the
other entity. If there is a global counterexample, but regitf these two tests are satisfied, then
the student performkidden lemma-incorporationlf there is no global counterexample, but
there is a local counterexample, then the student will perfocal-only lemma-incorporation

If there is no counterexample, then the student returnsdahgcture and proof unchanged. We
present the method to determine which kind of lemma-inc@&iian to perform as algorithm

8, below.
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Algorithm 8 Algorithm to determine which kind of lemma-incorporatianperform
Require: Given a proof scheme consisting of a global conjecture acal lemmas, then:

1. if there are any counterexamples to the global conje¢hae

2: if these counterexamples are also counterexamples to ang d&frtimas in the proof

then
3 performglobal and local lemma-incorporation
4. else
5 if there is a counterexample to a local lemthen
6 if there is a concept which links the local counterexample eaglbbal counterex-
amplethen
7 if this concept appears in one of the lemmas in the proof sclieeme
8: performglobal and local lemma-incorporation
9 end if
10: end if
11: end if
12: performhidden lemma-incorporation
13:  endif

14: else ifthere are counterexamples to any of the lemmas in the pineof
15:  performlocal-only lemma-incorporation

16: end if

17: return the proof scheme
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9.5 Given a counterexample which is local but not global

Our method for local but not global lemma-incorporationpwh as algorithm 9, uses our
exception-barring techniques. This uses the idea disduigsg9.2.1, in which a combination

of methods is suggested. Stages 1-6 below are an attemptftorpgiecemeal exclusion on

the faulty lemma; stages 9 - 10 are an attempt to perform eoexeample-barring; and stages
13 - 14 are an attempt to perform strategic withdrawal. Theethods are explained in more
detail in sections 7.6, 7.7 and 7.8 respectively.

Algorithm 9 Algorithm for local not global lemma-incorporation
Require: Given a conjecture to which there are no known counterexesp@nd a proof tree

which contains a faulty lemm&,~~ Q, to which there is at least one counterexample, then:
1: loop
2. if there is a concef in the theory which exactly covers the counterexames

3 make the concep® A —C, add it to the agenda, and perform one theory formation
step.

4 if this theory formation step results in the new conjectare—-C — Q then

5: replace the faulty lemma with A —C — Q, and return the improved proof scheme.

6: else

7 force the conjectur® A —C — Q explicitly (this situation may occur if HR is not set
to make implications in its input file). Replace the faultyni®ma withP A —-C — Q,
and return the improved proof scheme.

8: end if

9: endif

10: if we have up to three counterexamplesy andzthen

11 find the object of interest concept with the same typg, gsandz, and apply the pro-
duction ruleentity_disjunctto this concept, with parametersy,z], to get the concept
C of beingxoryorz

12:  else ifthere is a concep in the theory which exactly covers the positivesFipand is

different fromQ then

13: make the new conjectu@ — Q. Replace the faulty lemma wit — Q, and return

the improved proof scheme.

14: else
15: return the old proof scheme.
16:  end if

17: end loop
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9.5.1 lllustrative session

Initial information

We ran the agency with one student and the teacher. Bothdeaold student were given the
concepts described in 88.4. Additionally, given the grapfigure 9.4, the student’s data table
for the concept of removing a triangle from a graph has twaitilties: to remove the triangle
efg(shaded dark grey), or to remove the trianglef (shaded light grey). Since graphs are
represented in terms of vertices and edges only, removiméatte highlighted returns the same
graph. For instance, suppose that we are given the graph

abcdef gh[ ab; bc; cd; da; ae; bf ; cg; dh; ef ; f g; gh; he; af ; bg; ch; de; eg] , whereabcdef gh

is a list of all of the vertices anjdab; bc; etc. ] is alist of all the edges which are represented
by the vertices which they join. Then, the concept ‘remoiengle from graph’ returns both
the same graph, and the graph

abcdef gh[ bc; cd; da; ae; bf; cg; dh; ef ; f g; gh; he; af ; bg; ch; de; eg], which has the edge
abremoved.

a

Figure 9.4: Given this graph, the concept ‘remove triangle from graph’ returns graphs resulting

from removing triangle e fg or from removing triangle abf.

Session details

The student was given the initial concepts in the proof giriput file. The teacher constructed
the proof and sent it to the student, with the instructionuio for 100 steps and then perform
lemma-incorporation on the proof. The student reconstdithe proof scheme as follows:

Global conjecture:

for all a: a is a polyhedron- a is a polyhedron & the euler characteristic of a is 2

Proof scheme:
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1. forall a: ais a polyhedror- a is a polyhedron & exists b (b is a graph & remove a face
from a and stretch it flat to get b & b is planar)

2. for all a: ais a polyhedron & the euler char of a is2a is a polyhedron & exists b (b is
a graph & remove a face from a and stretch it flat to get b & b isgu& the euler char
of graph bis 1)

3. for all a b: b is an integer & a is a graph & the euler char of ghh@ph ais b & a is
planar— b is an integer & a is a graph & a is planar & exists c (c is a grapti&the
triangulated version of a & the euler char of the graph c is b)

4. forall a: ais a graph & a is triangulated

ais agraph & ((b is a graph & b is a with one triangle removedjb is a graph & ((ais
a graph & b is a with one edge and one face removed) or (a is & &dpis a with two
edges, one vertex and one face removed))))

5. for all a b: b is an integer & a is a graph & the euler char of ghaph ais b & a is
triangulated & -(a=egh[gh;he;eg})> b is an integer & a is a graph & exists c (c is a
graph & c is a with one triangle removed & the euler char of trepb c is b)

6. for all a b: b is an integer & a is a graph & the euler char of ¢naph a is b &
a=egh[gh;he;eg}- b is an integer & a is a graph & the euler char of the graph a is
b & a=egh[gh;he;eqg] & b=1

The student found no global counterexamples, but identféatty lemma (4), and the graph
counterexamplabcdef gh[ ab; bc; cd; da; ae; bf ; cg; dh; ef ; f g; gh; he; af ; bg; ch; de; eq] .

The student then looked in its theory for a concept which menly this counterexample,
and found the concept of the graptwhich is unchanged by having a triangle removed, i.e.,
the concept was ‘for al: a is awith one triangle removed'. It then formed the new concept of
being a triangulated graph andtbeing unchanged by having a triangle removed, and formed
the new conjecture ‘for akh: ais a graph & (ais awith one triangle removed)- ais a graph

& ais triangulated’. Finally, the student replaced the oldesn(4) in the proof scheme with
this new lemma, and sent the new proof scheme to the teachisrmbdification is analogous
to that performed in [Lakatos, 1976, pp 10-11], in which Gate proof of Euler’s conjecture

is modified to state that the triangles which are removed filoennetwork must béoundary
triangles.
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9.5.2 Discussion

Note that while in [Lakatos, 1976], the counterexample issidered to be the cube, in our
implementation, the counterexample is considered to bgréyegh:

abcdef gh[ ab; bc; cd; da; ae; bf ; cg; dh; ef ; f g; gh; he; af ; bg; ch; de; eg] . The student does
not connect this with the cube. It would be possible to traegithrough the proof, but as it
does not affect the role of the counterexample, we have nat tlas.

9.6 Given a counterexample which is both global and local

Algorithm 10 Algorithm for global and local lemma-incorporation
Require: Given a proof scheme where there are counterexamples téabal gonjecture, and

these counterexamples are also counterexamples to a lemiine proof. Let the global
conjecture be a near-implicatidh~~ Q, and the faulty lemma be a near-implicatiBr~ S
then:

1. form the concepC€ ‘objects which satisfy the faulty lemma’, by merging the taancepts
RandS This is done by applying the production rule ‘composeRtandS.

2: modify the global conjecture by making the new conjectire: Q.

3: replace the old global conjecture in the proof scheme wighntiodified version.

4: return the proof scheme.

9.6.1 lllustrative session

A student is given the hollow cube as an example of a polyedkhen asked to perform
lemma-incorporation, it finds that the hollow cube is a cevmtample, both to the global
conjecture, and the lemma that ‘if we remove a face from anyhealra, then we can stretch
it flat onto a blackboard’. It makes the concept ‘polyhedraclvhif you remove a face, can be
stretched flat on a board’, and then limits the domain of tledagl conjecture to polyhedra of
this type.

Initial information

A student was given the initial concepts in the proof, in itput file. The student was given
the hollow cube as an example of a polyhedron.

Session details
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The teacher constructed the proof and sent it to the studgthtthe instruction to run for 100
steps and then perform lemma-incorporation on the prooé sthdent reconstructed the proof
scheme as follows:

Global conjecture:

for all a: ais a polyhedror~ a is a polyhedron & the euler char of a is 2

Proof scheme:

1. forall a: ais a polyhedror~ a is a polyhedron & exists b (b is a graph & remove a face
from a and stretch it flat to get b & b is planar)

2. for all a: ais a polyhedron & the euler char of a is2a is a polyhedron & exists b (b is
a graph & remove a face from a and stretch it flat to get b & b isgua& the euler char
of graph bis 1)

3. for all a b: b is an integer & a is a graph & the euler char of ghaph ais b & a is
planar< b is an integer & a is a graph & a is planar & exists c (c is a graphi&the
triangulated version of a & the euler char of the graph c is b)

4. for all a b: bis an integer & a is a graph & the euler char of gih@ph ais b & a is
triangulated & -(a=egh[gh;he;eg} b is an integer & a is a graph & exists ¢ (c is a
graph & c is a with one triangle removed & the euler char of trepy ¢ is b)

5. for all a b: b is an integer & a is a graph & the euler char of ¢jiaph a is b &
a=egh[ gh; he; eg] < b is an integer & a is a graph & the euler char of the graph a
isb & a=egh[ gh; he; eq] & b=1

The student found that the hollow cube is a counterexampieetglobal conjecture, and then
looked to see if it is a counterexample to any of the lemmaseds and found that it violates
lemma 1. The student then applied the production ogdmposeo the two concepts in the
faulty lemma: (i) a is a polyhedron and(ii) a is a polyhedron& exists b (b is a grapt&
remove a face from a and stretch it flat to ge&tb is planar) to produce:a is a polyhedron
& exists b (b is a grapl& remove a face from a and stretch it flat to ge&bb is planar)
That is, the student made the concept of objects which gdtisffaulty lemma. The student
then modified the global conjecture to holding for objectgha$ type only, i.e., the global
conjecture became ‘for all a: a is a polyhedron & exists b (& ggaph & remove a face from
a and stretch it flat to get b & b is plana#} a is a polyhedron & the euler char of aiis 2'. This
has no counterexamples in the database. The student ughatptbof scheme to contain the
new global conjecture, and returned it. it currently
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9.6.2 Discussion

Lakatos [1976] prescribes how to modify a global conjectgieen a faulty lemma. However,
he does not make it clear what to do with the lemma. The retevéeis:

Rule 2: If you have a global counterexample discard yourexinje, add to your
proof-analysis a suitable lemma that will be refuted by tbharterexample, and
replace the discarded conjecture by an improved one thatpocates that lemma
as a condition. [Lakatos, 1976, p 50]

The problem is that these ‘lemmas’ in the proof are seen fardift times as procedural steps
to be carried out, and as declarative conjectures. If theysteps to be carried out, then the
problem disappears: we have the conjecture, ‘for any palsghghich, by removing one face
can be stretched flat onto a blackboard;- E +F = 2', and the step ‘remove a face from the
polyhedron and stretch it flat onto the blackboard’, which caw, by definition, be carried
out. However, if we regard them as conjectures, then we Haee toptions. Firstly, we can
keep the faulty local conjecture that ‘all polyhedra cantbetshed flat onto a blackboard, if we
remove one face’. Secondly, we can replace it by the tawydlogt ‘all polyhedra which, if we
remove one face can be stretched flat onto a blackboard, cstrelbehed flat onto a blackboard
if we remove one face’. The third option is to look for a conicepich covers the objects that

satisfy the faulty lemma.

In [Lakatos, 1976] the students discover the concept ofyipadira which you can inflate into
a sphere’ as one which is equivalent to the concept of ‘palydevhich, after removing one
face, can be stretched flat onto a board’. This concept cankdbaused to modify the global
conjecture to ‘all polyhedra which you can inflate into a geheave an Euler characteristic of
2', and the lemma in the proof step to ‘for all polyhedra whiaku can inflate into a sphere,
it is possible to remove a face and stretch it flat on the boafdtie first two options above
are clearly undesirable, while the third option — at leastld&fimma modification aspect of it —
seems to be the most sensible. However, Lakatos does nassditow we should modify a
faulty lemma, if we have a counterexample which is both dleiva local. Even if a concept
equivalent to the concept in the lemma is found, it is not usdtie modification of the local

lemmas (see [Lakatos, 1976, p. 34]).

9.6.3 An example in groupoid theory

In order to test our method, we invented an example of globdllacal lemma-incorporation
in an algebraic domain (see the glossary of group theorygempage 253).
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Global conjecture: Let G be an algebra with one binary operator, apd, k be inG. Then
gh=gk— h=k.

Proof:
lemma 1:gh= gk — g~%(gh) = g~%(gk)

lemma 2:g7%(gh) = g~1(gk) — (g"*g)h = (g lg)k
lemma 3:(g~'g)h = (g~*g)k — eh=ek
lemma 4:eh=ek— h=Kk

This conjecture is the left hand cancellation law, which teeorem in group theory (note that
a group must be associative and have a unique identity inrthggand a unique inverse for
each element, in addition to being a groupoid). The prootasdard in group theory. We
hypothesise that both the conjecture and proof hold forgpals as well.

9.6.4 lllustrative session

We ran HRL with one student which had three groupoids:
G1 = the trivial algebra< {0}, x >,

G2 =< {0,1},* >, where the * operator is defined as follows«0=0; 1x0=0; 0«1 =1,
and 1x1=0, and

G3 =< {0,1,2},* >, where the * operator is defined as follows: @= 0; 0x1 = 1; 0«2 = 2;
1x0=1;1%1=0;1%x2=0;2x0=2;2+«1=0; and 22 =0.

The first two algebras are groups, and the thie8, is only a groupoid as it is not associative
and does not have a unique inverse for each element. We egpries multiplication table in
table 9.2 below.

N B OO
O O K|
O O N[ DN

0|
1
2

Table 9.2: The groupoid G3
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The teacher started with the following proof scheme: gl@oajecture<= {lemma 1, lemma 2,
lemma 3, lemma} and asked the student to perform lemma-incorporation.siurdent found
G3 as a counterexample to the global conjecture, and foundhisavas also a counterexample
to lemma 2. It then formed the concept:

algebras with tupleg, h andk such thatg~'g)h = (g~1g)k,
and from this the student modified the global conjecture to:

for all algebras with elementg h andk, (g~'g)h = (g~'g)k — (gh=gk— h=Kk).

9.6.5 Discussion

It is encouraging that the method ran in a different domaith&d used by Lakatos, and used
the proof and counterexample to modify a false conjectura tawe theorem. However, the
theorem is trivial as it only applies 81, i.e. the trivial group. This is unnecessarily restricted
This criticism is not surprising, as the lemma-incorpaatmethods used exception-barring; in
particular strategic withdrawal, which is subject to thiéicism of retreating too far. Lakatos’s
comments on how to avoid this problem, by generalising thgemture, are relevant here too.
We discuss this in §13.1.

9.7 Given a global but not local counterexample

This has been one of the most difficult methods to implementt iavolves hidden assump-
tions, and in §9.2, we outlined various considerations tviiave influenced our implementa-
tion of it. As described in §9.2.2, in order to identify a pleim lemma, there are two types of
phenomena which cause surprise. The first is where it makesg $e use a concept to describe
a given entity, but the entity gives a surprising result,stheé case when we remove the jacket
from the cylinder, and it falls into two parts, leaving twasdonnected circles, where all other
entities had resulted in connected networks. The secordiypurprise is where it only makes
guestionable sense to use a concept to describe a givey astihe entity is not an example
of the concept.

In order to implement the notion of surprise, we have considgrevious ways of measuring
surprise in automated theory formation. Colton et al. [199&fine the surprisingness of an
equivalence conjecture as the number of concepts whicheappthe construction path of one
concept related by the conjecture, but not both. In AM, L¢h876] measured a concept as
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surprising if it possessed a property not possessed by ez However, neither of these
measures captures what we want, which is to measure thdssngmess of arentity, as op-
posed to a conjecture or concept. In Lakatos’s example, kemaense to apply the concept of
removing a face from a polyhedron and stretching it flat, ®@dilinder, but the result differs
from what we get when we apply that concept to other polyhedipgplying this concept to all
of the other entities results in a graph which is connectedthere is a property (or concept)
which applies to everything except the surprising entity.

9.7.1 Modelling surprise

Recall that we are interested in two types of surprise: ssgpraused by unexpected behaviour,
and surprise caused by non-meaningful terms. We refer gethe type 1 and type 2 respec-
tively. In this section, we define each of these types of ssgmnd describe our algorithm for
each.

Surprise caused by unexpected behaviour
We define the first type of surprise as follows:

e surprisingness (type 1): an entityis surprising with respect to a conjectute— Q if there
exists another conjectuf@ such thaix is the only counterexample @ andC’ has the form
P — QAR, for some concepR.

In order to identify the ‘hidden assumption’ in a conjectune have to break down the con-
cepts in it, in particular the concef in the conjecturd® — Q. This is made easy for our
purposes since for each of its concepts, HR records thercotiseh path, i.e. the concepts to
which production rules were applied to get the current cphc&his ancestor list allows us to
gradually dissect a concept until we find what we were lookargOur algorithm for surprise
caused by unexpected behaviour is shown in algorithm 11.

Surprise caused by non-meaningful terms
The second cause of surprise described in §9.2.2 conceatesrstnts which are about non-

meaningful terms. We have implemented this as:

e surprisingness (type 2): an entityis surprising with respect to conjecturB(x) — Q(x) if
—P(m).

This is a simplification of the example in [Lakatos, 1976]which the circle is argued to be
a counterexample to the conjecture that ‘all diagonals lqgpodygons create a new face’. To see
this, consider representing this conjecture as: fopad| diagonal(e, p) — create new facee, p),
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wherep is a polygon anek is an edge. The entity circle is considered to be surprisingesif
p = circle, there do not exist such thadiagonal’e, p). While our definition does not capture
predicates with more than one argument, it is clearly a sfrogtion of such cases.

This type of surprise can be determined by testing to seehehd¢he antecedent fails with
respect to the global counterexample, i.e., whether, gigamterexamplen, the lemma is of
the form P(x) — Q(x), and—P(m). We describe an algorithm for finding a hidden lemma
and generating an explicit faulty lemma, using surprisetgpin algorithm 12. Note that this
algorithm is only partially implemented.

Algorithm 11 Algorithm for finding a hidden lemma and generating an explaulty lemma,

using surprise caused by unexpected behaviour (type 1)
Require: given a proof scheme and an entity which is a global but nallogunterexample:

1: for 0 <i < length of proof schemdo

2.  take each lemm@&; = P(x) — Q(X) in the proof scheme

3: take the ancestor list for the conceptx)

4. for 0< j <length of ancestor list foR(x) do

5 take each conce®;(x) in the ancestor list, starting witQ(x) and going back to the
core concept(s) from which all the ancestors were subsdigugenmerated.

6: for 0 < k < length of concepts list in the theodo
7: for each concepR(x) in the theory
8: perform the theory formation step “compo®g(x) A Rq(x)”
9: if the outcome of the theory formation step is a contkeh
10: if this concept has the same arityR(x) then
11: make the conjectur€/ = P(x) — (Q;j(x) AR(X))
12: else ifthis concept has an arity which is greater tir) by nthen
13: apply theexistsproduction rule with parameter [1 times to the composed
concept
14: when the arity of the conceflt(x), which results from the above step matches
that of concepP(x), make the conjectur€ = P(x) — C(x),
15: end if
16: if the entity is the only counterexample@then
17: returnC; as the hidden faulty lemma a@] as the explicit lemma.
18: end if
19: end if
20: end for
21:  end for

22: end for
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Note that in our implementation of surprise caused by unebgokbehaviour, described in
algorithm 11, it would not make sense to make some conjestlioe instance, between con-
cepts with different types or arities. Therefore, beforeking the conjectureC’ = P(x) —
(Qi(x) AR(x)), the student checks th@%(x) A R(x) is a concept, and if not, it moves onto the
next concept. 10;(x) A R(x) actuallyis a concept, but has an arity which is larger than the arity
of P(x) by n, then the student applies the ‘exists’ production rule \piinameter [1 times to
the composed concept, reducing the arity by 1 each time. Wieearity of the composed con-
ceptQi(X) A R(x) matches that of concepXx), the student makes the conjectifx) — C(x),
whereC(x) is the concept which results from repeated application ef‘éxists’ production
rule to the concep®;(x) A R(x). This process in shown in stage) of the illustrative session
below (89.7.2).

Algorithm 12 Algorithm for finding a hidden lemma and generating an explaulty lemma,

using surprise caused by non-meaningful terms (type 2)
Require: given a proof scheme and an entitywhich is a global but not local counterexample:

1: for 0 <i < length of proof schemdo
2. take each lemm@&; = P(x) — Q(X) in the proof scheme

3: if Gj is of the formP(x) — Q(x), and—P(m) then

4: generate the concep({m)

5 generate the conjectu = (P(x) — Q(x)) A P(m). The entitymis now a counterex-
ample toC’

6: ReturnC; as the hidden faulty lemn@, andC/ as the explicit lemma.

7. endif

8: end for

9.7.2 lllustrative session

In this section, we describe a session with HRL which denmatest our model of surprise

caused by unexpected behaviour.
Initial information

A student was given the proof scheme with global conjecttoedll a: a is a polyhedror~ a
is a polyhedron & the euler char of ais 2", and the cylindeitgnivhich is a counterexample.

Session details

The student reconstructed the following lemmas from theoppezheme which the teacher
passed to it:
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local lemmas:

1. foralla: ais a polyhedror- a is a polyhedrom exists b (b is a graph remove a face
from a and stretch it flat to get b b is planar)

2. forall a: ais a polyhedron the euler char of ais 2> a is a polyhedrom exists b (b is
a graphA remove a face from a and stretch it flat to get b is planarA the euler char
ofgraph bis 1)

3. foralla b : bis an integen a is a graphA the euler char of the graph a is/ba is
planar< b is an integer\ a is a graphn a is planarA exists ¢ (c is a graph c is the
triangulated version of a the euler char of the graph cis b)

4. for all a b : bis an integen a is a graphA the euler char of the graph a is/ba is
triangulatedn —(a=egh[ gh; he; eg] ) «~ b is an integern a is a grapm exists ¢ (c is a
graphA c is a with one triangle removedt the euler char of the graph c is b)

5. for all a b : b is an integen a is a graphn the euler char of the graph a is/b
a=egh[ gh; he; eg] < b is an integerA a is a graphA the euler char of the graph a
is b A a=egh[ gh; he; eg] Ab=1

In order to evaluate whether the cylinder was surprisindhanfirst sense, i.e., surprise caused
by unexpected behaviour, with respect to any of the lemmasamproof scheme, the student
performed the steps below.

() It started cycling through all of the lemmas in the proof suoke Firstly, it took lemma (1)
asC = P(x) — Q(x), whereP(x) is the concepfor all a : a is a polyhedronandQ(x) is the
concepta is a polyhedrom exists b (b is a graph remove a face from a and stretch it flat to
get bA b is planar)

(i) The student then found the ancestor list@ix) [p31.0, p140, graph005, poly002] (shown
in figure 9.5). We show the concepts below.

(iii) the student took the first concept in the ancestor |i3f,_0, and cycled through all of the
concepts in its theory, attempting to compose them withdbieept.

(iv) Stage (iii) failed, and so the student looked at the next ephm the ancestors lish14.0.
When the student composed4.0 with the concept in its theorgraph002 = [a] : aiis a graph
A ais a connected netwark generated the new concept:
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[ poly002 [a,b]: a is a polyhedron & b is a graph & remove a face from a and stretch it flat ﬁ}a c

graph005 [a]: ais a graph & ais planar}

T

compose [0,1]

|

[ pl4_0 [a,b]: ais a polyhedron & b is a graph & remove a face from a and stretch it flat to getb & b is pl%nar

l exists [1]

‘ p31_0 [a]: a is a polyhedron & exists b (b is a graph & remove a face from a and stretch flat to getb & b is #Ianar)

Figure 9.5: The ancestor tree for the right hand concept in lemma (1)

p38.0 [a, b] a is a polyhedron b is a grapm\ remove a face from a and stretch it flat to get b

A bis planarA b is a connected network.

(v) Since this new concept was of a higher arity ti*gr), the student performed another theory
formation step:< p38.0, exist$1] >. This generated a further new concept:

[a] ais a polyhedrom exists b (b is a graph remove a face from a and stretch it flat to get b

A bis planarA b is a connected network)

(vi) Since this further new concept had the same aritp @3, the student made the conjecture
C:

for all a: ais a polyhedron- a is a polyhedrom exists b (b is a graph remove a face from
a and stretch it flat to get h b is planara b is a connected network).

(vii) The student then found that this conjecture had exactly onaterexample: the cylinder.
Therefore, the student evaluated that the cylindsurprising with respect to lemma (1).

(viii) The student returns lemma (1) as the hidden faulty lemmaCaad the explicit lemma.
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9.7.3 Algorithm for hidden lemma-incorporation

For hidden lemma-incorporation, we need to find out whethere is a hidden lemma in the
proof scheme and if so, identify it and generate an expkeiirha which the global counterex-
ampledoesbreak. We do this by testing to see whether the global coexaenple is surprising
with respect to any lemm@ in the proof scheme, where surprising is defined first as sa4rpr
ingness 1, and then if unsuccessful, as surprisingnesssgribed in §9.7.1. If so, the@ is
returned as the hidden faulty lemma. The student then gexseaa intermediate proof scheme
in which the hidden faulty lemma is replaced by the explieithima, and then call global and
local lemma-incorporation on the intermediate proof scheand return the result. We de-
scribe this procedure in algorithm 13. Note that this metisatlrrently only implemented for

implication conjectures in the proof scheme.

9.7.4 lllustrative session

We ran the agency with one student and a teacher. The studdrihé polyhedron cylinder,
which was a counterexample to the global conjecture, butrlarh or lemma 2. In order to
avoid the controversy over whether a global counterexarplecal or not, as outlined in
§89.2.3, we omitted lemma 3 from the proof when testing thishoe.

Initial information

The teacher started with one polyhedron, the cube, and thaf pcheme in §9.7.2, where all
lemmas and the global conjecture were proper, rather than imeplications and equivalences.
The student had two polyhedra, the cube and the cylinder.

Session details

The teacher sent the proof scheme to the student and askegkitform lemma-incorporation
on it. The student reconstructed it as the proof scheme iA.&9. Since it had a global
counterexample which was not also a local counterexamippesriormed global but not local
lemma-incorporation. It went through each of its lemmasumtto see whether the cylinder
was surprising (type 1) with respect to it, and found thataswgurprising with respect temma
1, as described in §9.7.2. It then generated the explicit la@m

for all a: ais a polyhedron- a is a polyhedrom exists b (b is a graph remove a face from

a and stretch it flat to get h b is planara b is a connected network).

The student then replacégimma 1in its proof scheme witle’, and performed local and global

lemma-incorporation. The outcome was the following modifienjecture and proof scheme:
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Algorithm 13 Algorithm for global but not local lemma-incorporation

Require: Given a proof scheme where there are counterexamples tdabal gonjecture, but

these counterexamples are not counterexamples to anyleftimeas in the proof, and none
of the lemmas have counterexamples which are related tdabelgounterexamples. Let
the global conjecture be a near-implicatiBnr~ Q. Then:

go through the proof scheme and take each lemma in turmgeséich to see whether the
global counterexample is surprising in the first sense (fypsith respect to the lemma

2: if sothen
3: return this lemma as the hidden faulty lemma, and generatthanconjecture, which
the global counterexample a counterexample to, as the explicit lemma
4: else
5. go through the proof scheme and take each lemma in turnpgestich to see whether
the global counterexample is surprising in the second s@yge 2) with respect to the
lemma
6. if sothen
7 return this lemma as the hidden faulty lemma, and generatanconjecture, which
the global counterexample a counterexample to, as the explicit lemma
8 else
9: return the proof scheme unchanged
10: endif
11: end if

12: if an explicit lemma has been foutiten

13:

14:

generate an intermediate proof scheme in which the hiddétyfl@emma is replaced by
the explicit lemma

perform explicit lemma-incorporation, i.e., global anddblemma incorporation on the
intermediate proof scheme, and return the result

15: end if
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Global conjecture:

forall a: ais a polyhedron & exists b (b is a graph & remove &fixom a and stretch it flat to
getb & b is planar & b is a connected network) a is a polyhedron & the euler char of ais 2

Proof scheme:

1. forall a: ais a polyhedror- a is a polyhedron & exists b (b is a graph & remove a face
from a and stretch it flat to get b & b is planar & b is a connectetivork)

2. foralla: ais a polyhedron & the euler char of a is2a is a polyhedron & exists b (b is
a graph & remove a face from a and stretch it flat to get b & b isgu& the euler char
of graph bis 1)

3. forallab: bis an integer & a is a graph & the euler char of gha&ph ais b & a is
planar— b is an integer & a is a graph & a is planar & exists c (c is a grapti&the
triangulated version of a & the euler char of the graph c is b)

4. forallab: bis an integer & a is a graph & the euler char of gha&ph ais b & a is
triangulated & -(aggh[ gh; he; eg] ) «~ b is aninteger & ais a graph & exists c (cis a
graph & c is a with one triangle removed & the euler char of tregpb c is b)

5. forallab: bis an integer & a is a graph & the euler char of ¢tliaph a is b &
a=egh[ gh; he; eg] < b is an integer & a is a graph & the euler char of the graph a
is b & a=egh[ gh; he; eg] & b=1

9.7.5 Discussion

Since this method involves surprise and implicit assunmgtidt has been the most difficult
of the lemma-incorporation methods to implement. The faat HR records the construction
history of each of its concepts has made it possible to traneepts back, and identify hidden
meanings. This has enabled us to write an algorithm whighpagh a simplified version,

captures Lakatos’s method. This is shown in our illusteatession in §9.7.2.

Note that although the global conjecture in the illustmatsession in 89.7.4 now has no coun-
terexamples, there are still known problems in lemmas 1 ah@MKatos did not specify exactly
what to do with a faulty lemma once it had been used to mod#ygibbal conjecture, and we
have not extended this aspect of Lakatos’s theory in ouremphtation. It would be sensible
to remove the faulty lemma from the proof: however, this vdoaifect the proof structure and
a new lemma should be generated.
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9.8 The method of proofs and refutations

The method of proofs and refutations is the method of lemmnearporation “rechristened”
[Lakatos, 1976, 49]. The only addition is that the method mdlifig counterexamples is made
more explicit. This consists of using both the global conjezand the local lemmas in a proof
scheme to suggest counterexamples, by looking for entitfésh violate them. For the sake
of completeness, we include an illustrative session below.

9.8.1 lllustrative session

We gave the global conjecture in the group theory exampléné¢oMACE model generator
McCune [2001], as shown below:

forall g, h, ke G, (((gxh) = (g*k)) — (h=k)),

and asked it to generate models of size 1, size 2, etc. upeé@siand to spend 10 seconds on
each search. It found counterexamples in which the prodastfor every pair of elements.
We show examples of groups of size 2 and 3 in table 9.3. To sgethehfirst of these is a
counterexample, letg=1;h=1and k=0. Thpgnhh=1%x1=0, andgxk =1x0= 0, but
1+#£0.

0 1 2
0 1 —

0/0 0 O
00 O

10 0 O
1({0 O

2|0 0 O

Table 9.3: Two groups generated by MACE as counterexamples to the conjecture ‘for all ghk €
G, (((gxh) = (gxk)) — (h=Kk))’

We have not implemented this aspect of the method of proafgefatations within HRL, as
it is beyond the scope of this project.

9.9 Related work

Bundy et al. [2004] have used Lakatos's rational reconstnof Cauchy’s proof to help them
to provide a logic-based account of the way in which mathéaraais discover and present
proofs. They argue that mathematicians do not work witheHfilbertian notion of proof, as
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proofs tend to be difficult to check and are often flawed, whigiuld not be the case for a
Hilbertian proof. Bundy et al use Lakatos’s ideas to ask hag/possible for errors in a faulty
proof to go unnoticed for years — even when counterexampéekraown.

Their account of this phenomenon consists of the constiatirule, which is a refinement of
thew-rule. Thew-rule states that we can infetx) for all natural numbers, so long as we can
prove®(1), ®(2), ®(3), ®4),... The constructives-rule takes a variant of this as its first step —
specifying that we must be able to find progf$) for afinite number of natural numbers. It has
two further requirements. Step two is that each pm@j must share a common structure, so
that we can generalise and build a prograro f, which takes a natural numbeis input and
outputs a proo(n). This function is eschematic progfcalledproofy : ¢(n). Step three is that
we can prove by meta-level mathematical induction @t f, : @(n) is valid for all natural
numbers; i.e. we must be able to sh@v proof, : ¢(0), and (ii) proofy : @(n) - proof :

on+1).

Bundy et al argue that we can see Cauchy’s proof in terms otdmstructivecw-rule. An
initial proof was offered for the cube (step one), and thigetpf proof was generalised to all
polyhedra (step two). However, the third step, of verificatiwas omitted, and this is why the
proof was not sound and counterexamples arose. Bundy eggésuthat omission of the third
step is not uncommon, and they hypothesise that their cartste w-rule provides a cognitive
model of how some proofs are discovered and presented. ficydar, they suggest that their
notion of schematic proofs may account for errors in proofsth why they arise at all, and
why they can be difficult to find, in a way that the conventiologjical account fails to do.

The constructivew-rule has been implemented in two systems, [Baker, 1993][aauchnik,
2001b]. These take as input a conjecture and uniform prooéxamples from the domain
(step one). They output a schematic proof for which both stepand step three have been
performed.

Our works differs from Bundy et al's approach in that we hae¢ attempted to answer the
guestion othow it is possible for errors in a faulty proof to go unnoti@ekhstead, our aim has
been to provide a computational representation of Laksaimsswer to the question bbw can

counterexamples be used to improve a faulty proof and ctng In doing so, we have had

to answer the following questions (see the relevant sestion
e how can we represent an informal proof in our system? (88.3)
e how can a computer program uncover hidden assumptions iocd?(89.7)

e given a counterexample, how can a computer program deterwtiether it is global or local?
(89.4)
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e how can a computer program perform local/global/hiddenntemncorporation? (sections
9.5,9.6 and 9.7).

9.10 Summary

We have discussed Lakatos’s method of lemma-incorporatimtuding local but not global,
both global and local, and global but not local lemma-inooagion. We have described our
implementation of all three variations of the method, angegiillustrative sessions in each
case. We have considered how the method may be applied tefurtathematical domains,
including geometry and group theory. We hold that the preadsroviding a formal repre-
sentation of Lakatos’ method of lemma-incorporation, hiee have described in this chapter
and the previous one, has enabled us to answer questionsasutiow can we represent an
informal proof? How can we uncover hidden assumptions incaf@r How can we modify a
faulty conjecture or a faulty proof, given a counterexarf?ptéow can we formalise the surprise
we feel when an example behaves in an unexpected manner @0 piVe have also briefly
considered how we could extend HRL using the model genef&EE, in order to generate
counterexamples in the way described in Lakatos's methgutaaifs and refutations. Finally,
we have discussed work which is related to Lakatos’s metliéehama-incorporation.



Chapter 10

Testing hypotheses in HRL

10.1 Introduction

In chapters 5 to 9, we described our implementation of eacha&htos’s methods, except
for monster-adjusting which we leave as further work (seaptér 13). At the end of each

chapter, we have presented illustrative sessions, andcasgion about ways in which our

implementation has extended or clarified Lakatos’s methéshe following three chapters,

we evaluate our project. We argue that the process of produam algorithm and subsequent
implementation of Lakatos’s methods has not only enableid iraprove upon his theory, but

also to evaluate both his theory and our extended theory.tAree chapters are distinguished
by the criteria to which we refer. In this chapter we use thergstingness measures in HRL to
evaluate theories which it has produced, and we test hypeshabout our system. In chapter
11 we appeal to philosophical criteria of a good theory, aigdi@that our interpretation and

extension of Lakatos’s methods is useful from this persgecEinally, in chapter 12, we argue

that automating Lakatos’s methods has useful applicatiotie field of automated theorem
proving.

Our primary aim in this chapter is to evaluate three main tiypses:
e it is possible to fine-tune the method of surrender;

e it is possible to fine-tune the method of monster-barring;

e it is possible to fine-tune the method of exception-barring.

Our secondary aim is to evaluate the claim that Lakatos'©iatst apply both to other types of

conjecture and to other domains.

157
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In order to achieve these aims, we run HRL with different pseter settings, and present
and discuss the output. The purpose of this process is thdedfirstly, we wish to provide
support for, or to falsify our three hypotheses, that chagghe parameters to HRL has an
effect on its output. Secondly, we wish to investigate wipahameter settings produce certain
desired behaviours, in particular whether the ‘Lakatosalde’ (i.e. the variable which most
closely mirrors an aspect of a method as Lakatos describedrian extension, is better in
different situations. Thirdly, we wish to show HRL usingfdilent methods and working in
different domains, with different types of conjectures.islWould demonstrate the generality
of Lakatos’s methods. Thus, we evaluate both Lakatos’s oaistand our extended theory of

mathematical discovery and justification.

The chapter is organised as follows: firstly, in §10.2, wecdbs our experimental setup,
recapping the variables in HRL at both the student and the@gkevel. We also state the
default values and state where we have varied these. Thevfolh three sections; §10.3, 10.4
and 10.5 contain our evaluation of our three hypothesesngithe particular experimental
setup, evaluation criteria, results and discussion in @a&hconclude the chapter in 810.6.

10.2 Experimental setup

In order to investigate our three hypotheses, and to acloavesecondary aim, we vary the
method used, domain, and conjecture type which the teaelggiests. We have also varied
interestingness weightings between the students.

10.2.1 Variables in HRL

Within HRL we have continued Colton’s methodology of allagifor empirical experimenta-
tion rather than making design decisions, where possiliies dllows us to test our hypotheses
by differing the variables. Below we show these variablég Yalues they take, and their
default values where relevant.

10.2.2 Variables at the student level

These variables are flags which are set in the individualtififeuto each student, at the start of
a session. Different students might have different valoegé#ch variable.



10.2. Experimental setup 159

1. Domain. HRL can work in many different domains. We test it in groupdhe an
animals data set, and number theory.

2. Method of generating false conjectures. These are different ways of automatically

generating false conjectures:

(a) near-conjectures:these are either near-equivalences or near-implicatind$ald
for x% of a student’s entities, where<Q0x < 100. The default is that students do

not generate near-conjectures.

(b) data distribution: we distribute the data by concept, by natural ordering of ran
domly between different students.

3. Discussion. These are variables which direct the length of discussiahthe content
which is taken from them. They consist of:

(a) number of independent work phases:this is the number of independent work
phases which are performed altogether in a session. Thes taky value irZ ™",
and has a default of 10.

(b) length of independent work phase:this is the length of each independent phase,
measured by the number of theory formation steps performbis. takes any value
in Z*, and has a default of 10.

(c) threshold to add conjecture to theory: any conjecture which arises during the
discussion phase must be more interesting than this tHeeshorder for the stu-
dent to add it to its own theory after the discussion. Thigsaliny non-negative
real value, and has a default of O.

(d) threshold to add concept to theory:any concept which arises during the discus-
sion phase must be more interesting than this thresholdderdor the student to
add it to its own theory after the discussion. This takes amymegative real value,
and has a default of O.

4. Lakatos Method. These variables dictate which Lakatos method should be aisdd

how it is to be applied.

(a) surrender: these variables dictate when a student should performrulgre(see
§10.3.1).

(b) monster-barring: these variables dictate when, and how to perform monster-
barring (see §10.4.1).

(c) exception-barring: these variables dictate which type of exception-barrirmuh
be performed, and when (see §10.5.1).
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10.2.3 Variables at the agency level

These variables are flags set at the start of a session widamarersal to the agency.

1. Conjecture request. This is the type of conjecture which the teacher requestd, an
take the following values: conjecture, implication, n@aplication, equivalence, near-
equivalence, non-exists. The default conjecture is “anje”.

2. Number of students. HRL consists of a variable number of students, and one teache
There is no upper limit on the number of students. The defauttber is 2.

3. Use communal piecemeal exclusiorit this flag is set, then the class perform piecemeal
exclusion together rather than individually. This takebei true or false as input, with
the default being false.

10.2.4 Variable settings

Unless otherwise specified, the students were set to makexge&alence conjectures which
held for 60% of their entitites. The data distribution is wmobelow, in 810.2.5. The number
of independent work phases was set to 10, and the length bfiedependent work phase was
set to 20.

In order to prevent conjectures which are dull from beingdssed, we introduced a threshold
for the purposes of the hypothesis testing. When a studeaivetl a request to send a certain
type of conjecture, it sent the first conjecture it found m theory of the appropriate type,

whose interestingness is greater than 1.0.

There are many further variables and parameter values in,ld4Rte it encompasses all those
in HR. For instance, the production rules and parametetsigstingness measures and search
technique to be used in the individual theory formation dirgaaiables to be set at the start of
each session. Where relevant, we state these, otherwissandetault values. be found

10.2.5 Domains

Group Theory

We tested HRL on an algebra data-set. This consisted ofgfanigroups, one semi-group and
three groupoids. The core concepts were group, elemeribjilaey operator, identity, inverse,
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associativity, and whether the left hand cancellation lald hThe first student worked in group
theory, the second in semi-group theory, and the third imgoad theory, as shown below.

Student 1 had 14 groups: one of size one, one of size two, osigethree, two of size four,

one of size five, two of size six, one of size seven, and fivezsf sight.

Student 2 had one semi-group, SG1: a set with elemghtk 2}, where thex operator is
defined in table 10.1. It is associative, but has no ideraitg no inverse.

N N OO
N P NP
N N NN

0]
1
2

Table 10.1: The * operator for SG1

Student 3 had three groupoids. The first, GP1 is the trivialgoid: a set with elemerd0},
where thex operator is the first table defined in 10.2. This is asso@atias identity 0, and
inverse 0.

The second groupoid, GP2 is a set with eleméftd,2}, where thex operator is the second
table defined in 10.2. This is not associative, has identignd does not have a unique inverse
for each element.

The third groupoid, GP3 is a set with elemelty 1,2}, where thex operator is the third
table defined in 10.2. This is not associative, has no idermitd therefore no inverse for any
element.

0 0|
0lo0 1
2

Table 10.2: The * operator for GP1, GP2 and GP3

N NN O
NN N
PR RN

0]
1
2

N B OO
O O P |PF
O O N[N

We set the interestingness weighting of a conjecture to:
interestingness = surprisingness * 0.5 + comprehensildild.5 + applicability * 0.5 + plausi-
bility * 0.5.
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Animal taxonomy

We tested HRL on a machine learning data-set from Inductagid.Programming. This con-
sisted of the following 18 animals: dog, dolphin, platyploat, trout, herring, shark, eel, lizard,
crocodile, t-rex, turtle, snake, eagle, ostrich, pengaoat, and the dragon. The core concepts
were: whether they were covered by hair, scales or feattikesnumber of legs they have;
whether they are homeothermic; whether they produce nalkebgs, or have gills; what sort
of habitat they live in; and what class of animal they are: mmah fish, reptile or bird. We
distributed the data as shown below:

Student 1: all animals except the platypus. Interestirgmesasures were weighted towards

conjectures which were surprising, as follows:

interestingness = surprisingness * 3 + comprehensibilily5*+ applicability * 0.5 + plausibil-
ity * 0.5

Student 2: all animals except the trout. Interestingnesasomes were weighted towards con-
jectures which were high in comprehensibility, as follows:

interestingness = surprisingness * 0.5 + comprehensilif@ + applicability * 0.5 + plausibil-
ity *0.5

Student 3: all animals except the cat. Interestingnessumessgvere weighted towards conjec-
tures which had a high applicability, as follows:

interestingness = surprisingness * 0.5 + comprehensibiilit.5 + applicability * 3 + plausibil-
ity * 0.5

Note that although we would normally consider the t-rex dmdragon to be odd, and thus
liable to be barred as monsters, the domain file contains fooniration about whether the
animals are now extinct, or are mythical, and so it would bfaiuio penalise HRL for not
identifying these two as potential monsters.

Number Theory

We tested HRL on an number theory data-set. This consistémdfitegers 0 - 60, and the core
concepts of integer, divisor, multiplication, and additioThe data was distributed as shown
below:

Student 1: integers-0 20

Student 2: integers 2040
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Student 3: integers 4060

We set the interestingness weighting of a conjecture to:
interestingness = surprisingness * 0.5 + comprehensildil@.5 + applicability * 0.5 + plausi-
bility * 0.5

10.3 Itis possible to fine-tune the method of surrender

There needs to be some limit on our system as to when it cay apph method. Conjectures
which have been over-modified may become dull or too spedificifistance after repeated
application of piecemeal exclusion). Resources spentigiiicg such conjectures will prevent
the system from investigating more interesting paths. imghction, we experiment to see how
best to measure when a conjecture is over-modified or dull. c@vesider the following five
variables: the number of modifications already performe @onjecture, the interestingness
of the conjecture compared to a user-given threshold, tterdstingness of the conjecture
compared to the average interestingness of all the comgecin the theory, the plausibility
of the conjecture compared to a user-given threshold, aaddttimain of application of the

conjecture compared to a user-given threshold.

10.3.1 Experimental setup

We investigate the five ways of testing whether to surrendemgecture by testing the values

as shown below. The value false indicates that the variabdgi€stion is not considered.

1. the number of modifications: 0 (a), 1 (b), 2 (c), 3 (d), false
2. the interestingness threshold of the conjecture0.5 (a), 0.75 (b), 1.0 (c), false

3. whether to compare the interestingness of the conjecture Wi the average interest-

ingness of all the conjectures in the theorytrue (a), false
4. the plausibility threshold of the conjecture: 0.7 (a), 0.8 (b), 0.9 (c), false

5. the domain of application of the conjecture (which is dividel by the number of
entities in the student’s database)0.4 (a), 0.6 (b), 0.8 (c), false

We ran the agency 42 times; 14 times each in group theory, ariemonomy and number
theory, each time with three students. The students ran0fdh@ory formation steps in each
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individual work phase, and they performed 10 individual kvphases. For each session, the
three students were set to perform surrender where thergtutlad identical values for the
surrender variables. They were also set to perform pieckexetusion. Students were set to
make near-equivalences which held for 60% of their entifldg input values for the surrender
variables, in terms of the key above, for sessions 1-14 asgpted table 10.3.

Session student1l student2 student#

1 surr-la surr-la surr-la
2 surr-1b surr-1b surr-1b
3 surr-1c surr-1c surr-1c
4 surr-1d surr-1d surr-1d
5 surr-2a surr-2a surr-2a
6 surr-2b surr-2b surr-2b
7 surr-2¢ surr-2c surr-2c
8 surr-3a surr-3a surr-3a
9 surr-4a surr-4a surr-4a
10 surr-4b surr-4b surr-4b
11 surr-4c surr-4c surr-4c
12 surr-5a surr-5a surr-5a
13 surr-5b surr-5b surr-5b
14 surr-5¢ surr-5¢ surr-5¢

Table 10.3: Experiments on the surrender variables

10.3.2 Evaluation criteria

When evaluating the different variable settings in the roétbf surrender, we are interested in

four types of conjecture:

(i) conjectures which should have been surrendered and waeefgsitives),
(ii) conjectures which should have been surrendered but weldated negatives),
(iii) conjectures which should not have been surrendered but(fedse positives), and

(iv) conjectures which should not have been surrendered andneefaue negatives).

(i) and (ii) involve dull, or uninteresting conjectures, afiii) and(iv) conjectures which are
interesting. We would like to find variables settings whicaximise the number of conjectures
of type(i) and(iv), and minimise the number of conjectures of tyjpeand(iii) .
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10.3.3 Results

In figure 10.1, we show the results in terms of the number ofemtares which each student
either surrendered or considered surrendering but optetbtlify, and the average interesting-
ness of these conjectures as evaluated by the student. Welslsdor each domain, in terms
of the four quadrant§) to (iv) above, where we take 0.8 as our threshold for interestirggnes
This value is an average of the average interestingnesgsaliall conjectures in all of the

students’ theories.

In figure 10.2 we show the results in terms of each of the fivealabes that we test. For each
domain, we give the number of conjectures for each value af/engvariable, which were
in either of the quadrants which it is desirable to maximi@egnd(iv)), shown above thg-
axis; and the number of conjectures which were in either efqiiadrants which it is desirable
to minimise (ii) and(iii)), shown below the-axis. We have calculated this accumulatively
for each student in each session. For instance, in sessiomgrbup theory, the second stu-
dent surrendered two conjectures which it evaluated agenaisting (in quadrantij), and the
third student surrendered four conjectures which it evaldias uninteresting (also in quadrant
((i)). We show this in the first graph in figure 10.2, in which thaxis denotes the number of
modifications variable (set to 0 in session 1), by the coatgi(0, 6).

Recall that the results show the subjective values of theithehl students. That is, in this set
of experiments we are considering which conjectures thaestis themselves believe that they
should surrender or modify.

10.3.4 Discussion

The best setting for the number of modifications was 0, as shethe first graph in figure 10.2.
This was a surprising result, as it amounted to the situatiomhich a student surrenders any
conjecture for which it can find a counterexample, i.e., thfadlt setting in which a student was
set to perform surrender, but all five values are false. This @ne of the best indicators of all of
the variables that we tested. The reason was that only gidemking in the animal taxonomy
domain found conjectures which they actually consideréer@sting enough to modify. This
indicates that we should change the interestingness géftemselves in future experiments.
The worst value of all those we tested, was setting the nuroberodifications to 3. This
produced only conjectures in quadrariig or (iii) in every domain. This was because no
conjectures had been modified more than three times, andasooitinted to modifying every
conjecture which was discussed, despite the fact that merst evaluated by the students as
uninteresting. Again, before concluding that this valuénisffective, it would be useful to
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average
interestingness
of conjecture

4
S2:5,6,7,8
. 3.5 « S2:10
- = group theory
3]
B = number theory
o4 - = animal taxonomy
21 *S2:12
«S2:2,3 1§ »52:1,13,14
number of conjectures $3:5,6,7.8
considered surrendering : 1 number of
but opted to modify ‘ ‘ ‘ ‘ : : ‘ ‘ conjectures
% 4 3 2 1 1 «S3:10,22 3 4 surréndere
s * 32,3 52:9,11,12;53:9,10,11,12 *S3:1,13,14
$1:8,9.10.f1,12 B34 +S2:5,6,7,8/53:5,6,7,8  +S3:9
. $3:3,13 552;2140?12314 .+ S$3:1,5,7,11
«S3:14 2,4,1651:4, e g1- «S53:6 _ « S3:80
o124 S1:3 s1:9,117838 5 # 3380 S1°6
©S52:2,3,4,12,13,04 «S3:14 «S2:1,5,6,7,8,9,10,11

S$1:9,10,11,12,13,14

Figure 10.1: Results from testing the surrender variables. The numbers denote the sessions,
and student one is represented as S1, etc.. The bottom right quadrant contains true positives;
the top right quadrant contains false positives; the bottom left quadrant contains false negatives;

and the top left quadrant contains true negatives.

experiment further, changing the interestingness settirighe students, as well as comparing

them with an external evaluation of interestingness.

Using the interestingness threshold was the most suctessfable of the five, and was the
only variable to obtain conjectures only in quadrait®r (iv) (above the-axis in figure 10.2).
This was unsurprising, since the interestingness measeresed in presenting the results is
that of the individual agents, rather an external measunefuture experiments, it would be
useful to use an external measure. The results, howeveeg, weonclusive as to which value
the threshold should take.

The third variable, comparing the interestingness of thgestiure under discussion with the
average interestingness of all of the conjectures in thershevas very effective. The only
domain in which setting this variable to true led to a studeatifying rather than surrendering
a conjecture, which the student evaluated as being ungtilege(quadrantii) ), was in number
theory. This was one of the most successful indicators wiielested.
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total num conj total num conj total num conj
in (i) or (iv) in (i) or (iv) in (i) or (iv)
6 6 XXX 6 X
5 5 54 X
44 4 X 4
3% Xx X 34 34 X
2 2 X X 2
14 14 14
nun;f interestingness compare int
modifications T T T T threshold ‘ with average ir
1 2 3 ; 05 0751 true ;
14 (variable 1) (variable 2) 1 (variable 3)
2 X 2 - 24 X
3 X X X 3 3
44 X X 4 4+
54 X 54 54
6 X 6 6
total num conj total num conj t_ota!_num_gonj
in (ii) or (iii) in (ii) or (iii) in (ii) or (iif)
total num conj
in (i) or (iv) total num conj
7 X in (i) or (iv
] (i) or (iv) - = group theory
6 X 67
5 X 54 - = number theory
44 44
- = animal taxonomy
34 3 X X
24 X X X 2 X X
14 X X 14
plausibility domain of
T T T threshold T T T application
07 08 09 (variable 4) 04 06 08 threshold
14 X X 1 :
(variable 5)
24 X X XX 2 X X X
3 3 X X
4+ 44 X
5 5 X
6 6 1 X
total num conj total num conj

in (ii) or (i) in (ii) or (iii)
Figure 10.2: The number of conjectures for which each of the five surrender variables give us

desirable (above the Xx-axis) or undesirable (below the x-axis) results
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Testing the plausibility of the conjecture under discussi@s a useful indicator, and the opti-
mal setting in our experiments was 0.7.

Finally, using the domain of application was not a usefulalale, with more conjectures being

below thex-axis than above for every setting.

If we add the number of conjectures in quadrafi}sand (iv), and subtract the number of
conjectures in quadran{s) and(iii) , for each variable, then we obtain the following hierarchy
of variables and their settings: 2a, 2b, 2c (14); 3a (12);8a4a (7); 4b (6); 4c (5); 5c (-4);
5b (-6); 1c, 5a (-8); 1d (-12). This provides a useful guidéoashich of the five variables, and
which value of a given variable, enabled the students to fmdkose conjectures which they
evaluated as interesting, and surrender those conjectdmies they evaluated otherwise.

Many conjectures which were proposed were not consideteckisting at all by some students.
In these situations, the students either had very diffeesmities in their databases, or very
different interestingness measures. We could investigdting a lower, as well as an upper
threshold on the interestingness of a conjecture when densg whether to reject it or not.
That is, definex andy such that O< y < x, and if the interestingness of a conjecture lies
betweeny and x then surrender the conjecture; if it is either less tlyaor greater thark,
then further investigation may be productive. The type @€stigation would depend on the
interestingness: for instance, if it were less thyathen an agent might ask the student who
proposed the conjecture why they thought it was interestamgl if greater tharx, then the
student might attempt to modify the conjecture alone. HRbramtly uses only the upper
threshold.

One further way of evaluating whether to surrender a conjeocbr not might be to attempt to
modify it, and, if successful, evaluate the modificationarfagent either could not modify a
conjecture, or did so but evaluated the modification as théh it would surrender the original

conjecture.

10.4 ltis possible to fine-tune the method of monster-barrin g

10.4.1 Experimental setup

Monster-barring variables consist of determining whenrtippse to bar an object (variables 1
- 8 below), how to perform monster-barring (variable 9), sl to evaluate a proposal to bar
an object (variables 2, 4 and 10). We tested the values shelewb
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1. use monster barring: true (a); false (b)
2. use breaks conj under discussiontrue (a); false (b)
3. use percentage conjectures brokenrue (a); false (b)

4. monster barring minimum: 0 (a); 10 (b); 20 (c); 30 (d); 40 (e); 50 (f); 60 (g); 70 (h);
80 (i); 90 (j); 100 (k)

5. use culprit breaker: true (a), false (b)
6. use culprit breaker on conjecture under discussiontrue (a), false (b)
7. use culprit breaker on all conjectures: true (a), false (b)

8. monster barring culprit min: 0 (a); 10 (b); 20 (c); 30 (d); 40 (e); 50 (f); 60 (g); 70 (h);
80 (i); 90 (j); 100 (k)

9. monster barring type: “vaguetovague” (a); “vaguetospecific” (b)

10. accept strictest:true (a), false (b)

We describe the experiments we ran in sections 10.4.2,3lamtl 10.4.4 below.

10.4.2 When to propose to bar an object

We tested when to propose to bar an object by running the ggeittt three students: the first

of whom took the values shown in variables 1-8, with the flage‘monster-barring” always

set to true (1a); and the other two students were set to merforrrender, and to accept the
strictest definition if a monster-barring proposal were ma#éliccepting the strictest definition

is the Lakatos variable, i.e. the variable which is the dbggerpretation of the earliest part of
Lakatos’s theory.

We set the students to run for 10 theory formation steps tb gatvidual work phase, and to
perform 10 individual work phases. The input data from 24®es are shown in table 10.4,
and the results are discussed in §10.4.6.

10.4.3 How to perform monster-barring

The “monster barring type” variable concerns the two ddfdgrways of performing monster-

barring: “vaguetovague”, and “vaguetospecific”.
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Session student 1

student 2 student:fi

1 mb-2a surr surr
2 mb-3a-4a surr surr
3 mb-3a-4b surr surr
4 mb-3a-4c surr surr
5 mb-3a-4d surr surr
6 mb-3a-4e surr surr
7 mb-3a-4f surr surr
8 mb-3a-4g surr surr
9 mb-3a-4h surr surr
10 mb-3a-4i surr surr
11 mb-3a-4j surr surr
12 mb-3a-4k surr surr
13 mb-5a-6a surr surr
14 mb-5a-7a-8a  surr surr
15 mb-5a-7a-8b  surr surr
16 mb-5a-7a-8¢  surr surr
17 mb-5a-7a-8d  surr surr
18 mb-5a-7a-8e  surr surr
19 mb-5a-7a-8f  surr surr
20 mb-5a-7a-89g  surr surr
21 mb-5a-7a-8h  surr surr
22 mb-5a-7a-8i  surr surr
23 mb-5a-7a-8]  surr surr
24 mb-5a-7a-8k  surr surr

Table 10.4: Experiments to determine when to perform monster-barring

In sessions 1 - 24, this takes its default value “vaguetoBgec To test this variable, we

performed sessions 25 - 48, shown in table 10.5. These talsathe variable values as sessions
1 - 24 except that the “monster barring type” flag is set to tietgvague”. We discuss the

results from sessions 25 - 48 in §10.4.7.

10.4.4 How to evaluate a proposal to bar an object

The first variable concerning how to evaluate a proposal toabaobject is 2: “use breaks

conjecture under discussion”, which is set to true (a) addb). For three students, the four
different combinations for this variable aré) 2a (student 1), 2a (student 2), 2a (student 3);
(i) 2a, 2a, 2b{iii) 2a, 2b, 2b; andiv) 2b, 2b, 2b. In sessions 49 - 52 we test variable 2, with

the results shown in table 10.6.
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Session  student 1 student2  student :f;
25 mb-2a-9a surr surr
26 mb-3a-4a-9a surr surr
27 mb-3a-4b-9a surr surr
28 mb-3a-4c-9a surr surr
29 mb-3a-4d-9a surr surr
30 mb-3a-4e-9a surr surr
31 mb-3a-4f-9a surr surr
32 mb-3a-4g-9a surr surr
33 mb-3a-4h-9a surr surr
34 mb-3a-4i-9a surr surr
35 mb-3a-4j-9a surr surr
36 mb-3a-4k-9a surr surr
37 mb-5a-6a-9a surr surr
38 mb-5a-7a-8a-9a  surr surr
39 mb-5a-7a-8b-9a  surr surr
40 mb-5a-7a-8¢c-9a  surr surr
41 mb-5a-7a-8d-9a  surr surr
42 mb-5a-7a-8e-9a  surr surr
43 mb-5a-7a-8f-9a  surr surr
44 mb-5a-7a-8g-9a  surr surr
45 mb-5a-7a-8h-9a  surr surr
46 mb-5a-7a-8i-9a  surr surr
47 mb-5a-7a-8j-9a  surr surr
48 mb-5a-7a-8k-9a  surr surr

Table 10.5: Experiments to determine how to perform monster-barring

The second relevant variable is the monster-barring minin). We tested twelve combina-
tions, where this flag was set to 30% (d), 60% (g) and 90% (j)tHee students. These are
shown in sessions 53 - 64, shown in table 10.6.

The final relevant variable is the “accept strictest” flag)(1Dhis is set to true (a) or false (b).

We test all combinations of this variable in sessions 65 s68wn in table 10.6.

The second and third students were set to perform surrerydgefault in sessions 49 - 68.

In order to enable all students to propose to monster-bab@@t in sessions 69 - 92, table

10.7, we gave all of the students the value of the monsteirigavariable which first student

had in sessions 1 - 24. This prevented the distribution ofittia affecting which entities could

be highlighted as monsters. We ran HRL in all three domains.
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Session student1l student2 student#

49 mb-2a mb-2a mb-2a
50 mb-2a mb-2a mb-2b
51 mb-2a mb-2b mb-2b
52 mb-2b mb-2b mb-2b
53 mb-4d mb-4d mb-4d
54 mb-4d mb-4d mb-4g
55 mb-4d mb-4d mb-4j
56 mb-4d mb-4g mb-4g
57 mb-4d mb-4g mb-4j
58 mb-4d mb-4j mb-4j
59 mb-4g mb-4d mb-4g
60 mb-4g mb-4g mb-4g
61 mb-4g mb-4g mb-4j
62 mb-4g mb-4j mb-4j
63 mb-4j mb-4d mb-4j
64 mb-4j mb-4j mb-4j

65 mb-10a mb-10a mb-10a
66 mb-10a mb-10a mb-10b
67 mb-10a mb-10b mb-10b
68 mb-10b mb-10b mb-10b

Table 10.6: Experiments to determine how best to react to a proposal to bar an object

10.4.5 Evaluation criteria

The purpose of these experiments was to determine whichiesntiere highlighted during
each session as potential monsters. We then compared thesedin entities we expected to
be highlighted, which were as follows:

Group theory

The semi-group SG1, and groupoids GP2 and GP3 are odd sntitimpared to standard
groups. Therefore, of the seventeen different algebrasiirgooup theory domain, we con-
sidered three to be odd.

Animal taxonomy

The platypus was first brought from Australia to Britain ireth9th century, and was initially
thought to be a hoax played by taxidermists. It was descrifpe®arwin as a ‘funny sort’

[Mozley Maoyal, 2001], and [Burrell, 1927, p. 1] claims thadti¢é animal has given rise to so
much controversy among both layman and professed zoatdgi$herefore, of the eighteen
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Session  student 1 student 2 student 3

69 mb-2a mb-2a mb-2a

70 mb-3a-4a mb-3a-4a mb-3a-4a

71 mb-3a-4b mb-3a-4b mb-3a-4b

72 mb-3a-4c mb-3a-4c mb-3a-4c

73 mb-3a-4d mb-3a-4d mb-3a-4d

74 mb-3a-4e mb-3a-4e mb-3a-4e

75 mb-3a-4f mb-3a-4f mb-3a-4f

76 mb-3a-49g mb-3a-4g mb-3a-4g

77 mb-3a-4h mb-3a-4h mb-3a-4h

78 mb-3a-4i mb-3a-4i mb-3a-4i

79 mb-3a-4j mb-3a-4j mb-3a-4j

80 mb-3a-4k mb-3a-4k mb-3a-4k

81 mb-5a-6a mb-5a-6a mb-5a-6a

82 mb-5a-7a-8a mb-5a-7a-8a mb-5a-7a18a
83 mb-5a-7a-8b mb-5a-7a-8b mb-5a-7a-8b
84 mb-5a-7a-8¢c mb-5a-7a-8c mb-5a-7a-8c
85 mb-5a-7a-8d mb-5a-7a-8d mb-5a-7a{8d
86 mb-5a-7a-8e  mb-5a-7a-8e  mb-5a-7a{8e
87 mb-5a-7a-8f mb-5a-7a-8f mb-5a-7a-8f
88 mb-5a-7a-8g mb-5a-7a-8g mb-5a-7a-8g
89 mb-5a-7a-8h mb-5a-7a-8h mb-5a-7a8h
90 mb-5a-7a-8i mb-5a-7a-8i mb-5a-7a-8i
91 mb-5a-7a-8f mb-5a-7a-8) mb-5a-7a-§j
92 mb-5a-7a-8k mb-5a-7a-8k mb-5a-7a-Bk
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Table 10.7: Experiments to determine when to perform monster-barring, when all three agents

are able to perform it

different animals in our animal taxonomy, we considered ke odd. Recall that although
we would normally consider the t-rex and the dragon to be add,thus liable to be barred as
monsters, the domain file contains no information about hdrethe animals are now extinct,
or are mythical, and so we do not penalise HRL for not idemtgythese two as potential
monsters.

Number theory

We discussed the history of number theory in 86.2, and arthusidhe numbers 0 and 1 were
previously considered to be monsters. Therefore, of thiy ©iRe numbers in our number

theory domain, we considered only 0 and 1 to be odd.

We also assume in our evaluation that these entities shaulchdnster-barred, rather than
monster-accepted. This does not reflect history, as thgquatwas considered to be odd, but
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later on it was accepted as a valid animal, and similarly eviiie numbers 0 and 1 were initially
rejected, they were later accepted as valid numbers. Wehisedtegorisation only because
the theories we evaluate from HRL are young, in terms of thebwer of theory formation steps

which have been performed, and therefore might be congiderke in the initial conservative

stage still. We show how the entities were classified whaneeegive our evaluation of the

percentage of entities which were correctly classified.

10.4.6 When to propose to bar an object: results and discussi on

We show the results from sessions 1 - 24 in table 10.8, whemgr@sent which of the expected
‘monsters’ identified above, were proposed as monstersyaiah other entities were similarly
proposed. We calculate the percentage of correct cladgifisa where an entity is correctly
classified if it is one which we identified as a monster and i weoposed as a monster (true
positives), or if it was not one which we considered to be a stemand was not proposed as
a monster (true negatives). The results show that usinglLihleatos variable’, to propose to
bar any entity which is a counterexample to a conjectureeatly being discussed, produced
optimal results in group theory and animal theory. Simyladsing the monster-barring min-
imum of up to 30 or 40% produced good results in both domainsingJa higher value for
the monster-barring minimum, or any of the culprit breakariables, proved to be too high a
restriction, and while we did not get entities which we cdeséd to be valid being proposed as
monsters, nor did we get the entities which we wanted to skis.Sliggests that our restriction
for the culprit breaker, namely that including the entityaitheory causes more than half of the

entities in a theory to become counterexamples, is too high.

In number theory, the agency identified neither O nor 1 as teong any of the sessions 1 - 24,
and hence scored 97% according to our scheme. This was digtipg. The reason was that
the only student which was set to perform monster-barring tha student with the ‘monsters’
0 and 1. Even though it was set to make near-equivalenceatargs which held for at least
60% of its entities, it did not raise any conjectures in treedssion to which either 0 or 1 were

counterexamples.

In order to prevent the distribution of the data from influgigcthe monster-barring method in
this way, we performed further experiments in sessions 63. -18 these sessions, all of the
students were set to perform monster-barring if the righidtiions arose. We show the results
in table 10.9. This table shows which entities were propasedonsters by one or more of
the students, which were monster-barred by the group andhmhere monster-accepted by
the group, and the degree to which we considered the claggificto be correct, shown as a
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percentage. Note that in table, 109, stands for all groups except the trivial group, asfd
stands for a single group of size eight.

In group theory, the results in sessions 69 - 75, excludiggisa 73, were good, although not
optimal. This was consistent with our results in table 1@&scribing our investigation into
when a single agent should propose to bar an object. Thergtuda not identify the semi-
group as a monster in any of the sessions. This was becaudaitdrise as a counterexample
to any of the conjectures under discussion. Although ssirmi we conjecture that the reason
for this was that the discussion focused more on the grospnithe theory and therefore there
was not time to discuss the semi-group. We hypothesisefthet ian the agency with mainly
examples of groups, a few examples of semi-groups, and nggids, then the semi-groups
would be highlighted as monsters. In session 70, we saw guiteme behaviour, in which
two semi-groups, and all of the groups except the trivialugrevere proposed as monsters.
However, only one of the groups was barred by the students.

In animal theory, the platypus was the only animal to be lggitéd as a monster, which
was very encouraging. This was highlighted in sessions &§%nd 74, when the monster-
barring threshold was either zero or very low. In the intediiate sessions, it did not arise as a
counterexample before the session timed out. As in grougryhthe agency tended to produce
the behaviour we expected when the monster-barring mininvasset fairly low: between O
and 10%.

In session 69 in number theory, the numbers 2 and 3 were aibtidtited, and subsequently
barred, as monsters, which was not behaviour we expectezlbd$t session was 71, in which
the monster-barring minimum was 10%, and both 0 and 1 wenmedaWe also saw a case
of monster-accepting, in session 76. Although we evaludsteas a misclassification, it was
interesting behaviour as it is analogous to the historicaéptance of the number zero. We also
saw a case of monster-accepting, in session 75 in groupythieoxhich one of the groupoids
was accepted as a valid member of the domain.

From these results, we hypothesise that using a monstengpaminimum of 10% for all stu-
dents in the agency, produces the most interesting behavitis method.

10.4.7 How to perform monster-barring: results and discuss ion

The “monster barring type” variable concerns the two ddf@rways of performing monster-
barring: “vaguetovague”, and “vaguetospecific’. The iating setting is “vaguetospecific”,
since we then see suggested definitions for the domain akstteWhen the variable is set
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Session monsters other % correct
Group theory GP2; GP3; SG1

1 VY — 100%
2 V= — 94%
3 VY — 100%
4 a4 — 100%
5 a4 — 100%
6 — vV — 94%
7 —-vVv — 94%
8-24 - — = — 82%

Animal theory platypus

1 v — 100%
2 v — 100%
3 v — 100%
4 v — 100%
5 v — 100%
6 v — 100%
7-24 - - 94%
Number theory 0;1

1-24 — — 97%

Table 10.8: Monster-barring results: proposing a monster

to “vaguetovague”, discussion continues with no agreerasrib how the domain is defined,
although the status of the entity in question has been dettle

In table 10.10 we show the different definitions which werggasted for the domain of inter-
est, in our three different domains, when the monster bautgpe variable was set to “vague-
tospecific”. Definitions 1 - 5 are from group theory, 6 and iranimal theory, and 8 - 11
from number theory.

The group theory definitions (1 - 5 in table 10.10) were thetreaisfactory, with the proposed
definitions starting to resemble the group axioms. For mstathe associativity criterion was
introduced to prevent the groupoid GP2 from breaking cdojes. Similarly, the criterion of
an inverse for at least one element in a group was introducguleivent the semi-group SG1
from breaking conjectures.

The number theory definitions (8 - 11 in table 10.10) were nairecure, and concerned the
way that the core concepts were calculated. For instanee student defined the domain of
interest as “a is an integer aad a” as a way of excluding the number zero. This was because
zero did not have any divisors, according to the way thatl@utated divisors of a number.
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Session proposed monsters  barred accepted % correct
Group theory

69 GP2; GP3 GP3 - 88%
70 GP2; GP3;! GP2; GP33% - 88%
71 GP2; GP3 GP3 - 88%
72 GP2 - - 82%
73 - - - 82%
74 GP3 GP3 - 88%
75 GP3 - GP3 82%
76 - 92 - - - 82%
Animal theory

69 platypus platypus - 100%
70 - - - 95%
71 platypus platypus - 100%
72 - - - 95%
73 - - - 95%
74 platypus - - 95%
75-92 - - - 95%
Number theory

69 0;1;2;3 0;1;2;3 - 97%
70 0 0 - 97%
71 0;1 0;1 - 100%
72 0 0 - 98%
73 - - - 97%
74 0 0 - 98%
75 0 0 - 98%
76 0 - 0 97%
77 -92 - - - 97%

Table 10.9: Monster-barring results: the decision of the agency about which monsters to bar,

and which to accept, when all students are able to propose a monster

In animal theory however, the alternative suggested difirsit(6 and 7 in table 10.10) were
inappropriate. They were both introduced either to excludéo cover the platypus. However,
clearly none of them do exclude the platypus. The reasorméolatck of success in this domain
was the way that concepts are represented in HRL. Data tadsleew mathematical entities
can be calculated: for instance, given a new algebra, HRldeggrmine whether it is associa-
tive or not. However, data tables for other types of new istitsuch as a platypus, cannot be
calculated by HRL. Each student considers its data table twomplete, and so if a platypus
is not in the data table for “animals which live in habitat Bien the student would consider
making this concept a condition of the domain of interestolvhivould exclude the platypus.
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Def Suggested definition
GT
1 a is a group and the left hand cancellation law holds for a
2 ais agroup and a is associative
3 ais agroup and exists b ¢ (b ina and cin a and inv(b)=c)
4 ais a group and exists b (b in a and b=id)
5 aisagroup and existsbcd (binaand cinaanddinaand b*c=d)
AT
6 ais an animal and exists b (b is a habitat for animals andea livb)
ais an animal and exists b (b is an integer and a has b legs)
NT
ais aninteger and| a
ais an integer and exists b (b is an integer bhd)
10 ais aninteger and exists b ¢ (b is an integerlapaland c is an integer ard| a
and c*b=a and b*c=a)
11 ais an integer and exists b c (b is an integer and c is aneinteyl c+b=a and

b+c=a)

Table 10.10: Alternative suggested definitions for the domain of interest

Clearly, it does not.

Our conclusions in this variable, therefore, are that thenster barring type variable should
be set to “vaguetovague” unless it can calculate new rows iddta tables when new entities

arise.

10.4.8 How to evaluate a proposal to bar an object: results an d discussion

In experiments 49 - 68, we tested to see which variable gettiais the most effective when
students were asked to evaluate a proposal to bar an objettieg& which were proposed as
monsters were: 0, 1, 2, 3, 13, 17, 19, 20, 40, 60 in numberyh&1, GP2, GP3, and a group
of size eight in group theory; and the platypus in the anirmabhomy. We were interested
in how the students reacted to these proposals, and we ®alobjects as being correctly
classified according to our argument in 810.4.5.

We show the results from our experiments in figures 10.3 andl Ihe first of these shows the
percentage of correct classifications, as an average oatttestudent’s vote for each proposed
monster, for each session 49 - 68. We show each domain inexethff colour. For instance,
in session 49, students correctly classified 71% of the tbgoposed as monsters in number
theory, and 100% in group theory and the animal taxonomy. Mya/ghe details of this session
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in table 10.11, where the number in brackets denoted theeptge of conjectures which the
entity breaks in the given student’s theory.

Session  monster S1 S2 S3 %classificatio#
GT

49 GP3 bar (66) bar (50) bar (42) 9/9 = 100
49 GP2 bar (31) bar (33) bar (25)

49 SG1 bar (24) bar (3) bar (52)

AT

49 platypus bar (27) bar (18) bar (20) 3/3 = 100
NT

49 0 bar (60) bar (80) bar (80) 15/21 = 11
49 1 accept (0) accept (0) bar (80)

49 19 accept (0) accept (0) accept (0)

49 17 bar (12) accept (0) accept (0)

49 13 bar (15) accept (0) accept (0)

49 3 bar (18) accept (0) accept (0)

49 2 bar (26) accept (0) accept (0)

Table 10.11: Monster-barring results for session 49: determining how to react to a proposal to

monster-bar entities.

In figure 10.4, we present the average of the percentage mfatarlassifications across the
three domains, and the result for each of the three variatdetested: “use breaks conjecture
under discussion” (which was set to true or false); “accafpttest” flag (which was set to true
or false), and the monster-barring minimum (set to 30%, 60#00%). In the latter case,
we add up the value of the monster-barring minimum of allaétstudents in the agency. For
instance, in session 49, whose details are presented a 18kl1, we have taken the average
percentage of correctly classified entities over the thmealns, as (71 + 100 + 100)/3 = 90%.
The variable “use breaks conjecture under discussion” wasostrue for each of the three
students in the agency in this session; therefore this iesepted by the brown cross in the
left hand graph, at co-ordinates (3,90).

The results suggest that the most effective settings wesettihe “use breaks conjecture under
discussion” variable to true, or the “accept strictest” fladalse for most, or all of the students
in the agency. The best results for the “monster-barringimmim” flag were when the total
amount came to 120 or 150%, i.e., the average percentageadbrstudent was either 40%
or 50%. However, the former two flags produced the best sillhe percentage of correct
classifications decreased as the average value of the suttannster-barring minimum” flag
increased, and was lowest, 0% in session 64, when each dfidenss had a “monster-barring
minimum” flag of 90%. This is unsurprising, since if the pertame of conjectures which a
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Figure 10.3: The percentage of correct classifications, given a proposed monster, for each

domain: sessions 49 - 68
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Figure 10.4: The average percentage of correct classifications, given a proposed monster, over

the three domains

proposed monster must break in a given student’s theory beugery high, before the student

agrees to bar it, then many entities which we consider to bestecs will be accepted, as they

do not break a sufficiently high proportion of the studentjectures. We show the results

for this variable in number theory, in table 10.12. The nursligven in brackets denote the

percentage of conjectures which the entity breaks in thergstudent’s theory. In the case of

some sessions, for instance, 51, 52 and 65, no entities wapeged as monsters, and therefore
we were unable to evaluate the students’ responses.

10.5 Itis possible to fine-tune the method of exception-barr ing

10.5.1 Experimental setup

We tested four variables associated with exception-bgrrpiecemeal exclusion, piecemeal
exclusion with counterexample-barring, strategic witdvdal, and communal piecemeal exclu-
sion. The first three are variables at the student level, @dgeecommunal piecemeal exclusion
is at the agency level.

1. use piecemeal exclusiontrue (a); false (b)
2. use piecemeal exclusion with counterexample-barringtrue (a); false (b)
3. use strategic withdrawal: true (a), false (b)

4. use communal piecemeal exclusiortrue (a), false (b)
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Session  monster S1 S2 S3 %classificatiob
53 0 bar (50) bar (66) bar (62) 36 = 50
53 1 accept (6) accept (17) accept (18)

54 0 bar (42) bar (57) accept (57) 213 = 67
55 0 bar (50) bar (66) accept(66) 11/15 = ¥3
55 20 accept (0) accept (0) accept (0)

55 40 accept (0) accept (11) accept (0)

55 60 accept (0) accept (0) accept (0)

55 1 accept (5) accept (16) accept (17)

56 0 bar (42) accept (57) accept (57) 4/9 = 44
56 1 accept (6) accept (18) accept (20)

56 60 accept (22) accept (10) accept (5)

57 0 bar (50) bar (66) accept (57) 8/12 = 67
57 1 accept (6) accept (17) accept (12)

57 3 accept (12) accept (0) accept (4)

57 2 accept (15) accept (0) accept (4)

58 0 bar (42) accept (57) accept (57) 1/3 = B3
59 0 accept (42) bar (57) accept (57) 49 = 44
59 1 accept (6) accept (18) accept (20)

59 60 accept (15) accept (10) accept (5)

60 0 accept (42) accept (57) bar (62) 7112 = B8
60 1 accept (5) accept (18) accept (20)

60 3 accept (21) accept (0) accept (0)

60 2 accept (25) accept (0) accept (0)

61 0 accept (50) accept (57) accept (57) 0/3 = 0
62 0 accept (42) accept (57) accept (57) 39 = |33
62 1 accept (6) accept (18) accept (20)

62 60 accept (15) accept (10) accept (5)

63 0 accept (50) bar (57) accept (57) 16 = 17
63 1 accept (6) accept(17) accept (18)

64 0 accept (42) accept (57) accept (57) 0/3 = 0

Table 10.12: Monster-barring results: determining how to react to a proposal to monster-bar

entities in number theory

In session 1, we tested the communal piecemeal exclusiomflegch of our three domains.
Since this is a variable at the agency, rather than studeel, i&e did not test different com-
binations. This meant that fewer experiments were perfdrore this method than on other
methods.

In sessions 2 - 9, we tested all combinations of the piecemedlision and piecemeal exclu-
sion with counterexample-barring methods, for three sitgle This was to investigate how
different combinations affected the number and quality ref modifications made. In the
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piecemeal exclusion and counterexample methods, thedeaetiuested non-existence con-
jectures. In tables 10.13, 10.14 and 10.15, we present thu viariables for testing the piece-
meal exclusion and counterexample-barring variables; bioations of piecemeal exclusion
with counterexample-barring; and combinations of stiategthdrawal, respectively.

Session student1l student2 student$

2 pm pm pm
3 pm pm pm+cb
4 pm pm+cb pm
5 pm pm-+chb pm-+cb
6 pm+cbh pm pm
7 pm-+chb pm pm-+cb
8 pm+cbh pm+cbh pm
9 pm-+chb pm-+chb pm-+ch

Table 10.13: Testing the piecemeal exclusion and counterexample-barring variables

Session student1l student2 student#

10 pm+ch pm-+cb pm-+cb
11 pm+ch pm+cb surr
12 pm+ch surr pm+cb
13 pm+ch surr surr
14 surr pm+cb pm+cb
15 surr pm+cb surr
16 surr surr pm-+cb

Table 10.14: Testing combinations of piecemeal exclusion with counterexample-barring and

surrender

Session student1l student2 student$

17 Sw sw sw
18 SW S surr
19 SW surr SwW
20 sw surr surr
21 surr sw SwW
22 surr sw surr
23 surr surr SW

Table 10.15: Testing combinations of strategic withdrawal and surrender
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10.5.2 Evaluation criteria

We evaluate the interestingness of the original conjecame of any modifications produced
using exception-barring methods, in terms of the intenmgsiess measures described in 3.1.3
and 4.4. To recap:

e The applicability of a conjecture is the proportion of entities that the cojex discusses.
The applicability of an equivalence conjecture is the aggflility of the concepts which are
hypothesised to be equivalent. The applicability of an iogtlon conjecture is the applicability
of the antecedent concept). The applicability of a nontexisnjecture is zero.

e The comprehensibilityof a conjecture is the reciprocal of the number of distinabtaapts
which appear in the construction path of the concepts dsszlig the conjecture. Comprehen-
sibility is not defined for non-existence conjectures.

e Thesurprisingnes®f an equivalence or an implication conjecture is the nunabeoncepts
which appear in the construction path of one concept, bubntt. The surprisingness of a
non-existence conjecture is measured by the applicaloifitis parent concept.

e Theplausibility of a conjecture is (the number of entities the conjectureutises - the num-
ber of counterexamples to the conjecture)/the number dienthe conjecture discusses.

10.5.3 Communal piecemeal exclusion results

Domain  counterexample concept found

number O no
group
animals  platypus a is an animala produces milk\ a produces egg

Table 10.16: Communal piecemeal exclusion results

The results in communal piecemeal exclusion are shown ile th®.16. While only three
sessions were performed, the results suggest that eithéndependent work phase should be
increased when using this method, in order to give studemi® time to form concepts, or
that the communal aspect of the method does not add to itstigéieess. In the only case
where an appropriate concept was found, it was a concepthvthie students who had the
counterexample in their theories had already formed, anthep could have performed the
modification independently. This would save time becauseoiild decrease the amount of

communication necessary for a single modification. We imglieted piecemeal exclusion in
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its communal form, with the idea that those students wititengxamples to a conjecture may
not be the same as those with an appropriate concept whidti bewsed in the modification,
and thus collaboration would be useful. However, the residtnot support this idea and more
work would need to be done on this method for it to become lisefu

10.5.4 Piecemeal exclusion and counterexample-barringre  sults

We show our piecemeal exclusion and counterexample-lggrésults in terms of the interest-
ingness of the original conjecture and of the modificatiariable 10.17. We are only interested
in the surprisingness and plausibility of the conjectumstl using piecemeal exclusion, since
the applicability of a non-existence conjecture will alwaye zero, and comprehensibility is
not defined for non-existence conjectures. Recall that tingrisingness of a non-existence
conjecture is measured by the applicability of its paremtoept. This is based on the idea
that it is more surprising if the parent concept has many gtasnthan if the parent concept
has only a few examples. For instance, conjecture 1 in nushigary, shown in table 10.17
below, states thatfla such that4 is an integer\ a| aA a* a = a)". This has surprisingness 1,
since its parent concept, the core concept given for midépbn, has applicability of 1 (since
it applies to every entity in the theory). Using this meastine surprisingness of a modified
non-existence conjecture is the number of counterexamplése original conjecture (which
provides the parent concept) divided by the number of estith a student’s theory, i.e., the
applicability of the concept in the original non-existersmnjecture. The first conjecture in
table 10.17 was modified by student 1, working with entities20. The student found coun-
terexample 1 to the conjecture, and modified it to bec@imeuch that 4 is an integer a | a

A a*a=aA —-(a=1)). We measure the modification as having overall ssirgghess 1/61,
since the parent concept has 1 example, and there are Gé®atibgether in the theory.

In table 10.17 below, we refer to the overall surprisingnasd plausibility of the original
and the modified conjecture. In the penultimate column, \8e give the average interesting-
ness of the modified conjecture, calculated as (surprisisg+ plausibility)/2. For instance,
modification 1 in number theory has surprisingness 1/61 dauasibility 1, and so average in-
terestingness of (1/61 + 1)/2 = 0.508. We give this figure tedhdecimal places. The final
column shows whether piecemeal exclusion (pm) or courdengke-barring (cb) was used.

In figure 10.5, we also represent these results (to two deg@haees), showing the number of
modifications for each session, and the average interest#sgof the modification. The latter is
calculated by the interestingness given in table 10.17dwis an average of the surprisingness
and plausibility of each modification). For instance, sas$l achieved three modifications in
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Modn  surp plaus int method
orig — modn orig — modn

NT

1 — 1/61 60/61 — 1 0508 cb

2 — 1/61 60/61 — 1/61 0.016 pm

3 — 1/61 60/61 — 1 0508 cb

GT

1 0.5 — 1/17 16/16 — 1 0571 <cb

2 1 — 1 0/17 — 15/17 0.941 pm

3 0.5 — 0/17 17/17 — 0/17 O pm

4 1 — 317 14/17 — 3/17 0.176 «cb

5 0.6 — 14/17 3/27 — 14/17 0.824 <cb

6 1 — 3/17 14/17 — 14/17 0.5 cb

AT

1 0.5 — 1/18 17/18 — 1 0528 <cb

Table 10.17: The interestingness of the original and modified conjectures, where the modifica-

tion was performed using piecemeal exclusion and counterexample-barring

number theory (shown as 1-3) and therefore had an averagrestingness of 0.508 + 0.016 +
0.508 = 0.344.

10.5.5 Discussion

The most noticeable aspect of figure 10.5 is that, of the tHoepains we tested, piecemeal
exclusion works best in group theory. This is a particulamgouraging result since it indicates
that HRL is not fine-tuned to only work in number theory. Arettaspect to notice is that
giving some, but not all agents counterexample-barringnse® improve the modifications.
However, in general, while we had some interesting modifioat the number of modifications

was too low to be able to draw conclusions about optimal patansettings.

In number theory, conjectures 1 and 3 were similar, thoughdemtical, to conjectures found
in the illustrative sessions described in sections 6.6dL&#6.3, in which the students were
set to perform monster-barring, and they barred the numtreesand zero. When exception-
barring methods are performed instead, conjecturBalsuch that4 is an integer a| aA a*

a = a) was modified to:

e Aasuch thatdis an integer\ a| an a*a=aA ~(a=1))

Conjecture 33a such that& is an integer\ a + a = a) was modified to:
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interestingness of
modifications

0.7
* 12

0.67

« 8;13

« 3;5;7,;8;10; 16 6
0.5 e 8;11 « 10 .
0.4

- = number theot
] e 6;9; 12

0.3 - = group theory
| - = animals

0.27

0.1

| | | number of
1 2 3 modifications

Figure 10.5: The exception-barring results for sessions 2 - 16. In those sessions which do not

appear, no modifications were performed. Session numbers appear in the figure.

e Aasuch thatd is an integer\ a + a = aA —(a = 0))

In group theory, we saw sequences of modifications which wengetimes poorly understood
by one of the agents. For instance, the first conjecture ingtbeory in table 10.17 states
that there does not exist a group in which every element isdéatity. This was modified, in
session 6, to the theorem that the only group in which evemeht is the identity, is the trivial
group, phrased as:

e Fasuch thatdis a groupA ((b € a)— (b € aA b =id)) A =(a=0))

When this became the conjecture under discussion, therdtuddout the trivial group could
not reconstruct the concept of the trivial group, and indteaodified” the conjecture to saying
that there are no groups (conjecture 3 in table 10.17). Thisrnh was modified to saying that
there are no groups which are not associative (conjecturéable 10.17). While the discussion
did result in some interesting conjectures, these resuligest that we need to enable agents
in HRL to question when they see a concept which they canmonstruct (since they lack
either a core concept or the parameters necessary). Thid loewone in a similar way to that
in which a student comes across an entity which is new to iurhér improvement would be
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to measure the number of production rule applications thakes to modify a conjecture, as
multiple applications resulted in overly specialised eatjres.

There was only one example of a modified conjecture in the alniimmain:#a such that 4 is
an animalA a produces milkA a produces eggs). This was modified to:

e Fa such that & is an animal\ a produces milka a produces eggs —(a = platypus))

This was an alternative reaction to the monster-barringrtiegie of barring the platypus. This
was also a very encouraging result. It was disappointingyelver, that there were no other
modifications. The reason for this was a lack of false conjest there was only one other
conjecture suggested for which agents had counterexampléir data sets. This led on

directly from the above modification, and stated that thered such animal as the platypus.
The two agents with the platypus in their data sets attentptetbdify this, but were unable to

find a modification.

10.5.6 Strategic withdrawal results

In 2 of the 7 sessions, namely, 17 and 19, students sucdggsfulormed strategic withdrawal
only in the group theory domain. In both sessions, the metias performed twice. In the

first case, the flawed conjecture was that:

ais a group— a is associative.

Student 2 found counterexamples GP2 and GP3, and only oniev@axample, GP1, the
trivial group. The student looked for a concept to cover tingal group, and found “a is a
group A the left hand cancellation law holds for a”. It then modifieé briginal conjecture in
three ways:

e for all a: a is a group\ the left hand cancellation law holds for«a a is a groupA a is

associative,

e for all a: a is a group\ the left hand cancellation law holds fora a is a groupA a is
associative,

o for all a: a is a group\ the left hand cancellation law holds fora a is a group.

The second flawed conjecture was “a is a gredja is a group\ the left hand cancellation law
holds for a”. This was also modified by student 2 in three ways:



10.5. Itis possible to fine-tune the method of exception-barring 189

o for all a: a is a group\ a is associative~ a is a grouph the left hand cancellation law holds
for a,

o for all a: a is a group\ a is associative- a is a grouph the left hand cancellation law holds
for a,

o for all a: a is a group\ a is associative~ a is a group.

Considering the agency as a whole, and measuring the cothplaasibility, all six modifica-
tions improved upon their original conjecture. Howevee tombined applicability decreased
in all cases. This was unsurprising, as the method of siratgthdrawal narrows the domain
of application. (Note that in measuring the applicabilifynear-equivalence conjectures, we
use that of the concept with highest applicability.) Theyssingness and comprehensibility
measures stayed constant in all cases. We show the valugm$er four measures of interest-
ingness, in table 10.18.

int conjl modnl modn2 modn3 conj2 modnl modn2 modn3
plaus 15/17 16/17 1 1 14/17 16/17 16/17 1
appl 1 15/17 14/17 14/17 1 15/17 15/17 15/17
surp 2 2 2 2 2 2 2 2

comp 1/2 1/2 1/2 1/2 1/2 1/2 1/2 1/2

Table 10.18: Showing the effects of strategic withdrawal on the interestingness measures

10.5.7 Discussion

One reason for the failure to perform strategic withdrawalrenoften was that we have not
implemented this method for non-existence conjectures¢chwtvas the form of some of the
conjectures under discussion. Another reason was thaestsidvere often unable to find a
concept which covered all of their positive entities. We htigolve this problem by increasing
the number of steps in the independent work phase, so tha cooicepts are available to the
students. Another solution would be to allow the studentas® a concept which covers a
proper subset of the positives. This would result in weakejactures, but may be preferable
to not being able to perform the method at all. Although theegze not enough instances of
strategic withdrawal being performed to be able to test gwokthesis, all of the modifications
were interesting conjectures, and the method was also stowark well in group theory.
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10.6 Conclusions

In this chapter we have presented and discussed resultsefralmating our three hypotheses:
that it is possible to fine-tune the method of surrender; fiassible to fine-tune the method
of monster-barring, and it is possible to fine-tune the metbbexception-barring. This has
taken the form of an investigation of which variables ancapseter settings produced certain
desired behaviour, as well as showing that by altering tmarpaters we alter the behaviour of
the system.

We have presented results from experiments in which we tffsteht parameter settings.
These indicate which settings produce the desired behaarmiwhich do not. We have run all
of our experiments in three domains: group theory, animabityhand number theory. Although
we developed HRL in number theory and therefore might exjidot perform better in this

domain than in others, it does not. This shows that our sysamt fine-tuned. We have also
shown results from experiments in which we focused on diffetypes of conjecture: namely

non-existence conjectures in piecemeal exclusion.

Although we have performed only preliminary tests, we hasensthat the methods work in

different domains as well as on different types of conjezsurWe have also identified which

variable settings lead to desirable conjectures and cdsicePur experimentation has also
highlighted areas of future experimentation which may primteresting, as well as aspects of
the system which could be improved.
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Philosophical evaluation

Our project is to(a) give a computational reading of Lakatos’s theory of mathisahdis-
covery and justification, an¢b) to show that it has been useful to do so. In this chapter we
continue the argument which we began in the previous chaghiatr it has been useful to do
so, where ‘useful’ is defined by a set of criteria suggested iwggard, Sloman, Popper and
Lakatos, and described in 83.3.1. We adopt a shotgun agpreitic respect to these criteria:

a theory is not either good or bad, but good with respect ttairecriteria. We are evaluating
two aspects of our project. Firstly, our computational agjgh suggests new ways in which to
evaluate Lakatos’s theory. Secondly, this approach hagestigd ways in which to clarify and
extend Lakatos’s theory, hence embedding it within a brotdueory.

This chapter is organised as follows: in §11.1 we recap raitef a good theory, suggested
by Thagard [1993], Sloman [1978] and Popper [1972], andrimst in §3.3.1. From these,
we identify the two main criteria of consilience and simjilicvhich we use to evaluate our
project in this chapter. In 811.2 we describe these tworaita terms of sets, where we are
interested in the set of all mathematical conjectures, #teofall mathematical conjectures
which a theory accounts for, and the set of all mathematisajectures which one attempts to
account for with the theory (the inspiring set). In sectiéds3, 11.4, 11.5 and 11.6 we evaluate
the methods of surrender, monster-barring, exceptioridgaand lemma-incorporation with
reference to elements in the sets, and the two main critéffeere relevant, we discuss sessions
from experiments in the previous chapter. In §11.7 we arpae aur approach has satisfied
five further criteria of a good theory, suggested by Slomduat & theory explain a range of
possibilities, and a good theory be: definite, rigorous,necaical, and extendable. In §11.8,
we discuss our project with reference to Feferman’s csitits of Lakatos’s theory, and we
argue that the computational approach has suggested answsome of these. Finally, in

191
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§11.9 we discuss our project and Lakatos’s project withregfee to Lakatos’s own criteria for
evaluating scientific research programmes. We summarsettapter in 811.10.

11.1 Recap of criteria of a good theory

We consider criteria suggested by Thagard [1993], Slom&7§lLand Popper [1972], de-
scribed in 83.3.1. These consist of Thagard’s notions oitience, simplicity and analogy
(8 3.3.2); Sloman’s criteria that a theafiyy explain a range of possibilities, and a good theory
is (i) definite, (iii) general,(iv) able to explain fine structurdgy) non-circular, (vi) rigorous,
(vii) plausible,(viii) economical(ix) rich in heuristic power, an¢x) extendable (83.3.3); and
Popper’s criteria of being independently testable, and inacontent (83.3.4). These three sets
of criteria overlap in the criteria shown below. A good thgshould:

e be as general as possible (Thagard’s notion of consiliearod Sloman’s third generality
criterion);

e explain more than it set out to explain (Thagard’s notion iaiicity, and Popper’s
richness in content criterion);

e not assume what it sets out to explain (Sloman’s fifth noowtarity criterion, and Pop-
per’s independently testable criterion).

We focus on the first and second of these criteria. We givénéurarguments that we have
satisfied Sloman’s first, second, sixth, eighth and tentterion. We do not consider Tha-
gard’s notion of analogy, Sloman’s fourth, seventh andmaniteria or Popper’s independently
testable criterion. This is because they are either notaele in the case of Thagard's notion of
analogy, or itis difficult to show that our project has sagidfihem, in the case of the remaining
criteria. Since the criteria are considered to be desiredileer than necessary characteristics
of a good theory, showing that our theory satisfies some ohtlsesufficient to support our
argument that it is a good theory.

11.2 The criteria in terms of sets

Ritchie [2001] suggested that we evaluate the degree ofivitgan a computer program by
considering four sets within a universe of basic items (adigible instances of an intended class
of artefacts). These consist of the set of inspiring exampked to guide the construction of
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the creative program; the set of items generated by the @nogr a session; and two fuzzy sets:
Typicality and Value, which respectively measure the nigvahd quality of an item. Ritchie
suggests a catalogue of fourteen formally expressed ieiteased on the relative proportions
of the cardinality of the four sets. This methodology is cmméd in [Colton et al., 2001], in
which the set of inspiring examples and the set of artefattsigh quality are among those
considered to be relevant to an evaluation of creativitylt@oet al. [2001] also relate their
work to the criteria outlined by Popper. We adopt this metiogy of seeing programs and
output as sets, and considering the content of relevanetibd/e therefore view the first and

second of the overlapping criteria above, in terms of sets.

There are three relevant sets. Firstly, there is the setlahathematical conjectures. We
assume that this set is fixed, containing future as well asiigal mathematical conjectures,
and conjectures which may never be considered. This is tivensal setJ. Secondly, there
is the set of all mathematical conjectures which a theorpaets for,E. Finally, we have the
set of all mathematical conjectures which one attempts ¢owat for with the theory. This is
the inspiring set). We are interested in making the getlarge with respect t&J, and with
varied and interesting members. This is the first criteribove. We are also interested in the
difference between seEandl, i.e., the intersection d& and the complement of EN1’, or
E\I. This is the second criterion above. In terms of our evatmatf Lakatos'’s theory, if

is Lakatos’s inspiring set, containing Euler’'s conjectarel associated concepts, conjectures
and proofs, i.e., the case study which Lakatos documertted,& contains further concepts,
conjectures and proofs which can be explained by Lakatbstry. In this chapter, we identify
members oE. Furthermore, if the inspiring set for our extended theali thenE1 contains
all of the concepts, conjectures and proofs which can beamgd by our theory. Figure
11.1 shows a Venn diagram which is a simplified represemtaifdhese five sets, assuming a
subset relation between the sets. Our evaluation mainlyistsof identifying elements i\ |
andI1\E. Elements irE\| show both that Lakatos’s theory is general (criterion 1} Hrat it
explains more than the data it set out to explain, i.e., tregiplies to more than the evolution of
Euler's conjecture (criterion 2). Elementslib\E are the inspiring examples for our extended
theory, and help us to see the gaps in Lakatos’s theory. EitsmeE1\I1 allow us to make
the argument that our extended theory is general and thapldies more than the data it set
out to explain.

In general, at the start of chapters 5 to 9, we have outlinddios’s theory and his inspiring
examples from [Lakatos, 1976] ih(we assume that examples which are not in [Lakatos,
1976] are not id). We have then suggested further inspiring examples — wdielgenerally

IWe would have liked to include concepts and other mathewmigittenomena such as objects, theoretical state-
ments, and proofs in this set. However, since this set wddd tself be a concept of mathematical interest, we
stay on the safe side of Russell and Zermelo’s madness biyrgnit to conjectures.
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applications of the method being discussed — to numberyh&bese examples either fall into
E, if they are strong applications, ot, if they are extensions of Lakatos’s theory. We have
presented details of our implementation, and illustrag®ssions, the results of which either fall
into E, for a faithful implementation of Lakatos’s theohy,, if we were specifically replicating

a theoretical example, &1\11 for further results. In chapter 10 we tested hypothesesRh H
by running it in various domains with various parameterisgff, and produced further results
in E\l andE1\11.

Universal set of all possible mathematical phenomena

Goldbach’s
conjecture

Euler’s conjecture

the conjecture that

all integers except squares have an even number of divisors
Figure 11.1: A simplified Venn diagram representation of Lakatos’s inspiring set (I), the mathe-
matical conjectures which his theory explains (E), our inspiring set (11), and the mathematical

conjectures which our theory explains (E1)

11.3 Evaluating the method of surrender

The method of surrender consists of using a counterexaraplkfute a conjecture. Lakatos’s
inspiring example in was the rejection of Euler's conjecture, once the counterg{e of the
hollow cube had arisen.

We identified an application of this method in number thedisgussed in Burton [1985]. This
is the conjecture that thath perfect numbeP, contains exactly digits. This conjecture was
rejected when the fifth perfect number, 33,550,336, which @unterexample, was found.
This example isirE\l, i.e., it is explained by Lakatos’s theory but was not onéhefihspiring
examples.

We show another application of this method to the domain ofigoids, which was a result
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from our experiments in the previous chapter. Below, we gikeextract from session 1 in
group theory (table 10.3 on page 164), in which all threeetslin HRL were set to perform
surrender whenever they had a counterexample to a corgecline students were discussing
groupoids. Student 1, who had only examples of groups, canjed that all groupoids have an
identity. Student 3, who had examples of non-groups, foundueterexample of a groupoid
which did not have an identity (the groupoid GP3 in table 1@n2page 161), and rejected
the conjecture. Note that we have implemented some naamgubge capabilities in HRL, in
order to make the output easier to follow. There are some gpatical and punctuational errors

in the output, which we include in the extracts.

Teacher: Has anyone got any interesting conjectures to get the digmustarted?
Student 1: for all a : ais a groupoid- a is a groupoid\ exists b (b in a\ b=id)

Teacher: Has anyone got any conjectures which modify the conjectioedll a :
a is a groupoid— a is a groupoid\ exists b (b in a\ b=id)'? We want to perform
individual methods

Student 3: for all a: ais a groupoid~ a is a groupoid\ exists b (b in a\ b=id)
is not worth modifying

This example is also i&\|.

We extended Lakatos’s theory by considering further whenesme may decide to reject a
conjecture, given a counterexample. We implemented thatsins where a conjecture:

¢ has already been modified a certain number of times;

e is less interesting than a certain threshold;

e is less interesting than the average interestingness cé@@s conjectures;
e is considered to be implausible, and

¢ has a domain of application which is below a user-set thidsho

In session 12, the students are set to consider the domappli¢ation before performing sur-

render and rejecting a conjecture. The first student seribtlogving conjecture for discussion:

Student 1: for all a: ais a group— ais a group\ a is associative

The third student reconstructs this as a near-equivaleosgcture, since it has a counterex-
ample. However, the student does not reject the conjedbeicguse the conjecture has a high
domain of application. Therefore, the third student indtatiempts to modify the conjecture.
This example is irfE1\I1, and shows how someone working with groupoids may starme ¢

sider groups to be a more interesting domain.
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11.4 Evaluating the method of monster-barring

The method of monster-barring consists of defending a ctunje from a counterexample by
arguing that the counterexample is not valid. In [Lakatd®/6], a series of definitions of
polyhedron are suggested and negotiated. Students whaaevdetend a conjecture argue for
definitions whichexcludea proposed counterexample, or monster. Students who wattattk
the conjecture argue for definitions whiattludea given counterexample, i.e., which would
mean that the conjecture is false. The teacher resolvesseabldiscussion by asking the class
to accept the strictest definition, i.e., that which exchittee monster, leaving the conjecture
open. The first inspiring example Irfrom [Lakatos, 1976] is the hollow cube, which is barred
as a monster. Two rival definitions of polyhedra are raisedsdlid whose surface consists of
polygonal faces”, and “a surface consisting of a system dfgums”. The teacher suggests
that the class accept the second, stricter definition.

11.4.1 Ambiguity in theory formation

In order to implement monster-barring, we have had to moddiguity. This forces us to
answer questions about what can be ambiguous. In matheintieories, at least two types
of component may be ambiguous: objects of interest and ptsicéAn example from 1 is
that it may be ambiguous whether the object of intefégithe size of the set of all integers,
i.e., the first transfinite number) is really a number or nohother example is that it may be
ambiguous whether the definition of the concept of prime nemig‘any number with exactly
two divisors’, or ‘a number which is only divisible by itse#ind one’ (the difference being
whether we consider the number 1 to be prime or not).

In our implementation, objects of interest and core corgeph be ambiguous. Students can
guestion whether the definition of a core concept includgseaiic object or not, for instance
whether the concept of number should include zero, or wiétieeconcept of animal should
include the platypus.

11.4.2 When to perform monster-barring

Implicit in the method of monster-barring is the fact thatleaarty has a reason for wanting
to define a concept in a certain way. This is a common phenomiareveryday reasoning; for
instance, politicians will define ‘unemployment’ or ‘vigiecrime’ differently, depending on
whether they wish to argue that the figures have risen onfalle[Lakatos, 1976] the students
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discuss what was their original, unexpressed, intendeditefi and whether it corresponds
to the explicit definition they are currently defending. Wdittle time is spent on why an

alternative definition is first proposed, or why it may eveliyi be accepted or rejected; in
[Lakatos, 1976] the teacher always instructs the classdemdhe monster-barring definition,
i.e., that which excludes the monster. This is a gap in therth@lways accepting the strictest
definition is an unrealistic way of settling the dispute. Amfi2ld says; “Mathematicians have
an intuitive feeling of the behaviour of objects they try tefide — the process of discovery
involves the struggle to find a good or ‘right’ definition” [@eld, 1997, p.113].

We have addressed this gap in our algorithm for the way in wktadents decid€i) whether
they want propose an alternative definition or not, #éii{dgiven a proposed new definition,
whether they want to accept it or not. There are a range ofwemtivhich mathematicians have
for rejecting or accepting a concept definition. In the cehtehich Lakatos presents, the most
obvious motivation is to defend or attack a given conjectuee, Euler's conjecture). Another
factor is the effect that choosing one of two competing defing will have on the rest of a
mathematician’s theories or beliefs (this is known as thgrele ofepistemic entrenchmeirt
belief revision [Gardenfors, 1992]). In our implemendatj we have extended Lakatos’s theory
to reflect this.

Suppose that a student is sent an object of interest whicleasiaterexample to a conjecture
that the group is currently discussing, and the object is teethe student. If this object is
presented as an example of a cong@pthich the student is familiar with, then it is clear that
there is some ambiguity over the definition@f For instance, suppose a student receives the
‘number’ 0 when it has only previously seen positive exammmgenumber (1, 2, etc..). In this
case, the concept ‘number’ is ambiguous. The student thetnwaways to decide whether it
wants to bar the object (where the user decides which of theaays should be used, at the
start of the session). The first way is to test whether the temarample breaks more than a
(user-defined) percentage of all the conjectures in theestigitheory, and if so, it proposes to
monster-bar the counterexample. The second way is to testetavhether the new object is

a ‘culprit breaker’. This means that not only is the objecbarmerexample to the conjecture
under discussion, but if it is allowed into the student'satfye then it forces other objects

in the theory which previously supported the conjecturehe@anvolved in a counterexample
to the conjecture. For instance, suppose that the congectader discussion is the law of
monotonicity itself, that for all numbegs b andc, if b < ¢, thena+b < a+c. A mathematician
who does not considérg to be a number may hold monotonicity to be true, and be opposed
to acceptinglo as a number since not only is it a counterexample to the lawarfatonicity

—if a= g (for any finiteb andc) — but also because it forces the numbeendc into being

part of a counterexample (the tripla, b, c|), where previously they were supporting examples.
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This example is in1. Similarly, suppose that the conjecture under discussitime conjecture
that there do not exist integegs b, ¢ such thata+ b = c andcla. A mathematician who does
not consider 0 to be a number may make this conjecture. Howiétlee number 0 is proposed
as a counterexample, then the mathematician will find th@tsfto be accepted as a number,
there is not just a single counterexample, 0, to this coujectout that the existence of O has
forced all of the other objects to become counterexamplesedls For instance, if we take
b =0 anda = c, then 1 is a counterexample since-0=1 and 11, and similarly 2 is also a
counterexample since20 = 2 and 22, etc. Therefore, allowing 0 into a theory containing the
integers - 10 means that there are now 11 sets of counterexamapleandc. This example

is also inl1l. These examples inspired our implementation of the ‘dulgeaker’: an entity
is monster-barred if it forces other entities into being menexamples also. In our algorithm,
if the object in question forces other objects into beingrtetexamples for a higher number
of conjectures than a minimum, user defined, proportion, tie object is called a ‘culprit
breaker’, and monster-barred.

Rather than the teacher instructing the students to useatinewest definition, once a concept
has been raised as being ambiguous and two definitions sadgeach student decides which
definition they prefer and votes accordingly. The definitisrthen decided democratically,
based on these votes. If the votes are equal, then we folld&watba’'s principle of taking the
narrowest definition. The students make the decision basdteoproportion of conjectures
in their theories which still hold under each of the rival défons. Clearly this way of deter-
mining a definition means that we have to be able to accepntbaster’. In our algorithm, if
the consensus between the students is to extend a defitit@mihe teacher asks them all to
perform monsteacceptingby agreeing on the new, wider definition. [Lakatos, 1976, p- 8
99] does raise this issue, calling it concept stretchingwéi@r, the discussion in this part of
Lakatos’s book principally concerns the semantics and atetlogy of monster-barring rather
than reasons for initially proposing and accepting a rivelrdtion.

For example, in session 1 in table 10.4 on page 170, the firdést is set to perform monster-
barring whenever another student suggests an entity whialtounterexample to a conjecture
which the first student believes in. The following is an estfaom the output of this session.

Teacher: Has anyone got any interesting conjectures to get the dignustarted?

Student 1: for all a : a is an animah a produces eggs- a is an animalh —(a
produces milk)

Teacher: Has anyone got any entities which break the conjecture ’lfax aa is
an animalA a produces eggs- a is an animah —(a produces milk)'? We want
to perform communal piecemeal exclusion

Student 1: No, sorry.
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Student 2: platypus
Student 3: platypus
Student 1: platypus is not a animal.

By contrast, in session 7 in table 10.4 on page 170, the firdest is set to perform monster-
barring whenever another student suggests an entity whialsd a counterexample to more
than 50% of its conjectures. When the platypus is given asuatecexample in the situation
above, the first student looks to see how many of its conjestthis entity breaks, and finds
that it breaks 48%. Therefore the student does not propadsarti, and instead accepts it and
adds it to its theory. In the above dialogue, rather thandkemessage from student 1, that a

“platypus is not a animal”, the next message is:

Teacher: Has anyone got any concepts which cover platypus; ? We wadrto
form communal piecemeal exclusion

We see an example of how to react to a proposal to monsterrbabject in session 66 in
table 10.4, the animal taxonomy domain. In this sessiorfisigwo students are set to accept
the strictest definition. Given the proposal from studenb&ve to bar the platypus, all three
students vote to bar the entity, with the outcome being they &ll downgrade it to a pseudo-
entity.

11.4.3 Proposing a new definition

In [Lakatos, 1976], there are two types of concept defingicem initial vague concept, which
is not explicitly defined but for which some positive exangplre known; and an explicit
definition, for which the extension of the concept should &sier to determine. The two ways
in which HR [Colton, 2002] can represent concepts bears soralmgy to these: a core concept
has no explicit definition, and a concept which HR has geadrdoes.

The process of monster-barring in [Lakatos, 1976] mightt stéth a vague definition and be-
come more specific, or start with a specifically defined conaad by discussion reach agree-
ment to define it in a different, yet still specific way. We hawtended this by implementing
the case which starts and finishes with a vague concepta spgcific definition is not reached,
but agreement is reached about whether a concept includesraabject or not. This is useful
as explicit and precise definitions cannot always be readbedgreed upon: even supposed
specific definitions contain vague terms. For instance, ohefia polyhedron as ‘a solid whose
surface consists of polygonal faces’ [Lakatos, 1976, piddeing more explicit about what
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is meant by the concept of a polyhedron, but there is stilligmty in the sub-concepts solid,
surface, polygon and face. We have implemented the pro¢generating a specific definition
from a vague concef, by finding all of the concepts which are conjectured to bavedent
to C, and then selecting the most interesting of these.

In session 66 in table 10.6 (on page 172), working in grouprhethe first and second stu-
dents are set to accept the strictest definition if contyarises. The third student (working
with groupoids) sends the groupoid GP2 in table 10.2 (on A#d¢ as a counterexample to a
conjecture, and the second student sends the reply thatsaR2 a counterexample since the

domain of interest concerns algebras which are associative

All students then evaluate the proposal to monster-baraibjisct. The first two vote to bar it
and accept the strictest definition, where associativityedgired. Having counted the votes,
the teacher asks everyone to downgrade GP2 to a pseudp-entit

This is an example of how mathematicians might begin to dgvgtoup theory, although hav-
ing started working with the more general theory of grougoild shows the situation in which
a concept, which was previously conjectured to be equivdteanother concept, becomes a

part of the definition of the latter concept. This exampleniEl\l1.

11.5 Evaluating the method of exception-barring

Exception-barring consists of generalising from a set afiterexamples and then excluding
entities with this property from the domain of applicatiohtlee conjecture, or generalising
from a set of supporting examples and then limiting the doméapplication of the conjecture
to entities with this property. Lakatos’s first inspiringaewple of the former was generalising
from the hollow cube to polyhedra with cavities, and thenleding polyhedra of this type
from Euler’s conjecture. Lakatos’s first inspiring exampflethe latter was generalising from
cubes, octahedra, pyramids and prisms to convex polyheutdhen limiting the domain of
application of Euler’s conjecture to convex polyhedra. Shexamples are all in

We considered the application of the exception-barringhwds to number theory. For in-
stance, we considered Goldbach’s conjecture that ‘all ensnbers except 2 are the sum of
two primes’, and the conjecture that ‘all primes except 2@id’. These examples, ifL,

led us to distinguish between counterexample and pieceaexealision. Introducing this dis-
tinction raised the question efhenwe should use concept-barring and when we should use
counterexample-barring, which we explored in the previchigpter. We also considered ex-
tending the method to form equivalence conjectures. Fdaie, in 87.6.1 we described our
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application of piecemeal exclusion to the conjecture tladltiitegers have an even number of
divisors”. Using piecemeal exclusion, HRL modified this @ tequivalence conjecture “an
integer is non-square if and only if it has an even numberwagdrs”.

11.6 Evaluating the method of lemma-incorporation

The process of providing a formal representation of LaKatogethod of lemma-incorporation
as a computer program has forced us to answer questions sudtow can we represent an
informal proof? How can we uncover hidden assumptions incaf@®r How can we modify a
faulty conjecture or a faulty proof, given a counterexarf?ptéow can we formalise the surprise

we feel when an example behaves in an unexpected manneraof® pr

Much of our work for this method consisted of defining and iempénting formal procedures
for modifying proofs and conjectures in the way specified lakatos, and we have not per-
formed hypothesis testing in this method. Instead, we hendyzed a formal theory and shown
that it is possible to derive the mathematical phenomenamwhakatos claims his theory ex-
plains. This provides evidence for Lakatos’'s argument, simalvs that his method satisfies
Sloman’s first criterion for calling” a theory: thafl must actually explain what it sets out to
explain (see 811.7.1 below).

We have considered two examples of hidden lemma-incorporain different domains. In
geometry, we considered Hilbert's theorem that for two i and C, there always exists at
least one point D on the line AC that lies between A and C. Wéyaad how Lakatos’s method
could help us to revise the proof of this theorem and the yazdhjecture statement. This is in
part an application of Lakatos’s method, and in part a furthéension of his method, which
inspired us when writing our algorithm. Therefore, aspeftthis example are ifE\l, and
aspects are ihl\E. Our other inspiring example was an invented example ingtbaory: let
G be a groupoid and, h, k be inG. Thengh= gk — h=k. As in the geometry case, this
example was partially an application of Lakatos’s methaod, ia part a further extension of his
method, and therefore partly B\|, and partly inl 1\E.

We performed a session with HRL in which we tested an examphloth global and local
lemma-incorporation. The faulty conjecture was that theHand cancellation law holds for
groupoids, with the proof being the proof for the left hanaa@allation law for groups. HRL
modified the faulty conjecture to a true theorem, althougé with a very limited domain of
application. This example was neither an inspiring exanfipieus nor for Lakatos, and is
therefore in the sdt, to the extent in which we were faithful to Lakatos’s the@mwyd in the set
E1, to the extent to which we have extended Lakatos’s theory.
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11.7 Further criteria of a good theory

Below we consider Sloman'’s first, second, sixth, eighth @mdht criteria in [Sloman, 1978],
for what constitutes a good theory.

11.7.1 A theory should explain a range of possibilities

Sloman’s first criterion for a theory says that the posdibai which the theory purports to
explain must be validly derivable from the theory; that ishe@ory must actually explain what
it sets out to explain. By implementing Lakatos’s theory asoenputer program, we have
created a way of testing this criterion. In terms of our sétva, this involves exploring, and
ensuring that Euler's conjecture and associated conceptiies, conjectures and proofs can
be generated by Lakatos’s theory. We have shown this in theadef lemma-incorporation,
which we modelled in HRL.

We described illustrative sessions in §9.5.1 (given a caemample which is local but not
global), §9.6.1 (given a counterexample which is both dleival local), §9.7.2 (showing our
model of surprise which is sometimes felt when given a gldiogiinot local counterexample),
and 89.7.4 (given a counterexample which is global but noaljo By generating the new
proofs, concepts and conjectures shown in [Lakatos, 197€$e sessions show that Lakatos'’s
method of lemma-incorporation does indeed explain thossipiities.

11.7.2 A good theory should be definite

Sloman’s second criterion for a good theory says that it khbe clear what the theory ex-
plains and what it does not explain. Lakatos was attemptirexplain a phenomenon which is
not deterministic, and his theory of mathematical discg¥eneither deterministic nor predic-
tive. By formalising Lakatos’s theory as a program which bantested empirically, we have
provided a way of determining what the theory can explainati$, we can run HRL with the
Lakatos settings for the variables, in a variety of domaamg] the conjectures, concepts, and
proofs which are generated can be said to have been explaynedkatos’s theory (assuming
that our model is faithful). It is more difficult to show thapassibility cannot be explained by
the theory, i.e., that HRL would never generate it.
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11.7.3 A good theory should be rigorous

Sloman'’s sixth criterion for a good theory says that the pdures by which possibilities are
derived from the theory should be explicitly specified. Weeénalearly achieved this, both
for Lakatos’s theory and for our extended theory, by praegna set of thirteen algorithms
throughout the thesis.

In chapter 5 we give an algorithm which shows how a studemt éetermine when to perform
the method of surrender (algorithm 1).

In chapter 6 we give three algorithms. Algorithm 2 shows hostualent is to determinerhen
to propose to bar an entity; algorithm 3 shows how a studdntdgaluate a proposab bar an
entity; and algorithm 4 shows how a student is to deterrhiow to perform monster-barring

or monster-accepting.

In chapter 7 we give three algorithms. Algorithm 5 shows howpérform the method of
piecemeal exclusion; algorithm 6 shows how to perform odemsion to this in the method
of counterexample-barring; and algorithm 7 shows how tdgper the method of strategic

withdrawal.

Finally, in chapter 9 we give six algorithms. Algorithm 8 sé®how to determine which
kind of lemma-incorporation to perform; algorithm 9 showswhto perform local but not
global lemma-incorporation; algorithm 10 shows how to perf global and local lemma-
incorporation; algorithm 11 shows how to find a hidden lemme generate an explicit faulty
lemma, using the first type of surprise which we identify;aaithm 12 shows how to find a
hidden lemma and generate an explicit faulty lemma, usiegséitond type of surprise which
we identify; and algorithm 13 shows how to perform global ot local lemma-incorporation.

11.7.4 A good theory should be economical

Sloman’s eighth criterion for a good theory says that it $tiawt include elements which

are not required to explain the possibilities. By reusingheoof our code for the method

of exception-barring in our implementation of the methodeshma-incorporation, we have

progressed some way towards satisfying this criterion. at@k also made this point, that the
method of lemma-incorporation is a “limiting case of the epiton-barring method” [Lakatos,

1976, p.37].
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11.7.5 A good theory should be extendable

Sloman'’s tenth criterion for a good theory says that it stidag¢ extendable. That is, the the-
ory can be embedded within an improved, larger theory whighiaégns more possibilities or
more of the fine-structure of previously explained posgie#. We have suggested extensions
to Lakatos’s theory throughout the thesis: for instance, analysis of when to surrender a
conjecture, our method of counterexample-barring, newsndyletermining when to reject or
when to accept a ‘monster’ as a valid entity, and our anabtfsiéferent types of surprise which
one might feel when faced with an unexpected counterexarByleloing this, we have shown
that Lakatos’s theory can be extended, both in terms of expamore possibilities and more
of the fine-structure. Our theory, in turn, could be extendedinstance, by implementing a
more sophisticated interaction protocol between the agsee §13.3).

11.8 Answers suggested by the computational approach

In chapter 2 we described ten criticisms of Lakatos [1976ictwireferman [1978] gave, and
claimed that the process of providing a computational isgmtation has enabled us to answer
some of Feferman’s questions, and has also raised moreiapnsesthich we have answered
(82.4). These mainly consist of highlighting gaps in Lak&dheory. We outline below the
guestions and criticisms of the theory, and ways in whichrmodel has allowed, or might
allow us, to answer them. We refer to the criticism numbenrfiFeferman’s ten criticisms in
[Feferman, 1978, pp.316-320], in italic roman numerals.

11.8.1 The scope of the methods

Although Lakatos is praised for the extremely detailed andepth analysis of his case studies,
in particular of Euler's conjecture, he has been criticiteek, for instance, [Feferman, 1978])
for only considering two examples. Certainly, it is diffictid claim to have found patterns
general to mathematical and even other types of discovery such a small sample. We
see determining the scope of the methods as one of the majbiteions of our work, and
suggest an alternative to [Larvor, 1998, p.11] who claine tkhis type of dispute [whether
Lakatos’s methods are typical or atypical of mathematieakoning] can only be resolved by
extensive historical research”. Producing a computer rhgisles us an obvious way of testing
the variety of domains to which the methods can be usefulibfieqb.

It is worth noting that while Lakatos did claim that his metscare general enough to apply
to other domains, both mathematical and non-mathemaheatjd not believe them to be the
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sole explanation of mathematical discovery. Indeed, asdrargues, Lakatos did not believe
that there is a unigue logic of mathematical discovery, mash that he had found it. (Larvor
points out that it was the editors, rather than Lakatos, wde@dhe book the subtitline logic

of mathematical discovery.) Instead, in his original teesi least, he states the more modest
aim of pointing out ‘some tentative rules which may help uatoid some deeply entrenched
wrong heuristic habits’ (Thesis, p. 75; quoted in [LarvaA@98, p.12]). This view, that there are
many ways of practising mathematics is echoed in the philegof science; for instance, Bird
[Bird, 1998, chap 8] and Feyerabend [1975] argue that trer®isuch thing athe scientific
method.

Applying the methods to other areas of mathematics

Feferman [1978] argues that Lakatos’s methods only expglamall fraction of mathematical
reasoning. For instance, he argues that the main methotheteod of proofs and refutations,
fails to account for foundational changes before 18).7 Feferman also questions Lakatos’s
claim that the method of proofs and refutations is most gmeite to young, growing theo-
ries (ii). He argues thafa) Lakatos’s main example of the method, Euler's conjecturas w
not a young, growing theory, ar(th) there are examples of young, growing theories, such as
continuous probability measures, which progressed withecourse to counterexamples and
therefore without recourse to Lakatos’s method. Hackir@8[l] argues that since Lakatos'’s
reasoning assumes the hypothetico-deductive model,légarece is restricted to this type of
knowledge, and there are other styles of knowledge such@sl@ie’s six styles of reasoning
(see [Crombie, 1994]). He warns us not to let “the eternatiesrdepend on a mere episode in
the history of human knowledge” [Hacking, 1981, p.143].

Our implementation strategy has been to develop the methaatker mathematical domains,
mainly number theory. In this way, we can help to ensure tleainaplement them in a general
way. This also lets us investigate whether the methods dfigisatly general to produce
interesting mathematics in areas other than topologypvedgebra and real analysis.

Applying the methods to empirical sciences

[Lakatos, 1976] is often seen as Lakatos’s attempt to appfypBr’'s philosophy of science
to mathematics. There are both methodological and epistgical parallels: the view that
mathematics advances by studying refutations and therefactitioners should focus on find-
ing counterexamples and anomalies, and the belief that ilsemo certain knowledge: both
mathematics and science are fallibilist. We have alreadgchone key difference between
Popper and Lakatos, the discovery/justification distorctiAnother difference (pointed out by
Larvor [1998)) is what we should do with the refutations omg have found them. Popper’s
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naive falsificationism tells us to reject the hypothesisermas this reaction is the first and most
naive method in [Lakatos, 1976], the method of surrendewhiwh Lakatos devotes only one
out of the total one hundred and twenty pages in the book. [daphisticated methods use the
counterexample to refine the conjecture and concepts in it.

Lakatos partially addresses this problem by inheriting iKsihideas on demarcation. Kuhn
[1970] argued that the boundaries between scientific andsn@mtific knowledge are not
sharp; and Lakatos thought that the degree to which matlesraatd science are the same type
of (empirical) knowledge, corresponds to the degree to kihis methods apply to science
as well as mathematics. Lakatos claimed that “mathemdtieatistic is very like scientific
knowledge — not because both are inductive, but becausalmttharacterised by conjectures,
proofs, and refutations. The — important — difference lre¢hie nature of the respective con-
jectures, proofs (or, in science, explanations), and eyaramples” [Lakatos, 1976, p.74]. He
credits Polya’s stress on the similarities between sdierdnd mathematical heuristic as one
of the most important contributions of his work (see [Lalsat©976, p.74], footnote 1).

Feferman [1978] also askz) what is distinctive about mathematickf® argues that Lakatos’s
methods do generalise to other domains, that his logic ohemaatical discovery is really a
logic of rational discovery. However, Feferman sees this as a shortcomiaimiclg that they
would then be overly general and “could account only for a fpass features of the actual
growth of mathematics” [Feferman, 1978, p.320].

11.8.2 Applying Lakatos’s methods to other types of conject ure

Feferman [1978] points oywii) that all the examples of conjectures given by Lakatos are of
the formvx [A(X) — B(x)] and gives examples of other types of conjecture found in eaath
matics and the form their refinement might take. This is als@spect which has arisen in
our implementation and we have suggested and implementgsl efapplying the methods to
other types of conjecture.

A related criticism is that, with the exception of strategiithdrawal, Lakatos’s methods are
only applicable to the type of conjecture which could beifi@d by counterexample [Fefer-
man, 1978];(ii) and (iii). This corresponds to the criticism of Popper’s falsificatson (for
example, see [Bird, 1998]), that it only applies to scienttiypotheses which are generali-
sations. This excludes, for instance statistical hyp@t€aothing can falsify a probabilistic
hypothesis). While we cannot avoid this criticism, by rurmqibur model on different domains,
and considering the conjectures it generates, we have tdarcextent investigated how lim-
iting this is.
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11.8.3 Comparing the methods

In both Lakatos’s and commentators’ writings, for exam@eifiield, 1997], there is a clear
hierarchy of methods, where they are presented as beingasicgly sophisticated. Therefore,
much work focuses purely on the final method to be describembfg and refutations. Indeed,
to the best of our knowledge, the first method — of surrendearconjecture as false when
faced with a counterexample — is not mentioned in any book atatos. Lakatos wrote that
“Mere ‘falsification’ (in Popper's sense) must not implyeefion” [Lakatos, 1981, p.116]. He
called exception-barring, monster-barring and monstiguisding ‘conventionalist strategems’
[Lakatos, 1981, p.117], and thought that they adehocin the sense that once applied, the
new conjecture has no more empirical content than the old dherefore they cannot form
part of a progressive research programme (i.e., one whicbessfully predicts novel facts).
Commentators usually make scant reference to these methitdshe assumption often being
made that [Lakatos, 1976] is solely about the final method.

By running our system on different combinations of the mdthand evaluating the resulting
mathematical theories, we have been able to investigate thiews. For instance, we hold
that surrender can be useful in preventing resources frangheasted on uninteresting con-
jectures. The challenge is to find ways of knowing when to useumterexample to surrender
a conjecture, and when to use it as a catalyst for refining dmgecture. Similarly, we hold

that the method of exception-barring has enabled us to geneteresting conjectures. More-
over, by allowing us to explore concepts more fully, monsi@mring can generate interesting

discussion and highlight entities which are in some way odd.

11.9 Applying Lakatos’s MSRP to this project

The question of whether we can apply Lakatos’s methodoldggientific research programmes
(MSRP) to mathematical research programmes has been taisedy few philosophers. Koet-
sier [1991] was one exception, arguing that the analogy &éetwscience and mathematics is
not close enough to merit the cross-over. This was in cantoaldallett [1979a,b], and Oliv-
eri [2006], the latter of which used mathematical case stuth rebut Koetsier's objections.
We could view the case study of Euler's conjecture in Lakatoserms by including Euler’s
conjecture that for any polyhedrod,— E + F = 2, in the hard core, and the various monster-
barring definitions of polyhedron, face, edge, etc. in thetqutive belt (monster-barrers such
asDelta may characterise it thus). Alternatively, the hard core maysist in the more general
hypothesis that there is a relationship between the numbedges, faces and vertices of a
polyhedron, analogous to the two dimensional case. Viewdtis way, Euler's conjecture



208 Chapter 11. Philosophical evaluation

and subsequent modifications would be in the protective §€learly the question of which
elements are in the hard core of a programme is subjectivethi$ case we might interpret
the mathematical analogy of “predicting novel facts” to emerating new open conjectures,
and “some of the excess content being corroborated” as gemgnew theorems. However, in
this section we are more concerned with whether we couldydpgtatos’s criteria of a good
theory, or a progressive research programme, to his phglosof mathematical progress, and
to our extended model, than whether, or how, it may be appliedathematical examples (we
leave this latter question to [Koetsier, 1991], [Halle®79a,b] and [Oliveri, 2006]).

We can see the hard core of Lakatos’s research programmengwising the following hy-
potheses:

1. itis possible to write a rational reconstruction of matfagical progress in terms of the
theory of the interaction of counterexample and conjectpreof and concept defini-

tions;

2. informal, quasi-empirical mathematics does not growudlgh a monotonous increase of
the number of indubitably established theorems, but thidhg incessant improvement
of guesses by speculation and criticism, by the logic of pamal refutations; and

3. the context of discovery and justification are conjoined.

The protective belt of Lakatos’s research programme byraathanges throughout the pro-
gramme. It includes the following hypotheses:

1. the methods of surrender monster-barring, piecemedusran, strategic withdrawal,
and lemma-incorporation help to describe the progress rimaeeamining Euler’s con-
jecture and connected proofs, definitions and entities; and

2. we can distinguish between local and global counterel@srand use this distinction to
help to determine what to do when faced with a counterexample

This is modified as the different methods evolve and form anohy (for example, monster-
barring turns into monster-stretching and lemma-incapon into proofs and refutations).

According to Lakatos’s criteria, this was a progressiveeagsh programme in the sense that
it retained its coherence throughout the programme, he.assumptions in its hard core were
unchanged. The question of whether it generated any nogdigtions is less clear, although
he did predict that presenting mathematical research attdaeks using his heuristic style



11.9. Applying Lakatos's MSRP to this project 209

rather than the typical deductivist style would benefit bexperts and students. We could
also argue that Lakatos’s research programme led to thecioed or suggestion, that it could

be represented computationally, although it does not sadgsimply this. The programme

was non-scientific to the extent that it failed this criterievhich we would expect as it was a
philosophical programme.

Our programme shares the same hard core as Lakatos's pnograwith the additional hy-
pothesis thatt is possible to give a computational reading of mathenashtfrogress This
process of giving a computational representation of Lakattheory has led us to extend and
modify the protective belt by further considering the foliag:

e when to use the method of surrender;

e when and how to use the method of monster-barring;

e how we can distinguish different types of exception-bayrin

e how we can determine when to use each type of exceptiomigarri

¢ how the methods might apply to different types of conjecture

e how we can represent an informal proof;

e how we can uncover hidden assumptions in a proof;

e how we can modify a faulty conjecture or a faulty proof, gieenounterexample;

e how we can formalise the surprise we feel when an exampleviesha an unexpected
manner in a proof; and

¢ which other domains Lakatos’s theory might apply to.

Our extended programme has given rise to predictions sudéhiapossible to fine-tune the
methods of surrender, monster-barring and exceptionibgrandwe can usefully apply Lakatos’s
exception-barring methods to the field of automated thegneawing which we have tested in
chapters 10 and 12. Additionally, it suggests the followlrygotheses:

e Lakatos's method of surrender can be seen as comparablehtdKideas on paradigm
revolution;

e it is useful to base the selection of a concept definitionrduthe method of monster-
barring by protecting definitions which are either very ygu@and thus need time to
prove themselves) or very established; or
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e Wwe can evaluate the interestingness of an entity by consglére diversity of conjecture
which it breaks;
e the method of monster-adjusting can be seen as a speciabfoammster-barring;
e a model of Lakatos’s theory would be an aid to scientists;
e a model of Lakatos’s theory would be an aid to students;

e we can use Lakatos’s theory to develop a meta theory, foamest, about which is the
most useful method to use in a given situation;

e we can develop a way of using the exception-barring methmdgittheorem proving by
splitting a theorem into different conjectures which arertleasier to prove, and finally

¢ by developing and running our model in a variety of mathecahtand non-mathematical
domains we can determine their domain of application.

These and other hypotheses which our research programrgestagre considered in chapter
13.

Building, running and evaluating our model enable us to pestlictions in a way which was
less obvious under Lakatos’s original research progranibherefore, we argue that not only
is it progressive according to Lakatosian criteria, but tha extended programme is scientific

where Lakatos’s was not.

11.9.1 Falsification

Recall that a theor is falsified if and only if another theory’ has been proposed with the
following three criteria:

(i) T’ predicts novel facts, i.e., phenomena which was not jgtedi by T (this is a sign of a
theoretically progressive research programme);

(i) T explains all of the confirming instances that T explainadd

(iif) some of the excess content of T’ is corroborated (this ismaign empirically progressive

research programme).

We can see Lakatos’s theory Bsind our extended theory @$, and interpret the philosophical
analogy of “predicting novel facts” to be suggesting newhmods by which mathematics pro-
gresses, and “some of the excess content being corrobbesteldese new methods explaining
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new areas of mathematics. Then we can argue that our ti€dnmas predicted novel facts,
such as the counterexample-barring method, which has lwresborated by explaining how,
for instance, Goldbach’s conjecture, might be thought o& a&nhnot argue, however, that our
extended model has falsified Lakatos’s theory (in a Lakatosense), since our computational
model fails the second criterion. For instance, we have mptemented Lakatos’s method of
monster-adjusting (see section 13).

11.10 Summary

We have evaluated our project from a philosophical persgectising criteria from Thagard
[1993], Sloman [1978] and Popper [1972]. The main two aatevhich we have considered
are that a good theory should be general, and that it explaie than it set out to explain. We
have used these criteria to evaluate Lakatos’s methodsrefgler, monster-barring, exception-
barring and lemma-incorporation, and our implementatibthem. We have described these
criteria and our evaluation in terms of five sdtss the set of examples which inspired Lakatos’s
theory, E is the set of possibilities which Lakatos'’s theory explalrisis a larger set of exam-
ples which inspired us in our extended computational thdetyis the set of possibilities which
our theory explains, and is the set of all possible mathematical conjectures. Thicfiterion
considers the size and type of element&iandE1. We have identified elements in both of
these sets, and in particular element&ih E, which suggests that our theory is more general
than Lakatos’s theory. The second criterion considers iteeaf E\| andE1\I1 and, again,
we have identified elements in both of these sets. Whereamiewe have presented output
from HRL. We have also considered five other criteria suggksly Sloman [1978]: that a
theory explain a range of possibilities, and a good theorgdimite, rigorous, economical, and
extendable, and we argue that our approach has satisfiezldhesia. We have discussed our
project with reference to Feferman’s criticisms of Lak&dkeory, and argued that the com-
putational approach has suggested answers to some of thiesdly, we have discussed our
project and Lakatos’s project with reference to Lakatosim @riteria for evaluating scientific
research programmes.






Chapter 12

Application to automated theorem

proving

In this chapter we further substantiate our claim that isisful to automate Lakatos’s work, by
describing the application of his exception-barring methto the field of automated theorem
proving'. The chapter is organised as follows: firstly, in §12.1, wsotiée a spin-off system,
Theorem Modifier, or TM, in which we have automated the metbiexception-barring. We
then describe experiments which we have performed in oodesst the hypothesis that TM can
find meaningful modifications to non-theorems, and discssdsults, in 812.2. We conclude
in §12.3.

12.1 The Theorem Modifier System

Colton and Pease [2004] have developed a spin-off systeegrém Modifier, or TM, which
uses Lakatos’'s methods to modify faulty conjectures inte wnes. Given a conjecture, the
system uses the Otter theorem prover [McCune, 1990] to firstrtd prove the conjecture. If it
fails, the system uses the MACE model generator [McCunelP@Gproduce examples which
support the conjecture, and examples which falsify theaxinye. We then use concept barring
and strategic withdrawal methods implemented within HRLfjid concepts covering a subset
of the falsifying examples and/or concepts covering a dutisehe supporting examples. The
system uses the first type of concept to perform piecemeélgra, and the second type of
concept to perform strategic withdrawal, again to spesgalhe conjecture. A set of modified

INote that the work in this chapter was jointly carried out byltén and Pease. In particular, Colton did much
of the programming and all of the interfacing to Otter and MA@vhile Pease did much of the testing. Analysis of
the results was carried out jointly, with Colton directitgptproject.
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conjectures is generated this way, and each is tested foretmehood by Otter. The user is
shown only those modified theorems which Otter has proved.

TM works by taking in a conjecture of the forfa= C whereA is a conjoined set of axioms,
andC is the conjecture a user wishes to prove, modify or disprdvee limited TM to algebraic
domains; for instance group theory, where there is a sinigler operator which satisfies the

three axioms of associativity, identity, and inverse.

Stage 1: Given a conjecture, TM first performs two preliminary ched&ssee whether it is
worth modifying. These are:

(i) if Otter can prove in a user-specified period of time that thejecture is true, i.eA = C,
then TM reports this and returns the proof

(i) TM negates the conjecture and invokes Otter to try to progentkgation. If the negation is
true, then TM will not be able to modify it, hence this ends $lession.

Stage 2:1f unsuccessful, then TM performs a further check beforelking MACE and HR —
whether the conjecture is true if and only if we limit the adigein the domain to (a) the trivial
group, i.e., ifA= ((Vab (a= b)) < C), or (b) non-trivial groups, i.e., iA= ((3a,b(a+#
b))) < C. This check is a type of modification inspired by Lakatos’seption-barring meth-
ods, where (a) the only supporting example is the triviagraso we limit the domain to this
(a type of strategic withdrawal), and (b) the only countaraple is the trivial group, so we
exclude it from the conjecture (a type of piecemeal exchisi®e apply these methods sep-
arately at this stage as it is often the case that a theoremesnly for the trivial algebra, in
which case the theorem is usually uninteresting. The opposase, that the theorem is true for
everythingbut the trivial algebra is rare.

Stage 3:If the conjecture gets beyond these checks, then TM has trcetto modify it. To
do this;

(i) TM invokes MACE to generate two sets of algebras; the firstaiaing those which support
the conjecture, and the second containing those whichaxintrit.

(i) These sets are then passed to HR as objects of interest, laaswbE conjecture, from
which it extracts the core concepts. It uses this input tapee a theory, for a user-specified
number of steps.

(i) T™ then identifies all the different types of group which hdeen defined, i.e., speciali-
sation concepts (such as Abelian or self-inverse groupg)hwHR has invented. TM extracts
those which describe only the algebras which support thgecture (or a subset of them). For
each extracted specialisatidvl, TM forms the modified conjecturéA A M) =- C by addingM

to the axioms.

(iv) Otter is invoked to see which of these modifications can begatpand any which are
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proved are presented to the user (after stage 4).

Stage 4:Finally, TM evaluates whether its modifications are likedbe interesting to the user.
It does this by testing whether:

(i) the only example to satisfy M is the trivial algebra, in whazdse TM invokes Otter to check
whetherA= (M < (Va,b(a=Dh)));

(ii) the concept is a redefinition of the conjecture statementinkiance,M is the condition
that a group is Abelian, when the original conjecture akgroups are Abeliani.e., the mod-
ification is thatall Abelian groups are Abelianif everysupporting example has the property
prescribed by M, then TM uses Otter to try to prove: Nag C, (b)A= (M < C), (c)M =-C.
TM marks these as probably uninteresting, though still resptinem to the user, as it may be
that the equivalence & andM is surprising and non-trivial, and hence the modified canjec
interesting.

This process of modifying conjectures is an implementatibbhakatos’s strategic withdrawal
method. However, since TM instructs HR to use its negateymtiah rule, for every special-
isationM, the negation-M will also be produced. Hence, if the exampledvbtontained all
the falsifying examples for the conjecture, therM would describe a subset of the support-
ing examples, and hence would be used in a modification atteferefore, TM also uses

piecemeal exclusion to form the modifications.

12.2 Experiments and results

We have tested the hypothesis that TM can find meaningful fications to non-theorems
by using the TPTP library [Sutcliffe and Suttner, 1998]. frtheorems in this library, we
have generated non-theorems by removing axioms, changirmmving quantifiers, altering
variables and constants, and altering bracketing. We higetasted TM on some of the
non-theorems in TPTP. We set Otter and MACE to run for 10 sg#sa@amd HR for 3000 theory
formation steps. From 98 invented non-theorems, TM prodwedid modifications for 83% of
them, and found an average of 3.1 modifications per non-¢émeo¥When we tested it on 9 non-
theorems already in TPTP, it found modifications to 7 of th@®Pf). For instance, we gave
TM the non-theorem (RNGO031-6 in TPTP) that the following ey, P, holds for all rings:
Vw, X ((((ww)xx)* (wsxw)) = id) whereid is the additive identity element (see glossary).
MACE found 7 supporting examples for this, and 6 falsifyingeples. HR produced a single
specialisation concept which was true of 3 supporting exasafi b (bxb=bA —(b+b=Dh)).
Otter then proved tha® holds in rings for which HR'’s invented property holds. Henedile
TM couldn’t prove the original theorem, it did prove that,rings for whichvx, (xxx = x =
X+ X =X), propertyP does hold.
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12.3 Conclusion

Our results show that TM can be used to produce theorems fomjectures which are either
false or open, and we hold that these modified theorems aeesiing. This argument, as
presented in [Pease and Colton, 2004] and [Colton and P2884], provides support for
our argument that automating Lakatos's methods has apiplsato the field of automated
theorem proving. By adding more robustness and flexibititgutomated theorem proving, we
increase the potential to aid mathematicians, as well aduping more intelligent behaviour.
Furthermore, we have demonstrated the application of losksatvork to another algebraic
domain: ring theory.



Chapter 13

Further work

This project is an initial implementation of Lakatos’s tneof mathematical discovery and
justification. We have argued that it is both possible andulise give a computational reading
of Lakatos’s theory. There are many ways in which our workiddoe extended. These include
improving our implementation of Lakatos’s methods and enpénting further aspects, de-
scribed in 813.1; generating an initial problem and anahjtroof scheme, described in §13.2;
increasing the sophistication of the agency in terms ofaution and autonomy, described in
813.3; making the parameter-settings flexible, describegll3.4; giving a cognitively plau-
sible notion of mathematical concepts, described in 8186l investigating applications of
our system, described in 813.6. In this chapter, we distussetimprovements and estimate
whether each improvement would be a long or short term projec

13.1 Improving our implementation of Lakatos’s methods

13.1.1 Extending the method of surrender

We claimed in chapter 5 that the two questions concerned téhmethod of surrender are:
1) whenshould we give up on a conjecture?, and 2) what should we dt? &k considered
the first, which partly connected to how specialised the ettoje had become. The answer
to the second question concerns specialisation. Lakattssitcne problem of contentand it
concerns the situation where a conjecture has been sgeciab such an extent that its domain
of application is severely reduced.

The methods of proofs and refutations, lemma incorporagxeeption-barring and monster-
barring may increase the certainty of the theorem being buethey decrease content, as each
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new lemma, or condition we add reduces the domain of the ¢neofLakatos, 1976, p 57]
compares this to throwing the baby out with the bath watet,aagues that a proof and theorem
should explairall of the supporting examples, rather than just exclude tha@teoexamples.
Sometimes this is possible, while sometimes there may natdiggle theorem which explains
all of the supporting examples. If this is the case, then vesirie surrender the conjecture, and
consider what to do next. One possibility would be to gemeaainitial problem (see §13.2.1)

and to return to this once a conjecture had been surrendered.

Although surrender is presented as a naive and unprodugaation to a counterexample, it
can be of great use, and in particular the question of whabtoeakt is interesting. There
are parallels here to Kuhn’s work on the patterns of sciend&uhn, 1970]. Kuhn’shormal
scienceperiod is where the other methods are at play. His notioorisis corresponds to a
counterexample which cannot be ignored nor absorbed as #ication. The old discipline
(or conjecture) is increasingly unable to solve pressiranzalies. Theaevolutionconcerns the
shift from one paradigm (conjecture) to another. Finatgnew normal sciencies concerned
with new problems (or conjectures). These new problems magay not be better than the
previous approach. Seen in this light, surrender is no loageeak and premature rejection of
a useful idea leaving one with no further recourse, but raghigiumphant overturning of old
dogma.

13.1.2 Extending the method of monster-barring

Larvor! has suggested that our current algorithm in monster-lafandetermining whether a
concept definition is good or not, by testing to see how mamyembures an entity within the
concept definition breaks, is too conservative. It may bectse that a new concept breaks
current conjectures, but shows the promise of exciting nevories. We have partially ad-
dressed Larvor’s point by allowing the students in the agdncselect what they evaluate as
interesting from the discussion vector, and to continuekimgrwith personal definitions which
other students may not have accepted. This evaluation ésllmasthe interestingness measures
described in 83.1.3. One further aspect we could implementldvbe to use the number of
theory formation steps as a confidence measure, so that ybeages could be protected and
allowed time to develop before having to prove themselved,similarly concepts which have
been accepted and form an important part of an older thearlg ¢ce made much more difficult
to change (this would fit with Lakatos’s concept of a harddwelt in science [Lakatos, 1970]).

More sophisticated methods we would like to implement idelaomparing the interestingness
of the conjectures the entity in question either supportsreak. Another way of evaluating

1personal communication
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an entity would be to consider proofs of theorems in the thelbthe entity is used in proofs,
then that would be a further reason for a student to acceprtiy or keep it in the student’s
theory. It would also be interesting to consider the diwgref conjectures which are broken
by the entity. Once disagreement over a concept definitienahiaen, an agent might suggest
one and justify why it is good (for example it may be used in ynafithe agent’s conjectures).
This may then lead another agent to re-evaluate the defiratial rate it more highly. This is
relevant to work by [Jennings et al., 1998], which we outlime §3.2.4.

13.1.3 Implementing the method of monster-adjusting

For time reasons, we omitted implementing the method of neorsljusting. Like the method

of monster-barring, this method also exploits ambiguitgamcepts, but reinterprets an object
in such a way that it is no longer a counterexample. The exaingdlLakatos, 1976] concerns
the star polyhedron (see figure 13.1). This entity is raise@ @ounterexample since, it is
claimed, it has 12 faces, 12 vertices and 30 edges (whergla $ate is seen as a star polygon),
and thus an Euler characteristic-e6. This is contested, and it is argued that it has 60 faces, 32
vertices and 90 edges (where a single face is seen as ad)iaagt thus an Euler characteristic
of 2. The argument then turns to the definition of ‘face’.

This method can be seen as a type of monster-barring, whereoticept in question may be
the right hand concept in an implication or equivalence ecmjre, rather than the domain. Let
us formalise monster-barring as follows: from conjectuxeP(x) — Q(x), and (known) coun-
terexamplem such thaP(m) and—-Q(m), (re)define eitheP or Q so that for themin question,
either—P(m) or Q(m) is true. Monster-adjusting can be seen as a case of this fisatian,
where the concept under debat&)isather tharP.

Modelling this ambiguity could be related to work carried suhumour research, for instance,
[Ritchie, 2006], on reinterpretation and viewpoints, whexploits the ambiguity in language
in order to make jokes. In this paper, Ritchie observes tlatynjokes rely on listeners reinter-
preting the initial part of a joke once the punchline has basglivered. He outlines how these
reinterpretations may happen in various ways. There is @& @ralogy with the method of
monster-adjusting. Implementing this method would be bembpen ended project: it could
be a medium, or a long term project, depending on the leveét#Hikl
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The method of monster—adjustment is

used when someone brings up the star polyhedron,

with 12 vertices, 30 edges and 12 faces, as a counterexample.
Later others object to this interpretation, saying that this is

the case only if each face is a pentagon. This interpretation
can be ‘adjusted’ to seeing each face as a triangle, in which cas
the equation becomes 32 - 90 + 60 =2 and therefore it is no
longer a counterexample.

Figure 13.1: The star polyhedron

13.2 Generating an initial problem and an initial proof sche me

13.2.1 Generating an initial problem

Lakatos distinguishes between an initial problem and arairdonjecture. In the Euler case
study, the initialproblemis to find out whether there is a relationship between the rmrmb
of edges, vertices and faces on a polyhedron which is anatoggthe relation which holds
for polygons, that is, the number of vertices is equal to thenber of edges. The initial
conjectureis that for any polyhedror — E + F = 2. After surrendering an initial conjecture,
the initial problem should be reconsidered and a new initiadjecture, such a¢ —E +F =

F
2-2n-1)+ z & for ann-spheroid polyhedra, found and discussed.
k=1

One way in which this could be implemented in HRL would be o two agents in two dif-
ferent domains. Either of the agents could send a conjegthreh it evaluated as interesting
to the other agent and a request to find an analogous relatida domain. (Part of the in-
terestingness evaluation could include whether it has pemred as a theorem by third party
software, such as Otter [McCune, 1990].) This would contgithe initial problem. The sec-
ond agent would need a way of determining whether it alread/dmalogous conjectures and
concepts, and a way of constructing new ones if necessany.cowcepts could be defined to
be analogous if:

e they have been constructed with the same production ruldsparameters, although the
initial core concepts may be different (as the two agentsvarking in a different domain).

Two conjectures could be defined to be analogous if:
e they combine analogous concepts (as well as possibly otimeepts).

If the agent did not already have concepts which shared tine sanstruction history as the
concepts in the conjecture then it would attempt to constiuem from core concepts. The
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agent would then have a list of analogous concepts and wingdkdts list of conjectures to
see whether it already had any which combined some combmatfi these concepts. If so,
these are candidate initial conjectures and if they are tajected then this list can be updated
to find a new initial conjecture. If not, then combining thekgous concepts could become a
gold standard which would guide the search for future cdajes. This would guide both the
concept and conjecture formation.

13.2.1.1 Case study

Suppose that we run the agency with one agent working in thegpo domain and a second
in the polyhedra domain. In table 13.1 we show a reduced arersf a polygon domain in
which a triangle, withvertices ab andc andedges &, e2 ande3, is an example of polygon
Other concepts in the polygon domain would inclugatex-on-edge(P,V,E3s well as core
conceptsnteger, additionetc. from number theory. In table 13.2 we show a reduced e i

a polyhedron domain, in which a tetrahedron, witittices ab, c andd andedges &, €2, €3,

e4, 5 andeb, is an example of polyhedron Other concepts in the polyhedron domain would
includevertex-on-edge(P,V,EBndface-on-edge(P,F,B3s well as the same core concepts from
number theory.

The first agent might construct the conceptsnber of edges of a polygon (&)dnumber of
vertices of a polygon (Mespectively, as follows:

e [polygon002,size,[1]], and

e [polygon003,size,[1]].

This would then automatically form the conjecture that forpmlygons, E = V. Suppose
that this agent then sent this conjecture to the second ,agerking with polyhedra, with the
request for an analogous relation in that domain. The seegedt would then check in its
theory to see whether it had any concepts which shared the sanstruction history as the

concepts in the conjecture.

The second agent would find, or generate, the conaepitber of edges of a polyhedron (E)
andnumber of vertices of a polyhedron (shdnumber of faces of a polyhedron (BY per-
forming the same production rule with the same parameteits @ore concepts ofertex edge
andface It would then look for a conjecture which combined thesed¢hconcepts, and if it
did not have one, it would use them as a gold standard to gisdearch.
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‘ polygon002 ‘ ‘ polygon003 ‘
‘ polygon001 ‘ vertex(P,V) edge(P,E)
“V” is a vertex of “P” “E” is an edge of “P”
polygon(P)
. vertex(P,V)— polygon(P) edge(P,E)- polygon(P)
“P”is a polygon . .
. vertex(triangle,a). edge(triangle,el).
polygon(triangle). . .
vertex(triangle,b). edge(triangle,e2).
vertex(triangle,c). edge(triangle,e3).

Table 13.1: Partial representation of the triangle polygon

13.2.1.2 Polya’s work on Induction and Analogy in Mathemati cs

Lakatos refers the reader to [Polya, 1954, chapter 3] foiirthil phase of conjecturing and
testing. Polya describes the process which mathematini@gtgt go though in order to generate
a conjecture which is worthy of a proof attempt, drawing pals with natural science. He
splits the process up into the stages shown below. We loo&dit ef these steps and suggest
ways in which they might be implemented. A general model wdbkn link up all of these

stages.

1. Examine empirical evidence.
2. If necessary, change the representation in order tortstéepatterns in the data.

3. Find a regularity which holds for all considered instamogonjecture that it holds in all

cases (i.e., use scientific induction).

4. Do more tests, and look at more examples. Do they satisfgdhjecture? If so, go on
to 5. If not, go back to 2.

5. We need a worthwhile way of testing the conjecture. Anosi@porting example won'’t
show much at this stage. Look at the original data again, eacth for a deeper pattern.
Try to show that the conjecture holds for a general type (pbsan infinite set).

6. Submit your conjecture to a severe, searching test thatista good chance of refuting
it.

Stages 1 and 3 could easily be implemented using the staktRrohechanism, by looking

at data tables for given and generated concepts and geweaanjectures about similarities
between the data tables. The initial steps of finding a coexdenple could also be easily
implemented: for instance, asking other agents in the agiem@ counterexample, or appeal-
ing to third party software, such as MACE [McCune, 2001], docounterexample. The fifth
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‘ polyhedron002 ‘
vertex(P,V)
polyhedron001 ‘ “V" is a vertex of “P”
polyhedron(P) vertex(P,V)— polyhedron(P)
“P” is a polyhedron vertex(tetrahedron,a).
polyhedron(tetrahedron), vertex(tetrahedron,b).
vertex(tetrahedron,c).
vertex(tetrahedron,d).

polyhedron003 ‘
edge(P,E)

“E” is an edge of “P”
edge(P,E)~ polyhedron(P)
edge(tetrahedron,el).

polyhedron004 ‘
face(P,F)

“F"is a face of “P”
face(P,F)— polyhedron(P)
face(P,F)— face(F)
face(tetrahedron,f1).

edge(tetrahedron,e2).

edge(tetrahedron,e3).
face(tetrahedron,f2).
edge(tetrahedron,e4).
face(tetrahedron,f3).
edge(tetrahedron,eb).

face(tetrahedron,f4).

edge(tetrahedron,e6).

Table 13.2: Partial representation of the tetrahedron polyhedron

stage of testing a conjecture and looking for a deeper patieuld be implemented by using
exception-barring in order to form case splits of the conjex; and then using Otter to try to
prove some (or all) of the splits. We envisage that the sestemgke of re-representing the data
and the final stage of submitting the conjecture to a sevetemeuld be the most difficult to
implement, constituting a medium or long term project. Wbyk[Karmiloff-Smith, 1990] on
representational change may be relevant to the second stage

A model of how we form initial problems might provide the begings of an answer to the

guestion “where do problems come from in real mathematictides?”.

13.2.2 Generating an initial proof scheme

We have not addressed the automatic generation of an ipitiaf scheme for a conjecture,
since [Lakatos, 1976] starts with an initial proof. Doing $mwever, would make a more
complete cycle of mathematical discovery and justificatitirshould be possible to integrate
HRL with a system which can generate schematic proofs, ssithase systems described in
[Baker, 1993] or [Jamnik, 2001b]. This would automate thecpss of finding a general, yet
flawed proof of a conjecture, given some example proofs. Toraate the full cycle, however,

the difficult stage of generating example proofs autombyiceould be necessary. We show a
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potential integration in figure 13.2. We see this as a medamn project.

HRL HUMAN

examplesand _ | 1) develop more concepts send conjectur 2) prove the conjecture individually

core concepts form a conjecture and examples for each example, where all
proofs share common structur|

send the set of pro

SCHEMATIC PROOF GENERATOF

send schemati

proof 3) abstract from individual proof:

4a) look for counterexamples t to general schematic proof
i) the conjecture, (omit final verification step)
i) each step of the proof

MODEL GENERATOR

and conjectur
4b) generate counterexamples t

i) the conjecture,
ii) each step of the proof

UT

send
5) determine which step of the | counterexample
proof the counterexamples
violate (if any)

6) perform appropriate type
of lemma-incorporation,
thus modifying proof
and/or conjecture

l

7) repeat steps 4-6 until 4
fails

P ———

output improved conjecture and proo

Figure 13.2: Building an interface between a HRL, a schematic proof generator and a model
generator would make a more complete cycle of mathematical discovery and justification. Au-

tomating step two would be a further project.

13.3 A more sophisticated agency

We would like to improve the agency, both in terms of the iation protocol in HRL and mak-
ing the students more autonomous. The global theory is tlhection of conjectures, concepts,
objects of interest (both those provided by the user ancetioscovered as counterexamples
to conjectures), and ‘proofs’ which the group discuss armeptc Three main factors can in-
fluence the production of the global theory. These are the tiseteacher and the students,
and the complexity of the system increases respectively thié degree of influence that these
have.
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We can distinguish five different layers of complexity in theeraction between agents, shown
below. Our approach has been to implement these sequgngalth time building on the
last. This follows that of Brooks [1991], in which an arcluiigre is built layer by layer, with
increasing complexity. An advantage of this approach isweacan compare global theories
in different types of system, to see which is the best.

1. Maximum user input (a puppet show). The user has contml which method is used
by the students, and what should be added to the group agandan(which order).

2. Teacher/user using students as references (a dictaor3ine teacher plays the role of
the user above.

3. Teacher allowing students to make decisions: the stad#gtide which method they
want to use on a particular faulty conjecture.

4. Students decide the group agenda (a democracy). Studiecitte the order in which
responses are inserted into the agenda (for example, tiahyat® all responses and vote
on the order of importance).

5. Students are allowed class discussion: they can intardéicteach other directly and
are not tied to responding to the teacher’s requests. Theyats®m send requests for
conjectures etc. themselves.

HRL is currently at level two in some regards, and three ireptiegards. For instance, a stu-
dent who has a counterexample to a conjecture under discuadli try to perform piecemeal
exclusion if it is set to by the user, regardless of whethevé#luates the conjecture as inter-
esting or not, or whether it can find an appropriate concepixtdude. In this regard, it is at
the second level. However, students can also decide whigthparform monster-barring or
counterexample-barring, based on aspects of their theeohiethis regard, therefore, students
are at the third level. Increasing the capabilities of HRIetgel four would be a simple, short
term task. Achieving the fifth level would be a significant mgement to HRL, and would
be a longer task. This would be a worthwhile goal, since tpe tyf discussion held iRroofs
and Refutationsvas far more complex than we have modelled, and interactedwden the
students is an integral part of Lakatos’s theory. One waycbfewving this might be to make
the teacher’s role more analogous to the role of a blackboard
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13.4 Flexible parameter settings

Another way of increasing the sophistication of the agersild/ be to make the parameter
settings flexible. Our current method of setting parametdues at the start of a session,
which are then fixed throughout the session, is unsatigfaet®a way of capturing differences
between mathematicians. Additionally, it is inflexible irat students cannot learn from their
application of Lakatos's methods, or develop preferenceind a run. In future versions of this
system we would like to include a meta-level functionaliye envisage that this meta-level
would work as a theory formation in which the input backgrddkmowledge would be current
parameters in HRL: for instance, the Lakatos methods, theiwavhich they are applied,
the number of individual theory formation steps, the petage of entities for which a near-
conjecture should hold, as well as parameters in HR, sucheagroduction rules used in the
generation of new concepts and the interestingness maab@mselves.

Conjectures would be made about the way in which theorieleing formed, such asxception-
barring always produces interesting resulltise concepts which monster-barring produces are
not interesting or concepts which are surprising do not lead to interestingjectures This is
turn would affect the parameter values which students usnley operate once more on the
object-level. Students would be able to change from obgntdta-level; when and how often
they do this might be one further parameter which is open tmgh. How to generate inter-
esting theories might also be a topic of discussion withndgency, for instance one student
might communicate its conjecture thetception-barring always produces interesting resuts
second student might find a counterexample, i.e., a comgeota concept which was produced
by this method but not considered by the second student tabedresult (the disagreement
may arise if the first student does not know of the countergtenor it may know it but eval-
uate it differently). Students could then perform one of &fais’'s methods on the conjecture:
for instance, monster-barring might lead to analysis ofdégnition of “interesting”.

Lakatos’s dialectic itself evolves during the dialectizzer the methods themselves undergo
a refinement, with monster-barring turning into monsteetshing and lemma-incorporation
into proofs and refutations. Adapting parameter valuetéway we have described would be
a first step to capturing this subtlety. We anticipate thetwould be a medium term project.

Colton [2001b] has already demonstrated that HR works ombe-level. This worked very
successfully as HR was able to form meta-theories in the seayeas object-theories. Colton
outlined ideas for using HR’s meta-level reasoning funwliy in a multiagent setting, in
which one agent would produce a theory while another agemtking in near-parallel, would
produce a theory about the way in which the first was produdmgheory. The first agent
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would be able to access this meta-theory and use it to alieseiairch accordingly. These
ideas, however, have not yet been implemented. Other exgropautomated reasoning on the
meta-level include Buchanan’s program Meta-DENDRAL, viieasoned about the program
DENDRAL [Buchanan and Feigenbaum, 1978], and Lenat'’s pnogeurisko, which reasoned

about the AM program [Lenat, 1983].

13.5 A cognitively plausible notion of mathematical concep ts

In this thesis we make no claim that the way in which concemsrepresented in the input
data is cognitively plausible: it clearly is not, espegidtl the case of the concepts which are
purely defined extensionally. While our representation sidficient for our goal of modelling
Lakatos’s theory, it would be interesting to replace therenir way in which we input data
with techniques which better characterise the way in whiglméns represent, use and store
mathematical concepts. Very little work has been carrietirothis area; a deficiency which
led cognitive scientists Lakoff and Nfiez to claim in 2QBat “there was still no discipline of
mathematical idea analysis”[Lakoff and NUfiez, 200X|}p.

Sloman [Sloman, 1978, Chapter 8] also argues that we areshable to answer questions such
as “What are number concepts?”, “How is it possible for therbd learnt?”, “How is it possi-
ble for them to be used?”, “How is it possible to discover monpirical facts about them?”, but
does offer a preliminary exploration of some of the issues.sHggests that methods of con-
ceptual analysis, traditionally used by philosophers amguists, can also be important for a
psychological account how we understand mathematicalegiac Conversely, a new psycho-
logical account could feed back into old philosophical peals about the nature of numbers.
Sloman presents a series of increasingly complex datatgtascas possible ways of repre-
senting this knowledge. For instance, in order to grasp threlberthree a child must build
associations between different representations of ith(lwatitten and oral) and information
such as the fact that it is a number name, that its successmuirigand its predecessor is two,
the fact that it is a prime number, that it is odd, its additiable, i.e.,(0+ 3), (3+0), (2+1),
(1+2), (1+1+1), its multiplication table, and so on. A theory which purpotd explain how
mathematical concepts are represented must specify astwehich is can be gradually built
up, extending the structure so as to contain more explifwtination about itself, how it can be
partially modified or replaced, how complex information &dhan efficiently accessible form,
and how someone might learn new procedures for doing things the structure. Sloman
also highlights the educational potential inherent in advetnderstanding of how we build and
use representations of a mathematical concept suclumper One advantage would be an
increased respect for the abilities of children to graspnsamcepts.
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Lakoff and NUfiez have also addressed the deficiency. Tlaéy ¢hat mathematics is about
ideas and understanding, rather than formal proofs fromé&biaxioms and definitions, which
could be seen as a cognitive counterpart to Lakatos’s pipliisal ideas. In particular, they
argue that mathematical concepts develop by means of cwadepetaphors which are rooted
in our biology and are best understood in light of the embddiend.

Lakoff and NUfiez claim that we are born with some minimalate arithmetic. This includes
capacity for subitizing (immediately recognising how maobjects there are in a small col-
lection), simple adding and subtracting of small numbens, making rough estimates of the

number of objects in a group.

In order to form more complex mathematical ideas, we neecktalide to form two types of
conceptual metaphor between innate arithmetic and the wmwrglex arithmetic of natural
numbers. Firstly, we need to be able to magkeunding metaphorsThese allow us to project
from everyday experiences onto abstract concepts. Fariost we make the metaphor be-
tween putting physical objects into groups, and the abistraiccept of addition. Lakoff and
NUfez identify four grounding metaphors: forming cotlens, putting objects together, us-
ing measuring sticks, and moving through space. The segmeddf metaphor that we need
to be able to make is knking metaphor This consists of blending different metaphors, for
instance to blend subitizing with counting, and enablesousk arithmetic, for example, to
other branches of mathematics. (It can be seen as formingpimets where the source and
target domain are themselves metaphors.) Lakoff and Kafgue that much of the abstrac-
tion of higher mathematics is the consequence of this tygystematic layering of metaphor
upon metaphor and show where mathematical concepts anatame from, in terms of these
metaphors.

In each of the grounding metaphors, there is a relationsbtprden our physical world and
mathematics. There are collections of objects, complegatbjwith parts, physical segments
and locations, in the physical world. Lakoff and NUfie dab relationship theNumbers are
Things in the Worldnetaphor and argue that the grounding metaphors inducenthie gen-
eral metaphor. They use this general metaphor to derive Hthematical concept alosure
which they hold, does not derive from innate mathematicer @xample, they claim that we
can subitize three objects and we can subitize four objbctisywe cannot subitize seven ob-
jects.) Instead, they argue, from experience we notice ¢émerl principle that “an operation
on physical things yields a physical thing of the same kihdKoff and Nlfiez, 2001, p.81]
and, therefore, we can use tNeimbers are Things in the Wondetaphor to conclude than
operation on numbers yields a number of the same.kiftus central concept of mathemat-

ics has led to the extension of the number system in orderhizee closure with respect to
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different arithmetic operations. For instance, the openadf subtraction led to zero and nega-
tive numbers, division led to rational numbers, and takimgis led to irrational and imaginary
numbers.

Another example of metaphor being central to our mathemlationcepts is what Lakoff and
Nifez term theBasic Metaphor of Infinity This is a single general conceptual metaphor in
which processes that go on indefinitely are conceptualiseldaging an end and an ultimate
result. Special cases of this general metaphor includeitefiets, points at infinity, limits of

infinite series, infinite intersections and least upper logun

To our knowledge, the work by Sloman and Lakoff and NUfez hat yet been explicitly
represented computationally. However, a cognitively pilale account of the way in which
we represent and manipulate mathematical concepts istwitahy model which purports to
explain human mathematical reasoning. For instance, ih ®€.refer to the fact that math-
ematicians had formed conjectures about polyhedra andfewenlated detailed proof plans
of conjectures which involved complicated manipulatiofigalyhedra, without ever explic-
itly defining what a polyhedron is (highlighted by [Lakatd€76]). Clearly, theorems can be
meaningful even without an explicit definition of the contemvolved. In Euler's example
the concept of a polyhedron is evidently embedded withint @id&nowledge about two and
three-dimensional Euclidean space, as shown by Cauchiial iproof. How that intuitive
information is acquired, how it is represented, and how iiged, are important questions, to
which Sloman [1978], and Lakoff and NUfez [2001] havetsthto give theoretical answers. A
model of their ideas might entail combining a model of an edibd world (either simulated or
real) with work from the areas of metaphor and conceptuaiditey. It might be the case that
the fields of robotics and of research into metaphors are safficiently developed for such
a relationship to be established. Work in the former inctuffeimeida e Costa and Rocha,
2005], while Pereira and Cardoso [2003] and Veale and O’@boe [2000] who present com-
putational representations of conceptual blending, eitenwork by [Fauconnier and Turner,
1998], are examples of work in the latter.

We see an implementation of these ideas as being a long tejectprof particular interest.

13.6 Applications of our system

An aid to scientists

We could use Lakatos’s ideas to help us to develop new tegésigvhich aid scientists in
their work [Langley, 2002]. As with much work in the autométeasoning field, HR [Colton,
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2002] was originally developed for this purpose, i.e., t¢phmathematicians discover new
results, and we consider that our extended version of autmhtheory formation contributes
to this purpose. Research, for instance [Fielder, 2001][aadgley, 2002], has shown that
scientists prefer to know the background of a claim made bynaputer program, rather than
take it on trust. This fits perfectly with Lakatos’s philosgpof presenting the history of a
result rather than isolated results with no explanatiorodké thinking behind them.

Bundy [2006] has addressed the problem of why mathemasi¢enrd not to accept automated
proofs, despite computer proofs of theorems which mathieiraat have been trying to prove
for years. Examples of such theorems include the Keplerlgnolon the densest packing
of spheres, and the four-colour theorem that any map in aeptam be coloured using four
colours in such a way that regions sharing a common bounddaher( than a single point)
do not share the same colour. Bundy argued that mathermraticiermally give two reasons
for not accepting automated proofs; the proof may not beectriand the proof is not human
understandable. Of these, Bundy suggested that the firshetdbe real issue since non-fatal
errors are tolerated elsewhere in mathematics, for instamcomputer algebra systems used
as teaching aids (such as Maple), and in human proofs wheses enay go undetected for
hundreds of years. He argues that the main reason that matticeans are reluctant to accept
computer proofs is the latter, that computer generatedfpae inaccessible to humans. Using
computers to make proofs more accessible, therefore, igrartichallenge within the field of
computational mathematical reasoning. A system which skiatire evolution of a proof, the
statement which it proved, and the concepts in the statearahthe proof, could make the
final proof much more accessible. Our implementation of lta&a theory would be one way

of addressing this challenge.
An aid to students

Lakatos’s work had a strong pedagogical flavour. He hyp@bkdghat students of mathemat-
ics would benefit from a more realistic presentation of tretdry behind concept definitions,
theorem statements, etc., since giving the motivation éfinthg a certain set of entities would
aid understanding rather than seeming arbitrary. As Kagy2001] argues, “pedagogy is a
main topic in Lakatos'’s philosophy, and compliments hie raé an educator and pedagogical
philosopher” [Kadvany, 2001, p. 8].

Lakatos’s theory can be seen as a theory of ‘debugging’ eppti mathematiés Counterex-

amples indicate bugs of some sort, in concepts, conjegtpresfs, etc., and Lakatos’s heuris-
tic methods can be seen as different debugging strategiesrole of debugging in learning is
demonstrated by Sussman [1975], in which he discussesugakiads of bugs that can occur,

2Thanks to Aaron Sloman for pointing this out.
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techniques for dealing with them, and kinds of learning fhratvent similar bugs from being
written. Polya [1945] also discusses ways in which a teacharset challenges which are at
an appropriate level for a given student, and ways in whidu@esnt can make mistakes which
then aid the learning process.

[Lakatos, 1976] is the story of a class of individual studelearning, whose progress is an
analogy for Lakatos’s rational reconstruction of the pesgr of mathematical thought in this
area. Kadvany [2001] points out that this uses Haeckel'gdnetic law that “ontogeny reca-
pitulates phylogeny”. If it is true that the progress in nattatical thought of an individual in

some way mirrors historical progress, then a tool which nfledeprogress through a subject
would have an obvious application as an intelligent tutan¥ersely, developing the model as
an intelligent tutor would enable us to test Lakatos’s ciaahout its value. Such an application
of HRL would be a long term project.

Finding knowledge of interest to experts

One motivation behind computational philosophy of scieiscéo develop new techniques
which are useful in finding new knowledge of interest to expHrangley, 1999]. To this end, it
would be interesting to develop both HRL and our spin-oftegs TM, so that mathematicians
could use it to discover new, proved theorems. This would loag term project.

13.7 Conclusion

[Lakatos, 1976] is a highly detailed account of how mathéraatvolves, and while we hope
to have achieved our goals of showing that it is both possihtbuseful to provide a computa-
tional reading of his ideas, our work is only a preliminaradeng, and there are many future
directions which the project could take. In this chapterha&ege discussed six such directions.

Further possibilities, which would be valuable and intérgsendeavours to pursue, include
the following:

(i) extending the domain of application of the methods, and imgrivith larger data-sets;

(ii) further areas of improvement of the system, as well as furéx@eriments, which we
identified in chapter 10;

(iii) using Lakatos’s methods to develop a meta theory, for iestaabout which was the most
useful method to use in a given situation. Lakatos’s diaetself evolves during the dialectic:
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even the methods themselves undergo a refinement, with erdyestring turning into monster-
stretching and lemma-incorporation into proofs and reiotes;

(iv) developing a way of using the exception-barring methodsddheorem proving by split-
ting a theorem into different conjectures which are thernegds prove, as described by Colton
et al. [2005]. For instance, Colton et al. [2005] show howtstgic withdrawal might be used to
narrow the domain of application of an open conjecture abbgroups, to all Abelian groups.
This modified conjecture might then be proved, and anothejecture about the negation of
the concept, in this case non-Abelian groups, would thehé&aéw open conjecture. This may
be possible to prove, or the process repeated and stratépurawal applied again, and so on
until all of the different cases, and therefore the origicahjecture, have been proven; and

(v) implementing other theories of scientific discovery, fastamce, Popper [1972] and Kuhn
[1970], and comparing the theories produced by each sysfEms would be an ambitious
research project of great interest to computational pbpbgrs of science.
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Conclusions

Lakatos attacked the view that mathematical knowledge isaai and infallible, arguing in-
stead that mathematics is a quasi-empirical subject, artidemetical knowledge evolves via
analysis of conjectures, concepts and proofs, which anee@fihrough interaction with coun-
terexamples. Lakatos’s work is still relevant today, aslemced by its inclusion in a recent
work on new directions in the philosophy of mathematics [dgako, 1998].

We hold that Lakatos’s work in the philosophy of mathemaiscsf interest to researchers in
artificial intelligence, since it provides an account of thelution of a mathematical conjec-
ture, which is rare in its richness of detail and historidéiation. We also hold that the field of
artificial intelligence provides us with the tools to gain@val perspective on Lakatos’s philo-
sophical work, since the process of implementing an ideanadgorithm forces one to clarify

the idea, raises questions which otherwise may not ariseremults in a model which provides
a new way of evaluating the idea. This thesis is the story ofeaploration of the symbiotic

relationship between the two fields.

Our central thesis is that it is possible to give a computaioeading of Lakatos'’s theory.
Our secondary thesis is that it is useful to do so, both froempghilosophy of mathematics
perspective, and the Al perspective. In §14.1 we argue tleatave provided strong evidence
for both of these positions. In §14.2 we discuss the cortigha of this thesis. We conclude

the discussion of our project in 814.3.

14.1 Have we achieved our aims?

In 81.2, we stated that the aims of this project were to:

233
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(i) provide a computational reading of Lakatos’s theory
(ii) clarify and extend Lakatos’s methads

(iii) test the domains to which the methods apply

(iv) evaluate the methodand to

(v) evaluate our implementation

Achieving the first of these aims would provide evidence far primary thesis, i.e., we show
that it is possibleto give a computational reading of Lakatos'’s theory by dasng The four
remaining aims suggest ways in which providing such a repdiould be a useful endeavour
to undertake.

We have achieved our first aim by developing a computationadlehof Lakatos’s theory:
HRL. This is a multiagent system in which ‘students’ disctiesr theories with each other via
a ‘teacher’, which is based on the dialogue format which te&kaises to present his theory.
Each agent is able to perform the method of surrender, mebateng, exception-barring and
lemma-incorporation. We describe our representation ofi @ these methods in chapters 5,

6, 7 and 9 respectively.

The process of developing this model has raised questiomseoaing how ambiguity arises
and how it can be resolved; in what way we are surprised whesdfavith an unusual coun-
terexample in a proof; and when we should surrender a cam@cWriting algorithms which
are then translated into a computer program has forced usvije answers to these questions,
and thus clarify some of Lakatos’'s methods. We have alsandgtt Lakatos’s theory by con-
sidering the application of his methods to other types ofaxtnre; in particular to equivalence,
and non-existence conjectures. Implementing counterpbeabarring and monster-accepting
is a further extension of Lakatos’s theory. In this way, weehachieved our second aim.

We achieved our third aim by testing the domains to which trethads apply: considering
their application to further mathematical domains of nuntheory and group theory, as well
as the non-mathematical domain of animal taxonomy.

Our system HRL has enabled us to evaluate the methods, thieviag our fourth aim, by
performing empirical experiments and analysing the outphts is described in chapter 10. In
particular, we have tested three hypotheses:

e it is possible to fine-tune our system
¢ the methods are of general ysand

e the methods have application as Al techniques
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Finally, in chapter 11, we have performed a philosophicall@ation of Lakatos’s theory and
our extended theory, based on criteria suggested by Thit@88], Sloman [1978] and Popper
[1972]. Hence our fifth and final aim has been achieved.

14.2 Contributions

This is the first systematic automated realisation of Lakattheory. We have contributed to
three areas: computational philosophy of science and saploy of mathematics, automated
theory formation, and automated theorem proving.

14.2.1 Computational philosophy of science

We contribute to computational philosophy of science byijaling a novel perspective on
Lakatos’s theory. The computational perspective has sigdenew ways to clarify, extend
and evaluate Lakatos’s theory.

14.2.2 Automated theory formation

We contribute to the field of automated theory formation bteerling the capabilities of a
state of the art automated theory formation program HR [@pl2002]. HRL can modify
its conjectures, discuss and reject objects which are @essial, and represent and improve
proof plans. These are all important processes in theomdtion, and automating them has
advanced the state of the art in this field.

14.2.3 Automated theorem proving

We contribute to the field of automated theorem proving bylengenting a system, which is
based on Lakatos’s methods. This system is able to take injaatare, try to prove it and, if
unsuccessful, produce modified versions of the conjectinetnit can prove. This improves
upon current automated theorem provers, which are inflexibthat if they are passed a con-
jecture which is either false or too difficult to prove withihe allocated time, they simply
fail.
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14.3 Conclusions

Understanding the phylogeny and the ontogeny of mathealdtiought is a challenge to re-
searchers in the field of artificial intelligence, as well aphilosophers of mathematics and
psychologists. Lakatos has shed some light on the problechwa have used his insights to
develop an automated theory formation system within whigénés are able to discuss and
refine conjectures, raise counterexamples, negotiate ingeah concepts, and improve upon
a faulty proof. Sloman argues thdhe development of science, the learning of a child, and
the mechanisms necessary for an intelligent robot all v#@omputational processes, which
build up and deploy knowledge of the form and contents of thidw This is one of several
points at which bridges can be built between philosophy iefhee, developmental psychology,
and artificial intelligence.”[Sloman, 1978, p. 61]. We have successfully built one suiigbr
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Polyhedra and their Euler

characteristic

<

CUBE TETRAHEDRON OCTAHEDRO
8-12+6=2 4-6+4=2 5-8+5-=

Figure A.1: Regular polyhedra

Figure A.2: The hollow cube: V-E+F=16-24+12=4
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Figure A.3: The twin tetrahedra: V-E+F=6-11+8=3

Figure A.4: The picture frame: V-E+F=16-32+16=0

Figure A.5: The cylinder: V-E+F=0-2+3=1

Figure A.6: The star polyhedron: V - E + F =12 - 30 + 12 = -6 (if each face is a pentagon); or

32 -90 + 60 = 2 (if each face is a triangle)
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Mathematical proofs

B.1 Proof of Euler’s conjecture

Theorem: If G is a connected plane graph, thear e+ f =2
Proof: (By induction one)

Base case:
() Lete=0. Thenv=1andf=1.1-04+1=2
(i) Lete= 1. Then we either have a circle, or a line, as shown in figure B.1

P

1-1+2=2 2-1+1-=

Figure B.1: The two possible connected plane graphs consisting of one edge, and their associ-

ated Euler characteristics

So the theorem holds far< 1.

Inductive hypothesisAssume that > 1, and that the theorem holds for all graphs wéth 1
edges.

Case L:If Gis atree, therf =1, andv=e+1. Sov—e+f =(e+1)—e+1=2.

Case 2:If G is not a tree, then remove an edgéelonging to some circuit. We now have
planar grapt with v vertices and— 1 edges, and — 1 faces (i.e., we have removed an edge

and a face). By the base case, we know thatatisfies Euler's conjecture, i.e.,
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v-(e-1)+(f-1)=2
v—e+l1l+f-1=2
v—e+ =20

B.2 The Diagonalisation proof

Theorem: The set of real numbers is uncountable

Proof:2 Assume that the set of real numbefg)(is countable. Then any subset®fis also

countable. Take the interval (0,1). If it is countable thharé exists a functiori such that
f: Z — (0,1) andf is one-to-one onto. Then we can list all of the elements ih)(8s they
are mapped t@z", say inS. But then we can construtte (0,1) such that b differs from
every number inS by letting b = 0.b;bobgs...b;... whereb; is 1 if the theith position of the

ith integer inS is 2, and 2 otherwise. Therefote¢ 5. ButS is a list of all elements, i.e.,
ac (0,1) =>aec S. This is a contradiction. Thereforg is uncountable(d

B.3 Hilbert's proof

We present the relevant axioms from [Hilbert, 1901] and #&tilis proof of the theorem that for
two points A and C there always exists at least one point D editie AC that lies between A
and C.

Axioms of incidence:

Axiom (I,3): There exist at least two points on a line. There exist at ldaee points that do
not lie on a line.

Axioms of order:

Axiom (l1,2): For two points A and C, there always exists at least one poio Bhe line AC
such that C lies between A and B.

Axiom (II,3): Given any three points A, B, C of a line, one and only one of thitg is
between the other two

LAn infinite set is countable if there exists a one-to-one @uwespondence between the set and the integers.
Otherwise it is uncountable.
2This proof is a sketch only.
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Axiom (11,4): Let A, B C be three points that do not lie on a line andddde a line (in the
plane ABC) which does not meet any of the points A, B, C. If the & passes through a point
of the segment AB, is also passes through a point of the segh@&ror through a point of the
segment BC.

Theorem: For two points A and C there always exists at least one point he line AC that
lies between A and C.

Proof: By Axiom (I,3) there exists a point E outside the line AC, arydAxiom (l1,2) there
exists on AE a point F such that E is a point of the segment ARhBysame axiom and by
Axiom (11,3) there exists on FC a point G, that does not lielmnsegment FC. By Axiom (I1,4)
the line EG must then intersect the segment AC at a poifi D.

F

G

Figure B.2: Hilbert’s proof of the theorem that for two points A and C there always exists at least

one point D on the line AC that lies between A and C.






Appendix C

Output from HRL

C.1 Lemma-incorporation

This example shows HRL performing global and local lemmabiporation in the algebra
domain (see §9.6.3).

Global conjecture:
Vabcd:aisagroup.binancinaAndina~ aisagroup\binancinandinanb*
c=b *dimplies c = d; i.e., the left hand cancellation law refdr a

Proof scheme:

l1.Vabcd:aisagroupbinaAncinandinaAb*c=b*d—aisagroupr bina
AcinaAndinaAinv(b) * (b * c) =inv(b) * (b * d)

2.Vabcd:aisagroupbinancinandinaAinv(b) *(b*c)=inv(b) * (b*d) ~ a
isagroupA binan cinaAdinan (inv(b) *b) * c = (inv(b) * b) *d

3. Vabc:aisagroup binaA cinana exists d (d in a\ (inv(d) *d) * b = (inv(d) * d) *
c)—aisagrouprnbinancinaAexistsd (d=idhd*b=d*c)

4. Yabc:aisagroupbinancinaAexistsd (d=idhd*b=d *c) — ais a group\
binancinaA b=c
The algebra 012100200 is a counterexample to both the giaiogécture and to lemma 2.

After performing local and global lemma-incorporation, HRodifies the global conjecture
to:
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Vabcd:aisagroupbinaAcinaAdina (inv(b) *b) *c=(inv(b) *b) *d — aisa
groupAbinancinandinanb*c=b*dimplies c=d;i.e., the left hand cancellation law
holds for a.



Appendix D

Further details of HR

In this appendix we extend the technical details on HR [@QI&D02], which we briefly dis-

cussed in chapter 3.

D.1 Production rules

We motivate and describe the production rules in HR whicheferito in the thesis. We outline
how they work, and show an example in terms of taking an old tahle and generating a
new one. We describe the parameters in standa@lLoG notation, and also include the HR
notation for completeness. For details on how the new defitstare generated, see [Colton,
2002, chapter 6]. Most of the motivating and illustrativeasples are taken from [Colton,
2002, chapter 6].

The match production rule

The match production rule is motivated by concepts suchsamare numbemwhere the pred-
icate is multiplication, and the sub-objects are two dikgsehich are equal. Other motivating
examples includself inverse groups group theory, andbopsin graph theory, where a node
is adjacent to itself.

The match production rule extracts those rows from the ddike twhere the entries in certain
columns are equal. IRROLOG notation, it takes parametep, Xo, X3, ...Xn], wheren is the
arity of the input concept, and where thth entry takes the value of the specified coluXn
Forinstance, the parametéks Y, Y] would take a data table with arity three (i.e. there are three
columns in the data table) and keep those rows of the data vaére the entry in the third
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column is equal to the entry in the second column. We show ample in table D.1, where
the input concept is multiplicative pairs, and the outputaapt is squares with their integer
square roots. In HR notation this4s1,2,2 >.

Input

int div div

1 1 1

2 1 2

2 2 1

3 1 3

3 3 1 Intermediate
4 1 4 int div.  div int div
4 2 2 - 1 1 1 - 1

4 4 1 2 2

9 3 3 9

10 1 10

10

10

10 10

Table D.1: An example of the match production rule, with parameters [X,Y,Y]. Here, any tuple
from the input concept where the the entry in the second column is equal to the entry in the
third column is entered into an intermediate data table. The output data table is generated from
the intermediate data table by omitting the final column, i.e. by taking all tuples [X,Y]. In this
example the input concept is multiplicative pairs and the output concept issquares with their

integer square roots

The negate production rule

The negate production rule is motivated by concepts sudomsquaresnon-central elements
in groups, anatlosed graphs- which have no endpoints. It finds the complement of a concept
i.e. those entities with a certain property, such as integbich do not satisfy the predicate of

an input concept, such as square.

This rule does not require a parameterisation. We show amgbeain table D.2, where the
input concept is squares, and the output concept is horresgjua

The size production rule

The size production rule is motivated by concepts such ag fln@ction in number theory,
which counts the number of divisors of an integer, and thecephof anorder of a group,
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1
integer
:
nput 2
- 3
integer 3
1 - 4 - 5
5
4 6
6
9 7
7
8
8
10
9
10

Table D.2: An example of the negate production rule It takes an input concept and then finds
the data table for the objects of interest in the theory in which it is working. It then produces a
new data table consisting of all of the tuples in the the objects of interest data table which are
not in the data table for the input concept. In this example the input concept is square humbers,
the object of interest data table represents integers and the output concept is non-squares. This

rule takes no parameters

which counts the number of elements in a group.

The size production rule counts the number of tuples of dajbets which satisfy the definition
of a concept. It takes parameters which specify which colkistrould be counted, and then
counts each tuple in the specified column for each entry, ecwtds this number. For instance,
given parameterisatiofX] (or < 1 > in HR notation), it counts the number of tuples for each
entry in column one and records this figure. We show an exampéble D.3, where the input
concept is divisors of an integer, and the output concepiesitmber of divisors of an integer.

The split production rule

The split production rule is motivated by concepts such pgrae numberwhere the number
of divisors is exactly 2. Another example if that oBgmmetric groupwhich has exactly one
central element.

The split production rule extracts rows from a data tablemlspecified columns have specified
values. For example, given parameterisaf§n2, Y] for a concept of arity three, the split rule

will extract those rows whose second column has value 2.s(iBhiepresented as 2 =2 >

in HR notation.) We show an example in table D.4, where thatigpncept is the number of

divisors of an integer, i.e. thefunction, and the output concept is integers which havetgxac

two divisors, i.e. prime numbers.
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Input Intermediate

integer  divisor integer Output
1 1 1 integer  number
2 1 2 1 1
2 2 2 2 2
3 1 3 3 2
3 3 - 3 - 4 3
4 5 2
4 6 4
: 4 7 2
10 8 4
10 9 3
10 . 10 4
10 10 10

Table D.3: An example of the size production rule, with parameters [X]. In this example, the
size rule counts the number of tuples for each entry in column one of the input concept. It
represents each entry the appropriate number of times in an intermediate data table. The rule
then generates a new data table from the intermediate data table by counting the number of
times an entry appears in the data table and recording this number next to the entry. In this
example, the input concept is divisors of an integer, and the output concept is the humber of

divisors of an integer.

The compose production rule

The compose production rule was motivated bydbmpositiorof two functions. For instance,
given functionsf (x) andg(x), it was designed to construct the functib(g(x)).

This production rule takes two concepts, a primary and arsdany concept, as input. It then
‘overlaps’ the rows of the primary concept with those of tee@ndary concept in a way which
has been specified: bofi) which pairs of tuples to overlap angi) how to overlap them.
For instance, suppose we have primary condéepnd secondary concef both of arity 3.
We might specify tha(i) we are to overlap all tuplefP1, P2, P3] from P with any tuples
[P1,P3,S3] from S to produce(ii) a new concept of arity 4 with tuplefl1,P2,P3,S3]. A
simpler example would be to take two conceBtandSboth of arity 1, and overlap any tuple
[P1] from P with any tuple[P1] from S, to produce a new concept of arity 1 with tupl@q].
The parameterisation in the latter example wouldXk(or < 1 >). In table D.5 we show an
example of this case, where the primary input concepti$ numberswhich has arity 1, and
the secondary concepti®n-square numberslso of arity 1. Given the parameterisatipf,
the compose production rule will take any tupll] from the first concept and see whether
there are matching tupléB1] from the second concept. If so, the tuple will be includechia t
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Input
integer number,
1 1
2 2 Intermediate
3 2 integer number integer
4 3 . 2 2 . 2
5 2 3 2 3
6 4 5 2 5
7 2 7 2 7
8 4
9 3
10 4

Table D.4: An example of the split production rule, with parameters [X, 2. The split rule extracts
from the input data table those rows whose second column has value 2, and represents these
in an intermediate data table. The rule then extracts each entry and omits the second column,
[X], in the data table for the output concept. In this example the input concept is the number of
divisors of an integer, i.e. the T function, and the output concept is integers which have exactly

two divisors, i.e. prime numbers.

data table for the new concept. If not, the tuple will be oettt The resulting new concept in
this example i®dd, non-square numbers
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‘ Input (secondary concept) ‘

‘ Input (primary concept) ‘ integer
integer 2
1 3 integer
3 + 5 - 3
5 6 5
7 7 !
9 8
10

Table D.5: An example of the compose production rule, with parameters [X]. The input is
two concepts: a primary concept odd numbers and a secondary concept non-square numbers.
Compose takes any tuples from the data table for the primary concept which also match tuples
in the data table for the secondary concept, and adds them to the data table for the new concept.
Any tuples which do not match are omitted. The resulting output concept is odd, non-square

numbers



Glossary of Philosophical terms

Philosophers of mathematics are usually concerned witht kihd of knowledge mathemat-
ical knowledge is, what sort of entity a mathematical enitywhether mathematical truths
correspond to reality, and whether mathematical truthstémdependently of humans. Below
we briefly describe traditional perspectives and propastent

Constructivism —the view that mathematical entities are mental constrastand do not exist
independently of the mind. On this view we invent, as oppdsediscover, theorems. Kant
held this viewpoint.

Empiricism —the view that mathematical truths are based on sensoryierpe of the external
world. All numbers must be numbeof something, such as bodies, sounds, or beatings of the
pulse. Mill [1973] was an empiricist.

Game formalism — seemathematical formalism

Logicism — the view that all of mathematics is reducible to logic. Eremd Russell were

logicists.

Mathematical formalism — the view that there are no mathematical objects, only erpnéted
formal systems. Hilbert was a mathematical formalist. €hare two types of formalism;
term formalismandgame formalismThe first is the view that mathematics is about linguistic
expressions, that is, we identify mathematical entitieshsas 0, with their names, ‘0’. Game
formalism likens the practice of mathematics to a game playith linguistic characters. These
symbols and expressions are devoid of reference, and soutdwonake no sense to ask, for
example, what 0O refers to. Mathematics is seen as the matigmulof meaningless symbols,
or a game played with arbitrary or conventional rules. Hillseiggested one such rule in his
definition of proof as “a sequence of formulae each of whiditiser an axiom or follows from
earlier formulae by a rule of inference” Hilbert [1901]. aal logic and Hilbertian view of
proof is largely a twentieth century invention.

1we are grateful to Jeffery Ketland for his lecture notes anphilosophy of mathematics, from which we have
drawn in this appendix.

251



252 Glossary of Philosophical terms

Mathematical realism — the view that mathematical entities exist independeriftihe® mind.
Mathematical statements have a truth value which is inddgr&nof our knowing it, and hu-
mansdiscover rather than invent theorems. Statements suchta® 2 4 are true because they
correspondo facts. Plato was a proponent of this view.

Term formalism — seemathematical formalism



Glossary of Mathematical terms 2

Abelian group: a group on which the defined binary operation is commutatieg;is, ifa and
b are members of an Abelian grougxb =bx*a.

algebra: a system, such as aring, group or field, endowed with finitagrations with specific
properties.

algebraic number: any number that is the root of a polynomial equation with ficieints
drawn from a given field, in particular the rationals. We derthis byA

Euler characteristic: the following equation of a graph or polyhedron:

number of vertices - number of edges + number of faces

group: a set which is closed under an associative binary operatitthrespect to which there
exists a unique identity element within the set and evemneld has an inverse within the set.

groupoid: a set together with a binary operation under which it is aiose

integer: a number that may be expressed as the sum or difference ofdtucahnumbers; a
member of the sef...,—3,-2,-1,0,1,2,3,...}, usually denoted bi.

irrational number: any real or complex number that cannot be expressed as thefaivo
integers.

qguasi-group: a groupoid in which every element has a unique left invergsbaannique right
inverse, which need not be equal unless the associativedais.hif a quasi-group is commu-

tative, each element has at least one inverse, but it nedsenatique.

rational number: any number that can be expressed as a rti@f two integers, of which
the latter may not be zero. Usually denoted(®y

real number: any rational or irrational number, usually denotediy

2Extracts from Borowski and Borwein [1989]
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ring: a non-empty set endowed with two binary operations, uswallied addition and multi-

plication, such that the set is an Abelian group under thetiaddand a semi-group under the
multiplication, the latter being both left and right distutive over addition. If, furthermore,

the ring has a multiplicative identity element, it is saidb®a ring with identity.

semi-group: a set endowed with an associative binary operation, usaallgd addition, under

which it is closed.

transcendental number: a number that is real but not algebraic. We denote thi§ by
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